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PEEFACE, 


Gillespie's  "  Land-Surveying"  was  first  printed  in  1851,  for 
use  in  Professor  Gillespie's  classes  in  Union  College.  It  was 
published  in  1855,  and  very  soon  became  the  standard  authority 
on  land-surveying. 

In  the  preface  to  the  first  edition  Professor  Gillespie  says : 

"  Land-surveying  is  perhaps  the  oldest  of  the  mathematical 
arts.  Indeed,  geometry  itself,  as  its  name — *  land*measuring ' 
— implies,  is  said  to  have  arisen  from  the  efforts  of  the  Egyp- 
tian sages  to  recover  and  to  fix  the  landmarks  annually  swept 
away  by  the  inundations  of  the  Nile.  The  art  is  also  one  of 
the  most  important  at  the  present  day,  as  determining  the  title 
to  land,  the  foundation  of  the  whole  wealth  of  the  world.  It 
is,  besides,  one  of  the  most  useful  as  a  study,  from  its  striking 
exemplifications  of  the  practical  bearings  of  abstract  mathemat- 
ics. But,  strangely  enough,  surveying  has  nerer  yet  been  re- 
duced to  a  systematic  and  symmetric  whole.  To  etlect  this,  by 
basing  the  art  on  a  few  simple  principles  and  tracing  them 
out  into  their  complicated  ramifications  and  varied  applications 
(which  extend  from  the  measurement  of  'a  mowing -lot'  to 
that  of  the  heavens),  has  been  the  earnest  endeavor  of  the 
present  writer. 

"  The  work,  in  its  inception,  grew  out  of  the  author's  own 
needs.  Teaching  surveying,  as  preliminary  to  a  course  of  civil 
engineering,  he  found  none  of  the  books  in  use  (though  very 
excellent  in  many  respects)  suited  to  his  purpose.  He  was, 
therefore,  compelled  to  teach  the  subje<?t  by  a  combination  of 
familiar  lectures  on  its  principles  and  exemplifications  of  its 
practice.  His  notes  continually  swelling  in  bulk,  gradually  be- 
came systematized  in  nearly  their  present  form.  His  system  has 
thus  been  fully  tested,  and  the  present  volume  is  the  result. 
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"A  double  object  has  been  kept  in  view  in  its  preparation: 
viz.,  to  produce  a  very  plain  introduction  to  the  subject,  easy  to 
be  mastered  by  the  young  scholar  or  the  practical  man  of  little 
previous  acquirement,  the  only  prerequisites  being  arithmetic 
and  a  little  geometry  ;  and  at  tiie  same  time  to  make  the  instruc- 
tion of  such  a  character  as  to  lay  a  foundation  broad  enough  and 
deep  enough  for  the  most  complete  superstructure  which  the 
professional  student  may  subsequently  wish  to  raise  upon  it." 

In  the  preface  to  the  "  Land-Surveying,"  Professor  Gillespie 
announced  that  another  volume,  on  "  Leveling  and  Higher  Sur- 
veying," was  to  follow.  This  work  was,  at  the  time  of  his  death 
in  1868,  unfinislied.  It  was  completed  by  the  writer  and  pub- 
lished in  1870. 

The  two  volumes,  "Land-Surveying"  and  "Leveling  and 
Higher  Surveying,"  were  revised  and  united  in  one  volume 
in  1887.     * 

The  rapid  development  of  technical  schools,  and  the  demand 
for  a  more  complete  treatment  of  higher  surveying  for  the  use 
of  students,  have  made  it  necessary  to  considerably  enlarge  the 
more  advanced  part  of  the  work.  As  this  will  very  much  in- 
crease the  size  of  the  book,  and  as  this  advanced  work  is  not 
needed  in  the  preparatory  schools,  and  in  colleges  where  only  a 
limited  amount  of  surveying  is  taught,  it  has  l)een  deemed  best 
to  publish  the  work  in  two  separate  parts.  Part  I — plane  sur- 
veying— will  include  land-surveying  and  direct  leveling;  and 
Part  II — higher  surveying — will  include  trigonometric  leveling, 
barometric  leveling,  and  precise  leveling,  topography,  geodesy, 
field  astronomy,  hydrographical  surveying,  mining  surveying, 
city  surveying,  and  othqr  special  topics. 

By  this  arrangement  those  who  desire  only  the  land-survey- 
ing and  direct  leveling  can  have  it  separately,  and  those  who 
wish  to  include  the  more  advanced  work  can  add  Part  11. 

The  best  authorities  have  been  consulted  in  order  to  render 
the  work  as  reliable  as  possible. 

The  writer  is  under  obligations  to  many  friends  for  assistance 
in  the  work  of  revision.  Their  names  will  be  noted  in  connec- 
tion with  their  contributions.  Cady  Staley. 

Case  School  op  Applied  Science. 

Cleveland,  Ohio,  November,  1S06, 
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PAET  I. 

LAND-SURVEYING. 


CHAPTER  I. 

GENERAL  PRINCIPLES  AND  FUNDAMENTAL   OPERATIONS, 

DEFINITIONS  AND  METHODS. 

1.  Surveying  is  the  art  of  making  such  measurements  as  will 
determine  the  relative  positions  of  any  points  on  the  surface  of  the 
earth  ;  so  that  a  Map  of  any  portion  of  that  surface  may  be  drawn, 
and  its  Content  calculated. 

2.  The  position  of  a  point  is  said  to  be  determined,  when  it  is 
known  how  far  that  point  is  from  one  or  more  given  points,  and 
in  what  direction  therefrom ;  or  how  far  it  is  in  front  of  them  or 
behind  them,  and  how  far  to  their  right  or  to  their  left,  etc.  ;  so 
that  the  place  of  the  first  point,  if  lost,  could  be  again  found  by 
repeating  these  measurements  in  the  contrary  direction. 

The  ^'points"  which  are  to  be  determined  in  Surveying  are  not 
the  mathematical  points  treated  of  in  Geometry,  but  the  comers 
of  fences,  boundary  stones,  trees,  and  the  like,  which  are  mere 
points  in  comparison  with  the  extensive  surfaces  and  areas  which 
they  are  the  means  of  determining.  In  strictness,  their  centers 
should  be  regarded  as  the  points  alluded  to. 

A  straight  Line  is  **  determined,"  that  is,  has  its  length  and 
its  position  known  and  fixed,  when  the  points  at  its  extremities 
are  determined  ;  and  a  plane  Surface  has  its  form  and  dimensions 
determined  when  the  lines  which  bound  it  are  determined.  Con- 
sequently, the  determination  of  the  relative  positions  of  points  is 
all  that  is  necessary  for  the  principal  objects  of  Surveying  ;  which 
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are  to  make  a  map  of  any  surface,  such  as  a  field,  farm.  State,  etc., 
and  to  calculate  its  content  in  square  feet,  acres,  or  square  miles. 
The  former  is  an  application  of  Drafting,  the  latter  of  Mensuration. 
The  position  of  a  point  may  be  determined  by  a  variety  of 
methods.  Those  most  frequently  employed  in  Surveying  are  the 
following — all  the  points  being  supposed  to  be  in  the  same  plane  : 

3.  First  Hethod.  By  measuring  the  distances  from  the  required 
point  to  two  given  points. 

Thus,  in  Fig.  1,  the  point  S  is  '*  determined,"  if  it  is  known  to 

Fio.  1.  be  one  inch  from  A,  and  half  an  inch  from 

,?Q  .       B  ;  for  its  place,  if  lost,  could  be  found  by 

., '''        \        describing  two  arcs  of  circles,  from  A  and  B 

..-•''  \      as  centers,  and  with  the  given  distances  as 

radii.  The  required  point  would  be  at  the 
intersection  of  these  arcs. 

In  applying  this  principle  in  surveying,  S  may  represent  any 
station,  such  as  a  corner  of  a  field,  an  angle  of  a  fence,  a  tree,  a 
house,  etc.  If,  then,  one  corner  of  a  field  be  100  feet  from  a  second 
comer,  and  50  feet  from  a  third,  the  place  of  the  first  corner  is 
known  and  determiijed  with  reference  to  the  other  two. 

There  will  be  two  points  fulfilling  this  condition,  one  on  each 
side  of  the  given  line,  but  it  will  always  be  known  which  of  them 
is  the  one  desired. 

In  Geography,  this  principle  is  employed  to  indicate  the  po- 
sition of  a  town  ;  as  when  we  say  that  Buffalo  is  distant  (in  a 
straight  line)  295  miles  from  New  York,  and  390  from  Cincinnati, 
and  thus  convey  to  a  stranger  acquainted  with  only  the  last  two 
places  a  correct  idea  of  the  position  of  the  first. 

In  Analytical  Geometry,  the  lines  A  S  and  B  S  are  known  as 
**  Focal  Co-ordinates,^^  the  general  name  "  co-ordinates  "  being  ap- 
plied to  the  lines  or  angles  which  determine  the  position  of  a  point. 

4.  Second  Hethod.  By  measuring  the  perpendicular  distance 
from  the  required  point  to  a  given  line,  and  the  diftance  thence 
along  the  line  to  a  given  point. 

Thus,  in  Fig.  2,  if  the  perpendicular  distance  S  C  be  half  an 
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inch,  and  C  A  be  one  inch,  the  point  S  is  "  determined  "  ;  for  its 
place  could  be  again  found  by  measuring  one  inch  from  A  to  C, 
and  half  an  inch  from  C,  at  right  angles  to  pio.  2.         5^ 

AC,  which  would  fix  the  point  8.  I 

The   public    lands  of   the  United  States 

are  laid  out  by  this  method,  as. will  be  ex-   ^1 

plained  in  Chapter  VII.  ^  C 

In  Geography,  this  principle  is  employed  under  the  name  of 
Latitude  and  Longitude. 

Thus,  Philadelphia  is  one  degree  and  fifty-two  minutes  of  lon- 
gitude east  of  Washington,  and  one  degree  and  three  minutes  of 
latitude  north  of  it. 

In  Analytical  Geometry ,  the  lines  A  C  and  C  S  are  known  as 
*^  Rectangular  Co-ordinates.^^  The  point'  is  there  regarded  as  de- 
termined by  the  intersection  of  two  lines,  drawn  parallel  to  two 
fixed  lines,  or  *'  Axes,^^  and  at  a  given  distance  from  them.  These 
Axes,  in  the  present  figure,  would  be  the  line  A  C,  and  another 
line,  perpendicular  to  it  and  passing  through  A,  as  the  origin. 

5.  Third  Hethod.     By  measuring  the  angle  between  a  given 
line  and  a  line  drawn  from  any  given  point 
Sjo  ^f  *^  ^^  ^*^  required  point;  and  also  the 

., ' '  length  of  this  latter  line. 

Thus,  in  Fig.  3,  if  we  know  the  angle 

^-__ g     B AS  to  be  a  third  of  a  right  angle,  and 

AS  to  be  one  inch,  the  point  S  is  deter- 
mined ;  for  its  place  could  be  found  by  drawing  from  A,  a  line 
making  the  given  angle  with  AB,  and  measuring  on  it  the  given 
distance. 

In  applying  this  principle  in  surveying,  S,  as  before,  may  rep- 
resent any  station,  and  the  line  A  B  may  be  a  fence,  or  any  other 
real  or  imaginary  line. 

In  "  Compass  Surveying,"  it  is  a  north-and-soutlv  line,  the 
direction  of  which  is  given  by  the  magnetic  needle  of  the  compass. 
In  Geography,  this  principle  is  employed  to  determine  the  rela- 
tive positions  of  places,  by  "  bearings  and  distances  " ;  as  when 
we  say  that  San  Francisco  is  1,750  miles  nearly  due  west  fr6m  St. 
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Louis  ;  the  word  "  west"  indicating  the  direction,  or  augle  which 
the  line  joining  the  two  places  makes  with  a  north-and-south  line^ 
and  tlie  number  of  miles  giving  the  length  of  that  line. 

In  Analytical  Oeometry,  the  line  AS,  and  the  angle  BAS,  are 
called  ^^  Polar  Co-ordinates.^^ 

6.  Fourth  Hethod.  By  measuring  the  angles  made  with  a 
given  line  by  two  other  lines  starting  from  giv€7i  points  upon  it, 

and  passing  through  the  required  point. 

Thus,  in  Fig.  4,  the  point  S  is  deter- 
mined by  being  in  the  intersection  of  the 
.. '  ''  two  lines  A  S  and  B  S,  which  make  respect- 

^ ^  ively  angles  of  a  half  and  of  a  third  of  a 

right  angle  with  the  line  AB,  which  is  one 
inch  long ;  for  the  place  of  the  point  could  be  found,  if  lost,  by 
drawing  from  A  and  B  lines  making  with  A  B  the  known  angles. 
In  Geography,  we  might  thus  fix  the  position  of  St.  Louis,  by 
saying  it  lay  nearly  due  north  from  Kew  Orleans,  and  due  west 
from  Washington. 

In  Analytical  Oeometry,  these  two  angles  would  be  called 
*  *  A  ngular  Co-ordinates. " 

7.  In  Fig.  5  are  shown  together  all  the  measurements  neces- 
sary for  determining  the  same  point  S,  by  each  of  the  four  pre- 
ceding  methods.     In  the  First  Method, 

\\  e  measure  the  distances  A  S  and  B  S  :  in  '®"   * 

s 
the  Second  Method,  the  distances  AC  and  ^y\ 

C  S,  the   latter   at   right  angles    to   the  ,.---'' 

former  ;   in   the   TJiird  Method,  the  dis-    ^^-.ir^ 

tance  A  S,  and  the  angle  SAB;  and,  in 

the  Fourth  Method,  the  angles  SAB  and  S  B  A.     In  all  these 

methods  the  point  is  really  determined  by  the  intersection  of  two 

lines,  either  straight  lines  or  arcs  of  circles.     Thus,  in  the  First 

Method,  it  is  determined  by  the   intersection  of  two  circles ;  in 

the  Second,  by  the  intersection   of  two  straight  lines  ;  in    the 

Third,  by  the  intersection  of  a  straight  line  and  a  circle  ;  and,  in 

the  Fourth,  by  the  intersection  of  two  straight  lines. 
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8.  Fifth  Hethod.  By  measuring  the  angles  made  with  each 
other  by  three  lines  of  sight  passing  from  the  required  point  to 
three  points  whose  positions  are  known. 

Thus,  in  Fig.  6,  the  point  S  is  determined  by  the  angles  A  S  B 
and  B  S  C,  made  by  the  three  lines  S  A, 
S  B,  and  S  C. 

Geographically,  the  position  of  Chi- 
cago would  be  determined  by  three  straight 
lines  passing  from  it  to  Washington,  Cin- 
cinnati, and  Mobile,  and  making  known 
angles  with  each  other;  that  of  the  first  '^'X\i'^ 

and  second  lines  being  about  one  third,  so 

and  that  of  the  second  and  third  lines,  about  one  half  of  a  right 
angle. 

From  the  three  lines  employed,  this  may  be  named  the  Method 
of  Trilinear  Co-ordinates. 

9.  The  position  of  a  point  is  sometimes  determined  by  the 
intersection  of  two  lines,  which  are  themselves  determined  by  their 

j.^^  ^  extremities  being  given.     Thus,  in  Fig.  7, 

the  point  S  is  determined  by  its  being  sit- 
uated in  the  intersection  of  A  B  and  C  D. 
This  method  is  sometimes  emjiloyed  to  ?i\ 
the  position  of  a  station  on  a  railroad  line, 
etc.,  when  it  occurs  in  a  place  where  a 
stake  can  not  be  driven,  such  as  in  a  pond, 
and  in  a  few  other  cases,  but  is  not  used  frequently  enough  to 
require  that  it  should  be  called  a  sixth  principle  of  Surveying. 

10.  These  five  methods  of  determining  the  positions  of  points 
produce  five  corresponding  systems  of  Surveying,  which  may  be 
named  as  follows : 

I.  Diagonal  SItrveying. 

11.  Perpekdicular  Surveying 

III.  Polar  Surveying. 

IV.  Triangular  Surveying. 
V.  Trilinear  Surveying. 
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The  above  division  of  Surveying  has  been  made  in  harmony 
with  the  principles  involved  and  the  methods  employed. 

The  subject  is,  however,  sometimes  divided  with  reference  to 
the  instruments  employed ;  as  the  chain,  either  alone  or  with 
cross-staff ;  the  compass ;  the  transit  or  theodolite ;  the  sextant ; 
the  plane-table,  etc. 

11.  Surveying  may  also  be  divided  according  to  its  objects. 
In  Land  Surveying,  the  content,  in  acres,  etc.,  of  the  tract 

surveyed,  is  usually  the  principal  object  of  the  survey.  A  map, 
showing  the  shape  of  the  property,  may  also  be  required.  Certain 
signs  on  it  may  indicate  the  different  kinds  of  culture,  etc.  This 
land  may  also  be  required  to  be  divided  up  in  certain  proportions  ; 
and  the  lines  of  division  may  also  be  required  to  be  set  out  on  the 
ground.  One  or  all  of  these  objects  may  be  demanded  in  Land 
Surveying. 

In  Topographical  Surveying,  the  measurement  and  graphical 
representation  of  the  inequalities  of  the  ground,  or  its  "relief," 
i.  e.,  its  hills  and  hollows,  as  determined  by  the  art  of  '*  Level- 
ling," is  the  leading  object. 

In  Maritime  or  Hydrographical  Surveying,  the  positions  of 
rocks,  shoals,  and  channels  are  the  chief  subjects  of  examination. 

In  Mining  Surveying,  the  directions  and  dimensions  of  the 
subterranean  passages  of  mines  are  to  be  determined. 

12.  Surveying  may  also  be  divided  according  to  the  extent  of 
the  district  surveyed  into  Plane  and  Geodesic.  Geodesy  takes  into 
account  the  curvature  of  the  earth,  and  employs  Spherical  Trigo- 
nometry. Plane  Surveying  disregards  this  curvature,  as  a  need- 
less refinement  except  in  very  extensive  surveys,  such  as  those  of  a 
State,  and  considers  the  surface  of  the  earth  as  plane,  which  may 
safely  be  done  in  surveys  of  moderate  extent. 

18.  In  all  the  methods  of  Land  Surveying,  there  are  three 
stages  of  operation  : 

1.  Measuring  certain  lines  and  angles,  and  recording  them  ; 

2.  Drawing  them  on  paper  to  some  suitable  scale  ; 

3.  Calculating  the  content  of  the  surface  surveyed. 
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MAXINQ  THE  MEASTTBElIENTa 

14.  The  Measurements  which  are  required  in  Surveying  may 
be  of  lines  or  of  angles,  or  of  both,  according  to  the  Method  em- 
ployed.    Each  will  be  successively  considered. 

Measuring:  Stradght  Lines, 

16.  The  lines,  or  distances,  which  are  to  be  measured,  may  be 
either  actual  or  visual. 

Actual  lines  are  such  as  really  exist  on  the  surface  of  the  land 
to  be  surveyed,  either  bounding  it,  or  crossing  it ;  such  as  fences, 
ditches,  roads,  streams,  etc. 

Visual  lines  are  imaginary  lines  of  sight,  either  temporarily 
measured  on  the  ground,  such  as  those  joining  opposite  comers  of 
a  field  ;  or  simply  indicated  by  stakes  at  their  extremities  or  other- 
wise.    If  long,  they  are  **  ranged  out "  by  methods  to  be  given. 

Lines    are  usually  Fio.  8. 

measured  with  chains, 
tapes,  or  rods,  divided 
into  yards,  feet,  links, 
or  some  other  unit  of 
measurement. 

16.  Ounter'sChain. 

This  is  the  measure 
most  commonly  used 
in  Land  Surveying. 
It  is  66  feet,  or  4  rods 
long.*  Eighty  such 
chains  make  one  mile. 
It  is  composed  of 
one  hundred  pieces  of 
iron  or  steel  wire,  or 
links,  each  bent  at  the  end  into  a  ring,  and  connected  with  the 

*  ThU  length  was  chosen  (by  Mr.  Edward  Gunter)  because  10  square  chains  of  66 
feet  make  one  acre,  and  the  computation  of  areas  is  thus  greatly  facilitated.  For 
other  surveying  purposes,  particularly  for  railroad  work,  a  chain  of  100  feet  is  pref- 
erable. On  the  United  States  Coast  and  Geodetic  Survey  the  unit  of  measurement  13 
the  French  Metre,  equal  to  8*281  feet  nearly. 
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ring  at  the  end  of  the  next  piece  by  another  ring.  Sometimes  two 
or  three  rings  are  placed  between  the  links.  The  chain  is  then  less 
liable  to  twist  and  get  entangled  or  "  kinked.'*  Two  or  more 
swivels  are  also  inserted  in  the  chain,  so  that  it  may  turn  around 
without  twisting.  Every  tenth  link  is  marked  by  a  piece  of  brass, 
having  one,  two,  three,  or  four  points,  corresponding  to  the  number 
of  tens  which  it  marks,  counting  from  the  nearest  end  of  the  chain.* 
The  middle  or  fiftieth  linkis  marked  by  a  round  piece  of  brass. 

The  hundredth  part  of  a  chain  is  called  a  link.f  The  great 
advantage  of  this  is  that,  since  links  are  decimal  parts  of  a  chain, 
they  may  be  so  written  down,  5  chains  and  43  links  being  6 '43 
chains,  and  all  the  calculations  resj^ecting  chains  and  links  can 
then  be  performed  by  the  common  rules  of  decimal  arithmetic^ 
Each  link  is  7*92  inches  long,  being  =  66  X  12  -^  100. 

The  following  table  will  be  found  convenient : 


CHAINS  INTO  FEKT. 

ChAlns. 

Feet. 

Chaioft. 

Feot, 

0-0 1 

0-66 

l-'>0 

68- 

0-02 

1-32 

'      2- 

182- 

0  03 

1-98 

1      3- 

198- 

0-04 

2-64 

4- 

264- 

006 

8-30 

i      5- 

880- 

0-06 

396 

1      6- 

896- 

0-07 

4-G2 

1      '^' 

462- 

0-08 

6-28 

'    s- 

628- 

009 

5-94 

1      ^* 

594- 

010 

6  60 

1    10- 

660- 

020 

18-20 

1    20- 

1820- 

0-30 

19-80 

80- 

1980- 

0-40 

26-40 

!    40- 

2640- 

0-50 

33(K) 

50- 

8300" 

OGO 

39-60 

,    GO- 

3960- 

0-70 

46  20 

70- 

4620- 

0-80 

52-80 

SO- 

52S()- 

0-y) 

59-40 

90- 

6940- 

1-00 

6600 

100- 

6600- 

FEET  INTO  LINKS. 

Feot. 

Lioks. 

i| 

Feet. 

Llnls. 

0-10 

0-15 

1 

10- 

15-2 

0-20 

0-30 

1 

15- 

22-7 

0-25 

()-38 

i| 

20- 

80-8 

0-80 

0-45 

25- 

37-9 

0-40 

0-60 

il 

80- 

45-4 

0-ftO 

0-76 

38- 

50-0 

0-60 

0-91 

!i 

85- 

63-0 

070 

1-06 

1 

40- 

C06 

0-75 

1  13 

1 

AW 

68-2 

0-SO 

1-21 

i' 

50- 

75-8 

0-90 

136 

1' 

55- 

f3-3 

100 

1-52 

1 

1 

60- 

90-9 

2- 

80 

h 

65- 

98-6 

3- 

4-6 

70- 

106-1 

4- 

61 

r 

75- 

118-6 

h- 

7-6 

1 

80- 

121-2 

6- 

91 

1, 

86- 

128-8 

7- 

10-6 

II 

90- 

136-4 

8- 

12-1 

1 

95- 

143-9 

9- 

13-6 

II 

100- 

151-6 

*  To  prevent  the  very  common  mistake  of  calling  forty,  sixty ;  or  thirty,  seventy ; 
it  has  been  suggested  to  make  the  11th,  21st,  31st,  and  41st  links  of  brass^  which 
would  at  once  show  on  which  side  of  the  middle  of  the  chain  was  the  doubtful  mark. 
This  would  be  particularly  useful  in  Mining  Surveying. 

f  This  must  not  be  confounded  with  the  pieces  of  wire  which  have  the  same 
name,  since  one  of  them  is  shorter  than  the  "  link  "  used  in  calculation  by  half  a  ring 
or  more,  according  to  the  way  in  which  the  chain  is  made. 
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To  reduce  links  to  feet,  subtract  from  the  number  of  links  as 
many  units  as  it  contains  hundreds  ;  multiply  the  remainder  by  2 
and  divide  by  3. 

To  reduce  feet  to  links,  add  to  the  given  number  half  of  itself, 
and  add  one  for  each  hundred  (more  exactly,  for  each  ninety-nine) 
in  the  sum. 

The  chain  is  liable  to  be  lengthened  by  its  rings  being  pulled 
open,  and  to  be  shortened  by  its  links  being  bent.  It  should 
therefore  be  frequently  tested  by  a  carefully  measured  length  of 
66  feet,  set  out  by  a  standard  measure  on  a  flat  surface,  such  as  the 
top  of  a  wall,  or  on  smooth  level  ground  between  two  stakes,  their 
centers  being  marked  by  small  nails.  It  may  be  left  a  little  longer 
than  the  true  length,  since  it  can  seldom  be  stretched  so  as  to  be 
perfectly  horizontal  and  not  hang  in  a  curve,  or  be  drawn  out  in 
a  perfectly  straight  line.*  Distances  measured  with  a  perfectly 
accurate  chain  will  always  and  unavoidably  be  recorded  as  longer 
than  they  really  are.  To  insure  the  chain  being  always  strained 
with  the  same  force,  a  spring,  like  that  of  a  spring-balance,  is 
sometimes  placed  between  one  handle  and  the  rest  of  the  chain. 

If  a  line  has  been  measured  with  an  incorrect  chain,  the  true 
length  of  the  line  will  be  obtained  by  multiplying  the  number  of 
chains  and  links  in  the  measured  distance  by  100,  and  dividing  by 
the  length  of  the  standard  distance,  as  given  by  measurement  of 
it  with  the  incorrect  chain.  The  proportion  here  employed  is 
this :  As  the  length  of  the  standard  given  by  the  incorrect  chain 
is  to  the  true  length  of  the  standard,  so  is  the  length  of  the  line 
given  by  the  measurement  to  the  true  length.  Thus,  suppose  that 
a  line  has  been  measured  with  a  certain  chain,  and  found  by  it  to 
be  ten  chains  long,  and  that  the  chain  is  afterward  found  to  have 
been  so  stretched  that  the  standard  distance  measured  by  it  appears 
to  be  only  99  links  long.  The  measured  line  is  therefore  longer 
than  it  had  been  thought  to  be,  and  its  true  length  is  obtained  by 
multiplying  10  by  100,  and  dividing  by  99. 

*  The  chain  used  by  the  Government  Burveyors  of  France,  which  is  ten  metres, 
or  about  half  a  Gunter's  chain  in  length,  is  made  from  one  fifth  to  two  fifths  of  an 
inch  longer  than  the  standard.  An  inaccuracy  of  one  five-hundredth  of  its  length 
(=  li  inch  on  a  Guntcr's  chain)  is  the  utmost  allowed  not  to  vitiate  the  survey. 
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10  LAND-SURVEYING, 

17.  Pina  Ten  iron  pins,  or  "arrows,"  usually  accompany  the 
chain,*  They  are  about  a  foot  long,  and  are  made  of  stout  iron 
wire,  sharpened  at  one  end,  and  bent  into  a  ring  at  the  other. 
Pieces  of  red  and  white  cloth  should  be  tied  to  their  heads,  so  that 
they  can  be  easily  found  in  grass,  dead  leaves,  etc. 

They  should  be  strung  on  a  ring,   which  has  a  spring-catch  to 

retain  them.     Their  usual  form  is  shown  in  Fig.  9.    Fig.  10  shows 

another  form,    made   very  large,   and   therefore 

?very  heavy  near  the  point,  so  that,  when  held  by 
\\       the  top  and  dropped,  it  may  fall  vertically.     The 
I        uses  of  this  will  be  seen  presently. 

On  irregular  ground,  two  stout  stakes,  about 
six  feet  long,  are  needed  to  put  the  forward 
chain-man  in  line,  and  to  enable  whichever,  of 
the  two  is  lowest  to  raise  his  end  of  the  chain  in 
a  truly  vertical  line,  and  to  strain  the  chain 
straight. 
A  number  of  long  and  slender  rods  are  also  necessary  for 
ranging  out"  lines  between  distant  points. 


\ 


18.  How  to  Chain.  Two  men  are  required — ^a  forward  chain- 
man  and  a  hind  chain-man,  or  leader  and  follower.  The  latter 
takes  the  handles  of  the  chain  in  his  left  hand,  and  the  chain  Itself 
in  his  right  hand,  and  throws  it  out  in  the  direction  in  which  it  is 
to  be  drawn.  The  former  takes  a  handle  of  the  chain  and  one  pin 
in  his  right  hand,  and  the  other  pins  (and  the  staff,  if  used),  in  his 
left  hand,  and  draws  out  the  chain.  The  follower  then  walks  be- 
side it,  examining  carefully  that  it  is  not  twisted  or  bent.  He 
then  returns  to  its  hinder  end,  which  he  holds  at  the  beginning  of 
the  line  to  be  measured,  puts  his  eye  exactly  over  it  and,  by  the 
words  "  Eight,"  "  Left,"  directs  the  leader  how  to  put  his  staff, 
or  the  pin  which  he  holds  up,  **in  line,"  so  that  it  may  seem  to 
cover  and  hide  the  flag-staff,  qr  other  object  at  the  end  of  the  line. 
The  leader  all  the  while  keeps  the  chain  tightly  stretched,  and  his 


*  Eleven  ping  are  Bometiraes  used,  one  Winj^  of  brass.  Nine  of  iron,  with  four 
or  ei'.'ht  of  brass,  may  also  be  employed.  Their  uses  are  explained  in  Articles  IC 
and  19. 
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end  of  it  touching  his  staff.  Every  time  he  moves  the  chain^  he 
should  straighten  it  by  an  undulating  shake.  When  the  staff  (or 
pin)  is  at  last  put  "in  line,"  the  follower  says  "Down."  The 
leader  then  puts  in  the  single  pin  precisely  at  the  end  of  the  chain, 
and  replies  "  Down. "  The  follower  then  (and  never  before  hear- 
ing this  signal  that  the  point  is  fixed)  loosens  his  end  of  the  chain, 
retaining  it  in  his  hand.  The  leader  draws  on  the  chain,  making 
a  step  to  one  side  of  the  pin  just  set,  to  avoid  dragging  it  out.  lie 
should  keep  his  eye  steadily  on  the  object  ahead,  or,  in  a  hollow, 
should  line  himself  approximately  by  looking  back.  The  JEollower 
should  count  his  steps,  so  as  to  know  where  to  look  forite  pin  in 
high  grass,  etc.  As  he  approaches  the  pin,  he  calls  "Han;"  On 
reaching  it,  he  holds  the  handle  of  the  chain  against  it,  ^ssing 
his  knee  against  both  to  keep  the  pin  firm.  He  then,  withHiis  eye 
over  the  pin,  "lines"  the  leader  as  before.  When  the  "%town" 
has  been  again  called  by  the  follower,  and  answered  by  the  leader, 
the  former  pulls  out  the  pin  with  the  chain-hand,  and  carries  it  in 
his  other  hand,  and  they  go  on  as  before.*  The  operation  is  re- 
peated till  the  leader  has  arrived  at  the  end  of  the  line,  o|glias  put 
down  all  his  pins.  ^ 

When  the  leader  has  put  down  his  tenth  pin,  he  drawt^v©n  the 
chain  its  length  farther,  and,  after  being  lined,  puts  his  foot  on 
the  handle  to  keep  it  firm,  and  calls  "  Tally."  The  follower  then 
drops  his  end  of  the  chain,  goes  up  to  the  leader  and  gives  him 
back  all  the  pins,  both  counting  them  to  make  sure  that  none  have 
been  lost.  One  pin  is  then  put  down  at  the  forward  end  of  the 
chain,  and  they  go  on  as  before. 

Some  surveyors  cause  the  leader  to  call  "  tally  "  at  the  tenth 
pin,  and  then  exchange  pins  ;  but  then  the  follower  has  only  the 
hole  made  by  the  pin,  or  some  other  indefinite  mark,  to  measure 
from. 

Eleven  pins  are  sometimes  preferred,  the  eleventh  being  of 
brass,  or  otherwise  different  from  the  rest,  and  being  used  to  maxk 

*  When  a  chain's  length  would  end  in  a  ditch,  pool  of  water,  etc,  and  the  cbdla- 
men  are  afraid  of  wetting  their  feet,  they  can  measure  part  of  a  chain,  to  the  edge  of 
the  water,  then  stretch  the  chain  across  it,  and  then  measure  another  portion  of  a 
chain,  so  that,  with  the  former  portion,  it  may  make  up  a  full  chain. 
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the  end  of  the  eleventh  chain  ;  another  being  substituted  for  it 
before  the  leader  goes  on. 

The  two  chain-men  may  change  duties  at  each  change  of  pins, 
if  they  are  of  equal  skilly  but  the  more  careful  and  intelligent  of 
two  laborers  should  generally  be  made  "follower." 

When  the  leader  reaches  the  end  of  the  line,  he  stops^  and 
holds  his  end  of  the  chain  against  it.  The  follower  drops  his  end 
and  counts  the  links  beyond  the  last  pin,  noting  carefully  on  which 
side  of  the  **  fifty "  mark  it  comes.  Each  pin  now  held  by  the 
follow€tf',  including  the  one  in  the  ground^  represents  one  chain  ; 
each  tiM  "  tally  "  has  been  called,  and  the  pins  exchanged,  repre- 
sents ten  chains,  and  the  links  just  coanted  make  up  the  total 
distan|!e. 


i9ri 


^Tallies.  In  chaining  very  long  distances,  there  is'  danger 
of  Bjiiscounting  the  number  of  "tallies,"  or  tens.  To  avoid  mis- 
takes, pebbles,  etc.,  may  be  changed  from  one  pocket  into  another 
at  each  change  of  pins  ;  or  bits  of  leather  on  a  cord  may  be  slipped 
from  d^  side  to  the  other  ;  or  knots  tied  on  a  string  ;  but  the  best 
plan  isy)he  following  :  Instead  of  ten  iron  pins,  use  nine  iron  pins, 
and  forfr,  or  eight,  or  ten  pins  of  braas,  or  very  much  longer  than 
the  rest.  At  the  end  of  the  tenth  chain,  the  iron  pins  being  ex- 
hausted, a  brass  pin  is  put  down  by  the  leader.  The  follower  then 
comes  up,  and  returns  the  nine  iron  pins,  but  retains  the  brass 
one,  with  the  additional  advantage  of  having  this  pin  to  measure 
from.  At  the  end  of  the  twentieth  chain,  the  same  operation  is 
repeated  ;  and  flo  on.  When  the  measurement  of  the  line  is  com- 
pleted, each  brass  pin  held  by  the  follower  counts  ten  chains, 
and  each  iron  pin  one,  as  before. 

20.  Chaining  on  Slopes.  All  the  distances  employed  in  Land- 
lurveying  must  be  measured  horizontally,  or  on  a  level.  When 
^e  'ground  slopes,  it  is  therefore  necessary  to  make  certain  allow-, 
apces  or  corrections.  If  the  slope  be  gentle,  hold  the  up-hill  end 
OT  the  chain  on  the  ground,  and  raise  the  down-hill  end  till  the 
chain  is  level.  To  insure  the  elevated  end  being  exactly  over  the 
desired  spot>  raise  it  along  a  staff  kept  vertical,  or  drop  a  pin  held 
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by  the  point  with  the  ring  downward  (if  you  have  not  the  heavy 
pointed  ones  shown  in  Fig.  10),  or,  which  is  better,  use  a  plumb- 
line.  A  person  standing  beside  the  chain, 
and  at  a  little  distance  from  it,  can  best  tell 
if  it  be  nearly  level.  If  the  hill  be  so  steep 
that  a  whole  chain  can  not  be  held  up  level, 
use  only  half  or  quarter  of  it  at  a  time. 
Great  care  is  necessary  in  this  operation. 
To  measure  down  a  steep  hill,  stretch  the  whole  chain  in  line. 
Hold  the  upper  end  fast  on  the  ground.  Raise  up  the  20  or  30 
link-mark,  so  that  that  portion  of  the  chain  is  level.  Drop  a 
plumb-line  or  pin.  Then  let  the  follower  come  forward  and  hold 
down  that  link  on  this  spot,  and  the  leader  hold  up  another 
short  portion,  as  before.  Chaining  down  a  slope  is  more  ac- 
curate than  chaining  up  it,  since  in  the  latter  case  the  fol- 
lower can  not  easily  place  his  end  of  the  chain  exactly  over  the 
pin. 

A  more  accurate,  though  more  troublesome,  method,  is  to 
measure  the  angle  of  the  slope,  and  make  the  proper  ^Hwance 
by  calculation,  or  by  a  table,  previously  prepared.  Tha  correc- 
tion being  found,  the  chain  may  be  drawn  forward  the*^roper 
number  of  links,  and  the  correct  distance  of  the  various  points 
to  be  noted  will  thus  be  obtained  at  once,  without  any  subse- 
quent calculation  or  reduction.  If  the  survey  is  made  with 
the  Transit  provided  with  a  vertical  circle,  the  slope  of  the 
ground  can  be  measured  directly.  A  "  Tangent  Scale,"  for  the 
same  purpose,  may  be  formed  on  the  sides  of  the  sights  of 
a  Compass.  It  will  be  described  when  the  instrument  is  ex- 
plained. 

In  the  following  table,  the  first  column  contains  the  ang^p 
which  the  surface  of  the  ground  makes  with  the  horizon  ;  the 
second  column  contains  its  slope,  named  by  the  ratio  of  the  per- 
pendicular to  the  base ;  and  the  third,  the  correction  in  links  for 
each  chain  measured  on  the  slope,  i.  e.,  the  difference  between  the 
hypothenuse,  which  is  the  distance  measured,  and  the  horizontal 
base,  which  is  the  distance  desired. 
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TABLE  FOB  CHAINING  ON  SLOPES. 


Angle. 

Slope. 

CorrectloD  In 
links. 

Angle. 

Slope. 

Conreetlon  in 
Unks. 

8* 

1  in  19 

014 

1 

i          13^ 

1  in  4| 

2-66 

4" 

I  in  14 

0-24 

1         H"* 

1  in  4 

2-97 

5^ 

1  in  IL 

0-38 

16" 

1  in  8) 
1  in  8t 

8-41 

6' 

I  in     9i 

0-55 

1«' 

8-87 

7' 

1  in     8 

0-76 

\r 

1  in  8i 

4-87 

8" 

1  in    7 

0-97 

18° 

1  in  8 

4-89 

r 

1  in    6i 

1-23 

19* 

1  in  8 

645 

10° 

1  in    6 

1-68 

i         20° 

1  in  2} 

6-03 

ll** 

1  in    5i 

1-84 

1         26° 

1  in  2 

9-87 

12'' 

1  in    41 

2-19 

1     ''' 

1  in  1} 

13-40 

21.  Chaining  is  the  fundamental  operation  in  all  kinds  of  Sur- 
veying. It  has  for  this  reason  been  very  minutely  detailed.  The 
"follower"  is  the  most  responsible  person,  and  the  surveyor  will 
best  insure  his  accuracy  by  taking  that  place  himself.  If  he  has 
to  efmploy  inexperienced  laborers,  he  will  do  well  to  cause  them  to 
measure  the  distance  between  any  two  points,  and  then  remeasure 
it  in  the  opposite  direction.  The  difference  of  their  two  results 
will  flbrcss  on  them  the  necessity  of  great  carefulness. 

ToX do  up"  the  chain,  take  the  middle  of  it  in  the  left  hand, 
and  wifli  the  right  hand  take  hold  of  the  doubled  chain  just  be- 
yond the  second  link ;  double  up  the  two  links  between  your 
hands,  and  continue  to  fold  up  two  double  links  at  a  time,  laying 
each  pair  obliquely  across  the  others,  so  that  when  it  is  all  folded 
up  the  handles  will  be  on  the  outside,  and  the  chain  will  have  an 
hour-glass  shape,  easy  to  strap  up  and  to  carry. 

22.  Tape.  Though  the  chain  is  most  usually  employed  for  the 
principal  measurements  of  Surveying,  a  tape-line,  divided  on  one 
side  into  links,  and  on  the  other  into  feet  and  inches,  is  more  con- 
venient for  some  purposes.  It  should  be  tested  very  frequently, 
particularly  after  getting  wet,  and  the  correct  length  marked  on  it 
at  every  ten  feet.  A  "  Metallic  Tape,"  less  liable  to  stretch,  is 
manufactured,  in  which  fine  wires  form  its  warp.  When  the  tape 
is  being  wound  up,  it  should  be  passed  between  two  fingers  to  pre- 
vent its  twisting  in  the  box,  which  would  make  it  necessary  to 
unscrew  its  nut  to  take  it  out  and  nntwist  it.     While  in  use,  it 
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should  be  made  portable  by  being  folded  np  by  arm's  lengths,  in- 
stead of  being  wound  np. 

A  "  Steel  Tape,"  made  of  a  thin  ribbon  of  steel,  with  the  divis- 
ions and  numbers  etched  on  it,  is  one  of  the  most  accurate  meas- 
uring instruments.  Those  intended  for  accurate  measurement 
have  at  one  end  an  arrangement  for  shortening  and  lengthening 
the  tape  to  provide  for  yariations  in  length,  due  to  changes  of  tem- 
perature, and  at  the  other  end  a  level  and  a  spring-balance,  so  that 
when  measuring  the  ends  of  the  tape  may  be  held  at  the  same 
height,  and  always  with  the  same  tension.  For  methods  employed 
in  making  accurate  measurements,  see  Chapter  XY,  Part  II. 

23.  Substitutes  for  a  chain  or  a  tape  may  be  found  in  leather 
driving-lines,  marked  off  with  a  carpenter's  rule,  or  in  a  cord  knot- 
ted at  the  length  of  every  link.  A  well-made  rope  (such  as  a 
''patent  wove  line,"  woven  circularly  with  the  strands  always 
straight  in  the  line  of  the  strain),  when  once  well  stretched,  wetted, 
and  allowed  to  dry  with  a  moderate  strain,  will  not  vary  from  a 
chain  more  than  one  foot  in  two  thousand,  if  carefully  u^. 

24.  EodB.  When  unusually  accurate  measurements  \are  re- 
quired, rods  are  employed.  They  may  be  of  well-seasoned  wood, 
of  glass,  of  iron,  etc.  .  They  must  be  placed  in  line  very  carefully 
end  to  end,  or  made  to  coincide  in  other  ways,  as  will  be  explained 
under  "Triangular  Surveying,"  in  which  the  peculiarly  accurate 
measurement  of  one  line  is  required,  as  all  the  others  are  founded 
upon  it. 

25.  Pacing,  sound,  and  other  approximate  means,  may  be  used 
for  measuring  the  length  of  a  line.  The  Stadia  and  Oradienter 
will  be  described  in  Chapter  IV. 

26.  A  Perambulator^  or  '*  Measuring-Wheel,"  is  sometimes  used 
for  measuring  distances,  particularly  roads.  It  consists  of  a  wheel 
which  is  made  to  roll  over  the  ground  to  be  measured,  and  whose 
motion  is  communicated  to  a  series  of  toothed  wheels  within  the 
machine.  These  wheels  are  so  propoi*tioned  that  the  index-wheel 
registers  their  revolutions,  and  records  the  whole  distance  passed 
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over.  If  the  diameter  of  the  wheel  be  31^  inches,  the  circumfer- 
ence, and  therefore  each  revelation,  will  be  ^  feet,  or  half  a  rod. 
The  roughnesses  of  the  road  and  the  slopes  necessarily  cause  the 
registered  distances  to  exceed  the  true  measure. 

The  Odometer  is  an  instrument  designed  to  register  the  number 
of  revolutions  of  a  wagon-wheel.  Knowing  the  circumference  of 
the  wheel  to  which  it  is  attached,  and  determining  the  number  of 
revolutions  by  the  odometer,  the  distance  over  which  the  wheel 
has  passed  may  be  approximately  determined. 

MeASuring  Angles. 

27.  The  angle  made  by  any  two  lines— that  is,  the  difference 
of  their  directions — may  be  obtained  by  a  great  variety  of  instru- 
Pjq  12.  ments.     All  of  them  are  in  substance 

,'*  mere  modifications  of  the  very  sim- 
ple one  which  will  now  be  described, 
and  which  any  one  can  make  for 
himself : 

Provide  a  circular  piece  of  wood, 
and  divide  its  circumference  (by  any 
of  the  methods  of  Geometrical  Draft- 
ing) into  three  hundred  and  sixty 
equal  parts,  or  **  degrees,"  and  num- 
ber them  as  in  the  figure.  The  divisions  will  be  like  those  of  a 
watch-face,  but  six  times  as  many.  These  divisions  are  termed 
gradations.  The  figure  shows  only  every  fifteenth  one.  In  the 
center  of  the  circle  fix  a  needle,  or  sharp-pointed  wire,  and  upon 
this  fix  a  straight  stick,  or  thin  ruler  placed  edgewise  (called  an 
alidade),  so  that  it  may  turn  freely  on  this  point  and  nearly 
touch  the  graduations  of  the  circle.  Fasten  the  circle  on  a  staff, 
pointed  at  the  other  end,  and  long  enough  to  bring  the  alidade 
to  the  height  of  the  eyes.  The  instrument  is  now  complete.  It 
may  be  called  a  Ooniometer,  or  Angle-measurer. 

Now  let  it  be  required  to  measure  the  angle  between  the  lines 
A  B  and  A  C.  Fix  the  staff  in  the  ground,  so  that  its  center  shall 
be  exactly  over  the  intersection  of  the  two  lines.  Turn  the  alidade 
so  that  it  points  (as  determined  by  sighting  along  it)  to  a  rod,  or 


Digitized  by  VjOOQIC 


MAKING   TUB  MEASUREMENTS.  17 

other  mark  at  B,  a  point  on  one  of  the  lines,  and  note  what  degree 
it  covers — i.  e.,  *'The  Reading."    Then,  without  disturbing  the 
circle,  turn  the  alidade  till  it  points  to  C,  a 
point  on  the  other  line.    Note  the  new  read-  '  ^ 

ing.     The  difference  of  these  readings  (in  the  X 

figure,  45  degrees)  is  the  difference  in  the  y^   ^^^ 

directions  of  the  two  lines,  or  is  the  angle     4(^^^         *^*': 
which  one  makes  with  the  other.     If  the  dis-       ^^as^  ^ 

tance  from  A  to  C  be  now  measured,  the 
point  C  is  "  determined,"  with  respect  to  the  points  A  and  B,  on 
the  Third  Principle.     Any  number  of  points  may  be  thns  deter- 
mined. 

Instead  of  the  very  simple  and  rude  alidade,  which  has  been 
supposed  to  be  nsed,  needles  may  be  fixed  on  each  end  of  the  ali- 
dade ;  or  sights  may  be  added  ;  or  a  small  straight  tube 
'    *       may  be  used,  one  end  being  covered  with  a  piece  of 
^      vt/     pasteboard  in  which  a  very  small  eye-hole  is  pierced, 
and  threads,  called  "cross-hairs,"  being  stretched  across 
the  other  end  of  it,  as  in  the  figure,  so  that  their  intersection  may 
give  a  more  precise  line  for  determining  the  direction  of  any  point. 
When  a  telescope  is  substituted  for  this  tube,  and  supported  in 
such  a  way  that  it  can  turn  over,  so  as  to  look  both  backward  and 
forward,  the  instrument  (with  various  other  additions,  which,  how- 
ever, do  not  affect  the  principle)  is  called  a  Transit. 

28.  Chain  Angles.    The  angle  made  by  any  two  lines  can  aIso 
be  determined  without  the  aid  of  an  angle-measurer.     Let  it^  re- 
quired to  find  the  angle  made  by  the  two  lines 
A  B  and  A  C,  Fig.  15.     Measure  off  equal  dis-  ^'^'  ^**- 

tances  from  A  to  B  and  C,  and  also  the  "  tie- 
line"  BC.  It  is  evident  that  the  tie-line  is  the 
chord  of  fche  angle  to  a  radius  equal  to  one  of  the 
equal  distances  measured  on  the  sides.  Therefore, 
divide  the  length  of  the  tie-line  by  the  length 
of  this  distance.  The  quotient  will  be  the  chord  of  the  angle  to  a 
radius  of  one.  In  the  Table  of  Chords,  at  the  end  of  this  volume, 
find  this  quotient,  and  the  number  of  degrees  and  minutes  corre- 
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sponding  to  it  gives  the  angle  reqaired.  Otherwise,  since  the  chord 
of  any  angle  equals  twice  the  sine  of  half  the  angle,  we  have  this 
rule :  Divide  half  the  tie-line  by  the  measured  distance,  find  in  a 
table  of  natural  sines  the  angle  corresponding  to  the  quotient,  and 
multiply  this  angle  by  two,  to  get  the  angle  desired. 

Surveying  without  Instruments. 

29.  Distances  by  Faoixig.  Quite  an  accurate  measurement  of  a 
line  of  ground  may  be  made  by  walking  over  it  at  a  uniform  pace, 
and  counting  the  steps  taken.  But  the  art  of  walking  in  a  straight 
line  must  first  be  acquired.  To  do  this,  fix  the  eye  on  two  objects 
in  the  desired  line,  such  as  two  trees,  or  bushes,  or  stones,  or  tufts 
of  grass.  Walk  foi;;ward,  keeping  the  nearest  of  these  objects  stead- 
ily covering  the  other.  Before  getting  up  to  the  nearest  object, 
choose  A  new  one  in  line  farther  ahead,  and  then  proceed  as  before, 
and  so  on.  It  is  better  not  to  attempt  to  make  each  of  the  paces 
three  feet,  but  to  take  steps  of  the  natural  length,  and  to  ascertain 
the  value  of  each  by  walking  over  a  known  distance,  and  dividing 
it  by  the  number  of  paces  required  to  traverse  it.  Every  person 
should  thus  determine  the  usual  length  of  his  own  steps,  repeating 
the  experiment  suflBciently  often.  The  French  "geographical  en- 
gineers "  accustom  themselves  to  take  regular  steps  of  eight  tenths 
of  a  metre,  equal  to  two  feet  seven  and  a  half  inches.  The  United 
States  military  pace  is  two  feet  and  six  inches.  This  is  regarded  as 
a  u§ual  average.  Quick  pacing  of  120  such  paces  per  minute  gives 
3 '41  miles  per  hour.  Slow  paces,  of  three  feet  each  and  sixty  per 
mintk,  give  2*04  miles  per  hour.* 

STne  Pedometer  is  an  instrument  which  counts  the  steps  taken 
by  one  wearing  it,  without  any  attention  on  his  part.  It  is  made 
in  the  form  of  a  watch,  and  carried  in  the  pocket.  The  number  of 
the  steps  given  by  the  pedometer,  multiplied  by  the  length  of  the 
step,  will  give  approximately  any  distance  walked  over.  In  one 
form  of  this  instrument  the  number  of  steps  is  registered  on  a  dial 
up  to  2,500. 

In  another  form  the  instrument  is  intended  to  be  regulated  ac- 

*  A  horse,  on  a  walk,  averages  880  feet  per  minute,  on  a  trot  650,  and  on  a  com- 
mon gallop  1,040.    For  longer  times,  the  difference  in  horses  is  more  apparent. 
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cording  to  the  length  of  step  of  the  person  carrying  it,  and  then 
the  distance  is  registered  on  the  dial  in  miles. 

30.  Distances  by  Visual  Angles.  Prepare  a  scale,  by  marking 
off  on  a'^encil  what  length  of  it^  when  it  is  held  oft  at  arm's  length, 
a  man's  height  appears  to  cover  at  different  distances  (previously 


Fio.  16. 


1 


measured  with  accuracy)  of  100,  500,  1,000  feet,  etc.  To  apply 
this,  when  a  man  is  seen  at  any  unknown  distance,  hold  up  the 
pencil  at  arm's  length,  making  the  top  of  it  come  in  the  line  from 
the  eye  to  his  head,  and  placing  the  thumb-nail  in  the  line  from 
the  eye  to  his  feet,  as  in  Fig.  16.  The  pencil  having  been  previ- 
ously gradiiated  by  the  method  above  explained,  the  portion  of  it 
now  intercepted  between  these  two  lines  will  indicate  the  corre- 
sponding distance. 

If  no  previous  scale  have  been  prepared,  and  the  distance  of  a 
man  be  required,  take  a  foot-rule,  or  any  measure  minutely  divided, 
hold  it  off  at  arm's  length  as  before,  and  see  how  much  a  man's 
height  covers.  Then,  knowing  the  distance  from  the  eye  to  the 
rule,  a  statement  by  the  rule  of  three  (on  the  principle  of  similar 
triangles)  will  give  the  distance  required.  Suppose  a  man's  height, 
of  70  inches,  covers  one  inch  of  the  rule.  He  is  then  seventy  times 
as  far  from  the  eye  as  the  rule,  and,  if  its  distance  be  two  feet,  that 
of  the  man  is  140  feet.  Instead  of  a  man's  height,  that  of  an  ordi- 
nary house,  of  an  apple-tree,  the  length  of  a  fence-rail,  etc.,  may 
be  taken  as  the  standard  of  comparison. 

To  keep  the  arm  immovable,  tie  a  string  of  known  length  to 
the  pencil,  and  hold  between  the  teeth  a  knot  tied  at  the  other  end 
of  the  string. 

31.  Distances  by  Visibility.  The  degree  of  visibility  of  various 
well-known  objects  will  indicate  approximately  how  far  distant  they 
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are.  Thus,  by  ordinary  eyes,  the  windows  of  a  large  house  can  be 
coanted  at  Vj  distance  of  about  13,000  feefc,  or  2^  miles ;  men  and 
horses  will  be  perceived  as  points  at  about  half  that  distance,  or  \\ 
mile  ;  a  horse  can  be  clearly  distinguished  at  about  4,000  feet ;  the 
movements  of  men  at  2,600  feet,  or  half  a  mile  ;  and  the  head  of  a 
man,  occasionally,  at  2,300  feet,  and  very  plainly  at  1,300  feet,  or  a 
quarter  of  a  mile.  The  Arabs  of  Algeria  define  a  mile  as  *^  the  dis- 
tance at  which  you  can  no  longer  distinguish  a  man  from  a  wom- 
an/* These  distances  of  visibility  will  of  course  vary  somewhat 
with  tlie  state  of  the  atmosphere,  and  still  more  with  individual 
acuteness  of  sight,  but  each  person  should  make  a  corresponding 
scale  for  himself. 

32.  Distances  by  Sound.  Sound  passes  through  the  air  with  a 
moderate  and  known  velocity  ;  light  passes  almost  instantaneously. 
If,  then,  two  distant  points  be  visible  from  each  other,  and  a  gun 
be  fired  at  night  from  one  of  them,  an  observer  at  the  other,  noting 
by  a  stop-watch  the  time  at  which  the  flash  is  seen,  and  then  that 
at  which  the  report  is  heard,  can  tell  by  the  intervening  number  of 
seconds  how  far  apart  the  points  are,  knowing  how  far  sound  trav- 
els in  a  second.  Sound  moves  about  1,098  feet  per  second  in  dry 
air,  with  the  temperature  at  the  freezing-point,  32°  Fahr.  Foi 
higher  or  lower  temperatures  add  or  subtract  1^^  foot  for  each  de- 
gree of  Fahrenheit.  If  a  wind  blows  with  or  against  the  movement 
of  the  sound,  its  velocity  must  be  added  or  subtracted.  If  it  blows 
obliquely,  the  correction  will  evidently  equal  its  velocity  multiplied 
by  the  cosine  of  the  angle  which  the  direction  of  the  wind  makes 
with  the  direction  of  the  sound.  If  the  gun  be  fired  at  each  end  of 
the  base  in  turn,  and  the  means  of  the  times  taken,  the  effect  of 
the  wind  will  be  eliminated. 

If  a  watch  is  not  at  hand,  suspend  a  pebble  to  a  string  (such  as 
a  thread  drawn  from  a  handkerchief)  and  count  its  vibrations.  If 
it  be  39^  inches  long,  it  will  vibrate  in  one  second  ;  if  9J  inches 
long,  in  half  a  second,  etc.  If  its  length  is  unknown  at  the  time, 
still  count  its  vibrations ;  measure  it  subsequently ;  and  then  will 

the  time  of  its  vibration,  in  seconds,  =  a/ ( — ^--qQT -). 


Digitized  by  VjOOQIC 


DRAWING  THE  MAP,  ^      21 

88.  Angles.  Bight  angles  are  those  most  frequently  required  in 
this  kind  of  survey,  and  they  can  be  estimated  by  the  eye  with 
much  accuracy.  If  other  angles  are  desired,  they  will  be  deter- 
mined by  measuring  equal  distances  along  the  lines  which  make  the 
angle,  and  then  the  line,  or  chord,  joining  the  ends  of  these  dis* 
tances,  thus  forming  chain-angles,  explained  in  Article  28. 

Noting  the  Measurements. 

84.  The  measurements  which  have  been  made,  whether  of  lines 
or  of  angles,  require  to  be  very  carefully  noted  and  ilbcorded. 
Clearness  and  brevity  are  the  points  desired.  Different  m^bods  of 
notation  are  required  for  each  of  the  systems  of  surveying  which 
are  to  be  explained,  and  will  therefore  be  given  in  their  appropriate 
places. 

BBAWIKG  THE  HAP. 

85.  A  Map  of  a  survey  represents  the  lines  which  bound  the 
surface  surveyed,  and  the  objects  upon  it,  such  as  fences,  roads, 
rivers,  houses,  woods,  hills,  etc.,  in  their  true  relative  dimensions 
and  positions.  It  is  a  miniature  copy  of  the  field,  farm,  etc.,  as  it 
would  be  seen  by  an  eye  moving  over  it ;  or  as  it  would  appear,  if, 
from  every  point  of  its  irregular  surface,  plumb-lines  were  dropped 
to  a  level  surface  under  it,  forming  what  is  called,  in  geometrical 
language,  its  horizontal  projection. 

86.  Flatting.  A  plat  of  a  survey  is  a  skeleton,  or  outline  map. 
It  is  a  figure  "similar"  to  the  original,  having  all  its  angles  equal 
and  its  sides  proportional.  Every  inch  on  it  represents  a  foot,  a 
yard,  a  rod,  a  mile,  or  some  other  length,  on  the  ground  ;  all  the 
measured  distances  being  diminished  ^    ^ 

in  exactly  the  same  ratio. 

PLATTiNa  i8  repeating  on  paper, 
to  a  smaller  scale,  the  measurements 
which  have  been  made  on  the  ground. 

Its  various  operations  may  there- 
fore be  reduced,  in  accordance  with 

the    principles    established  in  this  chapter,  to  two,  viz.:  draw- 
ing a  straight  line  in  a  given  direction  and  of  a  given  length ; 
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and  describing  an  arc  of  a  circle  with  a  radius  whose  length  is  also 
given.  The  only  instruments  absolutely  necessary  for  this  are  a 
straight  rulor  and  a  pair  of  "dividers'*  or  "compasses."  Others, 
however,  are  often  convenient,  and  will  be  now  briefly  noticed. 

87.  StTaight  Lines.  These  are  usually  drawn  by  the  aid  of  a 
straigbt-edgod  ruler.  But  to  obtain  a  very  long  straight  line  upon 
paper,  stri^tch  a  fine  silk  thread  between  any  two  distant  points, 
and  mark  in  its  line  various  points  near  enough  together  to  be 
afterwaiS  connected  by  a  common  ruler.  -The  thread  may  also  be 
llaekeued  with  burned  cork  and  snapped  on  the  paper,  as  a  car- 
penter filial  >s  ^^^  chalk-line  ;  but  this  is  liable  to  inaccuracies,  from 
not  raising  the  line  vertically. 

88.  Aroii  The  arcs  of  circles  used  in  fixing  the  position  of  a 
point  on  paper  are  usually  described  with  compasses,  one  leg  of 
which  carries  a  pencil-point.  A  convenient  substitute  is  a  strip  of 
pasteboard,  through  one  end  of  which  a  fine  needle  is  thrust  into 
the  given  center,  and  through  a  hole  in  which,  at  the  desired  dis- 
tance, a  pencil-point  is  passed,  and  can  thus  describe  a  circle  about 
the  center,  the  pasteboard  keeping  it  always  at  the  proper  distance. 
A  string  is  a  still  readier,  but  less  accurate,  instrument. 

89.  Parallels.  The  readiest  mode  of  drawing  parallel  lines  is 
by  the  aid  of  a  triangular  piece  of  wood  and  a  ruler.     Let  A  B 

p^^  jg  be  the  line  to  which  a  parallel  is  to 

be  drawn,  and  C  the  point  through 

which  it  must  pass.     Place  one  side 

of  the  triangle  against  the  line,  and 

place  the  ruler  against  another  side  of 

the  triangle.      Hold  the  ruler  firm 

and  immovable,  and  slide  the  triangle 

along  it  till  the  side  of  the  triangle 

which  had  coincided  with  the  given  line  passes  through  the  given 

point.     This  side  will  then  be  parallel  to  that  given  line,  and  a 

line  drawn  by  it  will  be  the  line  required. 

Another  easy  method  of  drawing  parallels  is  by  means  of  a  T- 
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square^  an  instrumeni;  yery  valuable  for  many  other  purposes.    It 

is  nothing  but  a  ruler  let  into  a  thicker  piece  of  wood,  very  truly 

at  right  angles  to  it.     For  this  use 

of  it,  one  side  of  the  cross-piece 

must  be  even  or  "  flush  '*  with  the 

ruler.     To  use  it,  lay  it  on  the 

paper  so  that  one  edge  of  the  ruler 

coincides  with  the  given  line  A  B. 

Place  another  ruler  against   the 

cix)ss-piece,  hold  it  firm,  and  slide 

the  T-square  along  till  its  edge 

passes  through  the  given  point  C, 

as  shown  by  the  lower  part  of  the 

figure.     Then  draw  by  this  edge  the  desired  line  parallel  to  the 

given  line. 

40.  FerpendioularB.  These  may  be  drawn  by  the  various  prob- 
lems given  in  Geometry,  but  more  readily  by  a  triangle  which  has 
one  right  angle.     Place  the  longest  side  of  the  triangle  on  the 

given  line,  and  place  a  ruler  against  a 
second  side  of  the  triangle.  Hold  the 
ruler  fast,  and  turn  the  triangle  so  as 
to  bring  its  third  side  against  the  ruler. 
Then  will  the  long  side  be  perpendicu- 
lar to  the  given  line.  By  sliding  the 
triangle  along  the  ruler,  it  may  be  used 
to  draw  a  perpendicular  from  any  point 
of  the  line,  or  from  any  point  to  the  line. 

41.  Angles.  These  are  most  easily  set  out  with  an  instrument 
called  a  Protractor.  This  is  usually  a  semicircle  of  brass,  as  in  the 
figure,  with  its  semi-circumference  divided  into  180  equal  parts,  or 
degrees,  and  numbered  in  both  directions.  It  is,  in  fact,  a  minia- 
ture of  the  instrument  (or  of  half  of  it)  with  which  the  angles  have 
been  measured.  To  lay  off  any  angle  at  any  point  of  a  straight 
line,  place  the  protractor  so  that  its  straight  side,  the  diameter  of 
the  semicircle,  is  on  the  given  line,  and  the  middle  of  this  diam- 
eter, which  is  marked  by  a  notch,  is  at  the  given  point.     With  a 
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needle  or  sharp  pencil  make  a  mark  on  the  paper  at  the  required 
number  of  degrees,  and  draw  a  line  from  the  mark  to  the  given 
point. 

Sometimes  the  protractor  has  an  arm  turning  on  its  center  and 


extending  beyond  its  circumference,  so  that  a  line  can  be  at  once 
drawn  by  it  when  it  is  set  to  the  desired  angle.  A  Vernier  scale  is 
sometimes  added  to  it  to  increase  its  precision. 

A  Bectangular  Protractor  is  sometimes  used,  the  divisions  of 
degrees  being  engraved  along  three  edges  of  a  plane  scale.     The 

Fig.  22. 
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semicircular  one  is  preferable.  The  objection  to  the  rectangular 
protractor  is  that  the  division  corresponding  to  a  degree  is  very 
unequal  on  different  parts  of  the  scale,  being  usually  two  or  three 
times  as  great  at  its  ends  as  at  its  middle. 

A  Protractor  embracing  an  entire  circle,  with  arms  carrying 
verniers,  is  also  sometimes  employed,  for  the  sake  of  greater 
accuracy. 
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42.  Drawing  to  Scale.  The  operation  of  drawing  on  paper 
lines  whose  length  shall  be  a  half,  a  quarter,  a  tenth,  or  any  other 
fraction  of  the  lines  measured  on  the  ground,  is  called  "Drawing 
to  Scale." 

To  set  off  on  a  line  any  given  distance  to  any  required  scale, 
determine  the  number  of  chains  or  links  which  each  division  gi  the 
scale  of  equal  parts  shall  represent.  Divide  the  given  distance  by 
this  number.  The  quotient  will  be  the  number  of  equal  parts  to 
be  taken  in  the  dividers  and  to  be  set  off. 

For  example,  suppose  the  scale  of  equal  parts  to  be  a  common 
carpenter's  rule  divided  into  inches  and  eighths.  Let  the  given 
distance  be  twelve  chains,  which  is  to  be  drawn  to  a  scale  of  two 
chains  to  an  inch.  Then  six  inches  will  be  the  distance  to  be  set 
off.  If  the  given  distance  had  been  twelve  chains  and  seventy-five 
links,  the  distance  to  be  set  off  would  have  been  six  inches  and 
three  eighths,  since  each  eighth  of  an  inch  represents  twenty-five 
links. 

If  the  desired  scale  were  three  chains  to  an  inch,  each  eighth  of 
an  inch  would  represent  37^^  links  ;  and  the  distance  of  1,275  links 
would  be  represented  by  thirty-four  eighths  of  an  inch,  or  4J 
inches. 

A  similar  process  will  give  the  correct  length  to  be  set  off  for 
any  distance  to  any  scale. 

If  the  scale  used  had  been  divided  into  inches  and  tenths",  as  is 
much  the  most  convenient,  the  above  distances  would  have  become 
on  the  former  scale  6^^  inches,  or  nearly  6^  inches  ;  and  on  the 
latter  scale  4^^  inches,  coming  midway  between  the  second  and 
third  tenth  of  an  inch. 

Conversely^  to  find  the  real  length  of  a  line  drawn  on  paper 
to  any  known  scale,  reverse  the  preceding  operation.  Take 
the  length  of  the  line  in  the  dividers,  apply  it  to  the  scale, 
and  count  how  many  equal  parts  it  includes.  Multiply  their 
number  by  the  number  of  chains  or  links  which  each  represents, 
and  the  product  will  be  the  desired  length  of  the  line  on  the 
ground. 

This  operation  and  the  preceding  one  are  greatly  facilitated  by 
the  use  of  the  scales  to  be  described  in  Art.  47. 
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43.  Scaler  The  choice  of  the  scale  to  which  a  plat  should  be 
drawn — that  is^  how  many  times  smaller  its  lines  shall  be  than 
those  which  have  been  measured  on  the  ground — is  determined  by 
several  considerations.  The  chief  one  is  that  it  shall  be  just  large 
enough  to  express  clearly  all  the  details  which  it  is  desirable  to 

"fcl9EW.  A  Farm  Survey  would  require  its  plat  to  show  every  field 
and  Ibuiltling,  A  State  Survey  would  show  only  the  towns,  rivers, 
and  leEuliug  roads.  The  size  of  the  paper  at  hand  will  also  limit 
the  soiilt;  to  be  adopted.  If  the  content  is  to  be  calculated 
Irum  the  jilat,  that  will  forbid  it  to  be  less  than  3  chains  to  1 

Scales  are  named  in  various  ways.  They  should  always  be  ex^ 
pfpsHrd  tmeiionally — i.  e.,  they  should  be  so  named  as  to  indicate 
what  fractional  part  of  the  real  line  measured  on  the  ground,  the 
representative  line  drawn  on  the  paper,  actually  is.  When  custom 
requires  a  different  way  of  naming  the  scale,  both  should  be  given. 
It  would  be  still  better  if  the  denominator  could  always  be  some 
power  of  10,  or  at  least  some  multiple  of  2  and  5,  such  as  ,-^^ 
T(Anr>  iruW*  ttW>  ^^'  ^^^  convenience  in  printing,  these  may  be 
written  thus  :    1 :  500,  1  :  1,000,  1 :  2,000,  1 :  2,500,  etc. 

Plats  of  Farm  Surveys  are  usually  named  as  being  so  many 
chains  to  an  inch. 

Maps  of  Surveys  of  States  are  generally  named  as  being  made 
to  a  scale  of  so  many  miles  to  an  inch. 

Maps  of  Railroad  Surveys  are  said  to  be  so  many  feet  to  an 
inch,  or  so  many  inches  to  a  mile. 

44.  Farm  Snrvejrs.  If  these  are  of  small  extent,  two  chains  to 
one  inch  (which  is  =  jirekii  =  ii4  =  ^  •  1,584)  is  convenient. 

A  scale  of  one  chain  to  one  inch  (1 :  792)  is  useftil  for  plans  of  buildings. 
Three  chains  to  one  inch  (1 :  2,876)  is  suitable  for  larger  farms.  It  is  the 
scale  prescribed  by  the  English  Tithe  Oorainissioners  for  their  first-class 
maps. 

In  France,  the  Cadastre  Surveys  are  lithographed  on  a  scale  about  equiv- 
alent to  this,  being  1 : 2,500.  The  original  plans  are  drawn  to  a  scale  of 
1 :  5,000.  Plans  for  the  division  of  property  are  made  on  the  former  scale. 
When  the  district  exceeds  8,000  acres,  the  scale  is  1 :  10,000.  When  it  ex- 
ceeds 7,500  acres,  the  scale  is  1 :  20,000.  A  common  scale  in  France  for 
small  surveys  is  1 : 1,000,  about  IJ  chain  to  1  inch. 
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45.  State  Snrreyi.  On  these  surveys  smaller  scales  are  necessarily 
employed. 

On  the  United  States  Ooast  and  Geodetic  Survey  all  the  scales  are  ex- 
pressed fractionally  and  decimally.  .  **  The  surveys  are  generally  platted 
originally  on  a  scale  of  one  to  ten  or  twenty  thousand,  but  in  some  instances 
the  scale  is  larger  or  smaller. 

'*  These  original  surveys  are  reduced  for  engraving  and  publication,  and, 
when  issued,  are  embraced  in  three  general  classes :  1,  small  harbor-charts ; 
2,  charts  of  bays  and  sounds ;  and,  8,  the  General  Ooast  Charts. 

**  The  scales  of  the  first  class  vary  from  1 :  10,000  to  1 :  60,000,  according 
to  the  nature  of  the  harbor  and  the  different  objects  to  be  represented. 

"  Where  there  are  many  shoals,  rocks,  or  other  objects,  as  in  Nantucket 
Harbor  and  Hell  Gate,  or  where  the  importance  of  the  harbor  makes  it  neces- 
sary, a  larger  scale  of  1 :  5,000, 1 :  10,000,  and  1 :  20,000  is  used.  But  where, 
from  the  size  of  the  harbor  or  its  ease  of  access,  a  smaller  one  will  point  out 
every  danger  with  sufficient  exactness,  the  scales  of  1 ;  40,000  and  1 :  60,000 
are  used,  as  in  the  case  of  New  Bedford  Harbor,  Oat  and  Ship  Island  Har- 
bor, New  Haven,  etc. 

"  The  scale  of  the  second  class,  in  consequence  of  the  large  areas  to  be 
represented,  is  usually  fixed  at  1 :  80,000,  as  in  the  case  of  New  York  Bay, 
Delaware  Bay  and  River.  Preliminary  charts,  however,  are  issued  of  various 
scales  from  1 :  80,000  to  1 :  200,000. 

"Of  the  third  class,  the  scale  is  fixed  at  1 :  400,000  for  the  General  Chart 
of  the  Coast  from  Gay  Head  to  Cape  Henlopen,  although  considerations  of 
the  proximity  and  importance  of  points  on  the  coast  may  change  the  scales 
of  charts  of  other  portions  of  our  extended  coast." 

The  National  Survey  of  Great  Britain  is  called,  from  the  corps  employed 
on  it,  the  "  Ordnance  Survey." 

The  "Ordnance  Survey"  of  the  southern  counties  of  England  was 
platted  on  a  scale  of  2  inches  to  1  mile  (1 :  81,680),  and  reduced  for  publi- 
cation to  that  of  1  inch  to  a  mile  (1 :  63,360).  The  scale  of  6  inches  to  a 
mile  (1 :  10,560)  was  adopted  for  the  northern  counties  of  England  and  for 
the  southern  counties  of  Scotland.  The  same  scale  was  employed  for  plat- 
ting and  engraving  in  outline  the  "  Ordnance  Survey "  of  Ireland.  But  a 
map  on  a  scale  of  1  inch  to  1  mile  (1 :  63,860)  is  now  published,  the  former 
scale  rendering  the  maps  too  unwieldy  and  cumbrous  for  consultation. 

The  Ordnance  Survey  of  Scotland  was  at  first  platted  on  a  scale  of  6 
inches  to  1  mile  (1 :  10,560).  That  scale  has  since  been  abandoned,  and  it  is 
now  platted  on  a  scale  of  2  inches  to  1  mile  (1 :  31,680),  and  the  general  maps 
are  made  to  only  half  that  scale. 

The  Ordnance  Survey  scale  for  the  maps  of  London  and  other  large  towns 
is  6  feet  to  1  mile  (1 :  1,056),  or  H  chain  to  1  inch. 

In  the  "Surveys  under  the  Public  Health  Act"  of  England,  the  scale  for 
the  general  plan  is  2  feet  to  1  mile  (1  :  2,640) ;  and  for  the  detailed  plan  10 
feet  per  mile  (1  j  528),  or  f  of  a  chain  per  inch. 

The  Government  Survey  of  France  is  platted  to  a  scale  of  1 :  30,000. 
Copies  are  made  to  1 :  40,000 :  and  the  maps  are  engraved  to  a  scale  of 
1 :  80,000,  or  about  J  of  an  inch  to  1  mile. 
3 
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Oassini's  famous  map  of  France  was  on  a  scale  of  1 :  86,400. 
The  French  War  Department  employ  the  scales  of  1 :  10,000,  1 :  20,000, 
1 :  40,000,  and  1 :  80,000  for  the  topography  of  France. 

46.  Railroad  Snrreyi.  For  these  the  New  York  Railroad  Law  of  1880 
directs  the  horizontal  scale  of  maps  wliich  are  to  he  filed  in  the  State  Engi- 
neer's Office  to  be  500  feet  to  -^^  of  a  foot  (=  1 :  6,000),  and  vertical  scale 
for  profiles  to  be  100  feet  to  ^^  of  a  foot  (=  1 :  1,000). 

For  the  New  York  Canal  Maps  a  horizontal  scale  of  2  chains  to  1  iDch 
(1 :  l,584r),  and  a  vertical  scale  of  20  feet  to  1  inch,  are  employed. 

The  parliamentary  *' standing  orders"  prescribe  the  plans  of  railroads, 
preimred  for  parliamentary  parposes,  to  he  made  on  a  scale  of  not  less  than 
4  inches  to  the  mile  (1 :  15,840) ;  and  the  enlarged  portions  (as  of  gardens, 
coiirt-yards,  etij.)  to  be  on  a  scale  not  smaller  than  400  feet  to  the  inch 
(1:4,800).  Accordingly,  the  practice  of  English  railway  engineers  is  to 
draw  the  whole  plan  to  a  scale  of  6  chains,  or  393  feet  to  the  inch  (1 :  4,752), 
as  being  just  within  the  parliamentary  limits. 

In  France,  the  engineers  of  "  Bridges  and  Roads  "  (Corps  des  Fonts  et 
Chau886es)  employ  for  the  general  plan  of  a  road  a  scale  of  1 :  6,0C0,  and  for 
appropriations,  1  :  500. 

In  the  XTnited  States  Engineer  Senriee  the  following  plans  are  pre- 
scribed: General  plans  of  buildings,  1  inch  to  10  feet  (1  :  120). 
Maps  of  grounds,  with  horizontal  curves  one  foot  apart,  1  inch  to  50  feet 

(1  :  600). 
Topographical  maps,  one  mile  and  a  half  square,  2  feet  to  1  mile  (1  :  2,640). 
Do.,  comprising  three  miles  sqnare,  1  foot  to  one  mile  (I  :  5,280). 
Do.,  between  four  and  eight  miles  square,  6  inches  to  one  mile  (1  :  10,560). 
Do.,  comprising  nine  miles  square,  4  inches  to  one  mile  (1  :  15,840). 
Maps  not  exceeding  24  miles  square,  2  inches  to  one  mile  (1  :  31,680). 
Maps  comprising  50  miles  square,  1  inch  to  one  mile  (1  :  63,860). 
Maps  comprising  100  miles  square,  \  inch  to  one  mile  (1  :  126,720). 
Surveys  of  roads,  canals,  etc.,  1  inch  to  50  feet  (1  :  600). 

47.  The  most  convenient  scales  of  equal  parts  are  those  of  box- 
wood, or  ivory,  which  have  9,  fiducial  or  feather  edge,  along  which 
they  are  divided,  so  that  distances  can  be  at  once  marked  off  from 
this  edge,  without  requiring  to  be  taken  off  wich  the  dividers  ;  or 
the  length  of  a  given  line  can  be  at  once  read  off.  Box-wood  is 
preferable  to  ivory,  as  much  less  liable  to  warp,  or  to  vary  in  length 
with  changes  in  the  moisture  in  the  air. 

The  student  can,  however,  make  for  himself  platting-scales  of 
drawing-paper,  or  Bristol  board.  Cut  a  straight  strip  of  this  mate- 
rial, about  an  inch  wide.     Draw  a  line  through  its  middle>  and  set 
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off  on  it  a  number  of  equal  parts^  each  representing  a  chain  to  the 
desired   scale.      Subdivide   the  left-hand  division  into  ten  equal 

Fio.  28. 


parts,  each  of  which  will  therefore  represent  ten  links  to  this  scale. 
Through  each  point  of  division  on  the  central  line,  draw  (with  the 
T-square)  perpendiculars  extending  to  the  edges,  and  the  scale  is 
made.  It  explains  itself.  The  above  figure  is  a  scale  of  2  chains 
to  1  inch.  On  it  the  distance  220  links  would  extend  between  the 
arrow-heads  above  the  line  in  the  figure  ;  560  links  extend  between 
the  lower  arrow-heads,  etc. 

A  paper  scale  has  the  great  advantage  of  varying  less  from  a 
plat  which  has  been  made  by  it,  in  consequence  of  changes  in  the 
weather,  than  any  other.  The  mean  of  many  trials  showed  the 
difference  between  such  a  scale  and  drawing-paper,  when  exposed 
alternately  to  the  damp  open  atmosphere,  and  to  the  air  of  a  warm 
dry  room,  to  be  equal  to  *005,  while  that  between  box-wood  scales 
and  the  paper  was  '012,  or  nearly  2J  times  as  much.  The  differ- 
ence with  ivory  would  have  been  even  greater. 

Some  of  the  more  usual  platting-scales  are  here  given  in  their 
actual  dimensions. 

In  these  five  figures,  different  methods  of  drawing  the  scales 


b 
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Fig.  24. — Scale  of  1  chain  to  1  inch. 
O  1 
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have  been  given,  but  each  method  may  be  applied  to  any  scale. 
The  first  and  second,  being  the  most  simple,  are  generally  the  best. 
In  the  third  the  subdivisions  are  made  by  a  diagonal  line  :  the  dis- 

PlO.  26.— Seak  o/e  chains  to  1  inch 
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tances  between  the  various  pairs  of  arrow-heads,  beginning  with  the 
uppermost,  are  respectively  310,  540,  and  270  links. 
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In  the  fourth  figure,  the  distances  between  the  arrow-heads 
respectively  310,  270,  and  640  links. 
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In  the  fifth  figure,  the  scale  of.  5  chains  to  1  inch  is  subdivided 
diagonally  to  only  every  quarter-chain,  or  25  links.     The  distance 
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between  the  upper  pair  of  arrow-heads  on  it  is  12f  chains,  or  12*25  ; 
between  the  next  pair  of  arrow-heads  it  is  6*50;  and  between  the 
lower  pair  14*75. 
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Fia.  27. — 8caU  of  5  chains  to  1  ijuh, 
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A  diagonal  scale  for  dividing  an  inch,  or  half  an  inch,  into  100 
equal  parts,  is  found  on  the  "  plain  scale  "  in  every  case  of  instru- 
ments. 

48.  Vernier  Scale.  This  is  an  ingenious  substitute  for  the  diag- 
onal scale.  The  one  given  in  the  following  figure  divides  an  inch 
into  100  equal  parts,  and,  if  each  inch  be  supposed  to  represent  a 
chain,  it  gives  single  links. 

Make  a  scale  of  an  inch  divided  into  tenths,  as  in  the  upper 
scale  of  the  above  figure.  Take  in  the  dividers  eleven  of  these 
divisions,  and  set  off  this  distance  from  the  0  of  the  scale  to  the 
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left  of  it     Divide  the  distance  thus  set  off  into  10  equal  parts. 
Each  of  them  will  be  one  tenth  of  eleven  tenths  of  one  inch^  i.  e.^ 


Fio.  28. 
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eleven  hundredths^  or  a  tenth  and  a  hundredth^  and  the  first  di- 
vision on  the  short,  or  vernier  scale,  will  overlap,  or  be  longer  than 
the  first  division  on  the  long  scale,  by  just  one  hundredth  of  an 
inch  ;  the  second  division  will  overlap  two  hundredths,  and  so  on. 
The  principle  will  be  more  fully  developed  in  treating  of  "  Ver- 
niers.'* 

Now,  suppose  we  wish  to  take  off  from  this  scale  275  hundredths 
of  an  inch.  To  get  the  last  figure,  we  must  take  five  divisions  on 
the  lower  scale,  which  will  be  55  hundredths,  for  the  reason  just 
given  ;  220  will  remain,  which  are  to  be  taken  from  the  upper 
scale,  and  the  entire  number  will  be  obtained  at  once  by  extending 
the  dividers  between  the  arrow-heads  in  the  figure  from  220  on  the 
upper  scale  (measuring  along  its  lower  side)  to  55  on  the  lower 
scale  ;  254  would  extend  from  210  on  the  upper  scale  to  44  on  the 
lower  ;  318  would  extend  from  230  on  the  upper  scale  to  88  on  the 
lower.  Always  begin  then  with  subtracting  11  times  the  last  figure 
from  the  given  number ;  find  the  remainders  on  the  upper  scale, 
and  the  number  subtracted  on  the  lower  scale. 

49.  A  plat  is  sometimes  made  by  a  nominally  reduced  scale  in 
the  following  manner  :  Suppose  that  the  scale  of  the  plat  is  to  be 
ten  chains  to  one  inch,  and  that  a  diagonal  scale  of  inches,  divided 
into  tenths  and  hundredths,  is  the  only  one  at  hand.  By  dividing 
all  the  distances  by  ten,  this  scale  can  then  be  used  without  any 
further  reduction.  But  if  the  content  is  measured  from  the  plat 
to  the  same  scale,  in  the  manner  explained  in  the  next  chapter,  the 
result  must  be  multiplied  by  10  times  10.  This  is  called  by  old 
surveyors  '* raising  the  scale,*'  or  "restoring  true  measure.** 
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60.  Seetoral  Scales.  The  Sector  (called  by  the  French  ''Com- 
pass of  Proportion")  is  an  instrument  sometimes  convenient  for 
obtaining  a  scale  of  equal  parts.  It  is  in  two  portions,  turning  on 
a  hinge,  like  a  carpenter's  pocket-rule.  It  contains  a  great  num- 
ber of  scales,  but  the  one  intended  for  this  use  is  lettered  at  ite 

„     _.  ends    L    in    English    instru- 

ments,  and  consists  of  two 
lines  running  from  the  center 
to  the  ends  of  the  scale,  and 
each  divided  into  ten  equal 
parts,  each  of  which  is  again 
subdivided  into  ten,  so  that 
each  leg  of  the  scale  contains 
100  equal  parts.  To  illustrate 
its  use,  suppose  that  a  scale 
of  7  chains  to  1  inch  is  re- 
quired. Take  1  inch  in  the  dividers,  and  open  the  sector  till 
this  distance  will  just  reach  from  the  7  on  one  leg  to  the  7  on  the 
other.  The  sector  is  then  **5c^*'  for  this  scale,  and  the  angle  of 
its  opening  must  not  be  again  changed.  Now  let  a  distance  of 
680  links  be  required.  Open  the  dividera  till  they  reach  from  58 
to  58  on  the  two  legs,  as  in  the  dotted  line  in  the  figure,  and  it 
is  the  requii*ed  distance.  Again,  suppose  that  a  scale  of  2^ 
chains  to  1  inch  is  desired.  Open  the  sector  so  that  1  inch  shall 
extend  from  25  to  25.  Any  other  scale  may  be  obtamed  in  the 
same  manner. 

Conversely,  the  length  of  any  known  line  to  any  desired  scale 
can  thus  be  readily  determined. 

61.  Whatever  scale  may  be  adopted  for  platting  the  survey,  it 
should  be  drawn  on  the  map,  both  for  convenience  of  reference 
and  in  order  that  the  contraction  and  expansion  caused  by  changes 
in  the  quantity  of  moisture  in  the  atmosphere  may  affect  the  scale 
and  the  map  alike.  When  the  drawing-paper  has  been  wet  and 
glued  to  a  board,  and  cut  off  when  the  map  is  completed,  its  con- 
tractions have  been  found  by  many  observations  to  average  from 
one  fourth  to  one  half  per  cent  on  a  scale  of  3  chains  to  an  inch 
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(1  :  2,376),  which  would  therefore  require  an  allowance  of  from  one 
half  perch  to  one  perch  per  acre. 

A  scale  made  as  directed  in  Art.  47,  if  used  to  mi.ke  a  plat  on 
unstretched  paper,  and  then  kept  with  the  plat,  will  answer  nearly 
the  same  purpose. 

Such  a  scale  may  be  attached  to  a  map  by  slipping  it  through 
two  or  three  cuts  in  the  lower  part  of  the  sheet,  and  \vill  be  a  very 
convenient  substitute  for  a  pair  of  dividers  in  measuring  any  dis- 
tance upon  it 

52.  Scale  omitted.  It  may  be  required  to  find  the  unknown 
scale  to  which  a  given  map  has  been  drawn,  its  superficial  content 
being  known.  Assume  any  convenient  scale^  measure  the  lines  of 
the  map  by  it,  and  find  the  content  by  the  methods  to  be  given  in 
the  next  chapter,  proceeding  as  if  the  assumed  scale  were  the  true 
one.  Then  make  this  proportion,  founded  on  the  geometrical 
principle  that  the  areas  of  similar  figures  are  as  the  squares  of  their 
corresponding  sides  :  As  the  content  found  is  to  the  given  content, 
so  is  the  square  of  the  assumed  scale  to  the  square  of  the  true  scale. 

CAIiCULATINO  THE  OONTEKT. 

53.  The  CoNTEi^T  of  a  piece  of  ground  is  its  superficial  area^ 
or  the  number  of  square  feet,  yards,  acres,  or  miles  which  it  con- 
tains. 

54.  Horizontal  Measurement,  All  ground,  however  inclined  or 
uneven  its  surface  may  be,  should  be  measured  horizontally,  or  as 
if  brought  down  to  a  horizontal  plane,  so  that  the  surface  of  a  hill, 
thus  measured,  would  give  the  same  content  as  the  level  base  on 
which  it  may  be  supposed  to  stand,  or  as  the  figure  which  would 
be  formed  on  a  level  surface  beneath  it  by  dropping  plumb-lines 
from  every  point  of  it. 

This  method  of  procedure  is  required  for  both  geometrical  and 
social  reasons. 

Oeometrically,  it  is  plain  that  this  horizontal  measurement  is 
absolutely  necessary  for  the  purpose  of  obtaining  a  correct  plat. 
In  Pig.  30,  let  A  B  C  D  and  B  C  E  F  be  two  square  lots  of  ground. 
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Fio.  80. 
SL_ 


platted  horizontally.     Suppose  the  ground  to  slope  in  all  directions 
from  the  point  C,  which  is  the  summit  of  a  hill.     Then  the  lines 

B  Cy  D  C^  measured  on  the  slope^  are 
longer  than  if  measured  on  a  level, 
and  the  field  A  BCD,  of  Fig.  30, 
platted  with  these  long  lines,  would 
take  the  shape  A  B  G  D  in  Pig.  31  ; 
and  the  field  B  C  E  F,  of  Fig.  30, 
would  become  B  H  E  F,  of  Fig.  31. 
The  two  adjoining  fields  would  thus 
overlap  each  other  ;  and  the  same 
difficulty  would  occur  in  every  case 
of  platting  any  two  adjoining  fields 
by  the  measurements  made  on  the 
slope. 

Let  us  suppose  another  case,  more  simple  than  would  ever  occur 
in  practice,  that  of  a  three-sided  field,  of  equal  sides,  and  composed 
of  three  portions,  each  sloping 
down  uniformly  (at  the  rate  of 
one  to  one)  from  one  point  in 
the  center,  as  in  Fig.  32.  Each 
slope  being  accurately  platted,  the 
three  could  not  come  together,  but 
would  be  separated  as  in  Fig.  33. 

We  have  here  taken  the  most  simple  cases,  those  of  uniform 
slopes.  But  with  the  common  irregularities  of  uneven  ground, 
to  measure  its  actual  surface  would  not  only  be  improper,  but  im- 
possible. 

In  the  social  aspect  of  this  question,  the  horizontal  measure- 
ment is  justified  by  the  fact  that  no  more  houses  can  be  built  on  a 
hill  than  could  be  built  on   its  flat  base ; 
Fio.  84.  ^^^  ^|^g^^   ^^  more   trees,  corn,  or   other 

plants,  which  shoot  up  vertically,  can  grow 
on  it ;  as  is  represented  by  the  vertical 
lines  in  the   figure.*     Even  if  a  side-hill 


Yia.  82. 


Fio.  33. 


^ 


*  This  question  is  more  than  two  thousand  years  old,  for  Polybius  writes :  **  Some 
even  of  those  who  are  employed  in  the  admini.<«tration  of  states,  or  placed  at  the  head 
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should  produce  more  of  certain  creeping  plants,  the  increased 
difficulty  in  their  cultivation  might  perhaps  balance  this.  For 
this  reason  the  surface  of  the  soil  thus  measured  is  sometimes 
called  the  'productive  base  of  the  ground. 

Again,  a  piece  of  land  containing  a  hill  and  a  hollow,  if  meas- 
ured on  the  surface,  would  give  a  larger  content  than  it  would 
after  the  hollow  had  been  filled  up  by  the  hill,  while  it  would  yet 
really  be  of  greater  value  than  before. 

Horizontal  measurement  is  called  the  "Method  of  Cultella- 
tion,"  and  suj^erficial  measurement  the  "  Method  of  Development."  * 

An  act  of  the  State  of  New  York  prescribes  that  "  the  acre,  for 
land-measure,  shall  be  measured  horizontally.'^ 

55.  Unit  of  Content.  The  Acre  is  the  unit  of  land-measure- 
ment. It  contains  4  Roods.  A  Rood  contains  40  Perches.  A 
Perch  is  a  square  Rod  ;  otherwise  called  a  Pole.  A  Rod^fis  5 J 
yards,  or  16J  feet. 

Hence,  1  Acre  =  4  Roods  =  160  Perches  =  4,840  square  yards 
—  43,560  square  feet. 

One  square  mile  =  6,280  X  5,280  feet  =  640  acres. 

Since  a  chain  is  66  feet  long,  a  square  chain  contains  4,356 
square  feet ;  and,  consequently,  ten  square  chains  make  one  acre,\ 

The  French  units  of  land-measure  are  the  Are  =  100  square 
Metres  =  0*0247  acre  =  one  fortieth  of  an  acre,  nearly  ;  and  the 
Hectare  =  100  Ares  =  2*47  acres,  or  nearly  two  and  a  half.  Their 
old  land-measures  were  the  "  Arpent  of  Paris,"  containing  36,800 
square  feet ;  and  the  "  Arpent  of  Waters  and  Woods,"  containing 
55,000  square  feet. 

66.  When  the  content  of  a  piece  of  land  (obtained  by  any  of  the 
methods  to  be  explained  presently)  is  given  in  square  links,  as  is 

of  armies,  imagine  that  unequal  and  hilly  ground  will  contain  more  houses  than  a 
siiriace  which  is  fiat  and  level.  This,  however,  is  not  the  truth.  For,  the  houses,  be- 
ing raised  in  a  vertical  line,  form  right  angles,  not  with  the  declivity  of  the  ground,  but 
with  the  flat  surface  which  lies  below,  and  upon  which  the  hills  themselves  also  stand.'* 

*  The  former  from  cuUeUum^  a  knife,  as  if  the  hills  were  sliced  off ;  the  latter  so 
named  because  it  strips  off  or  unfolds,  as  it  were,  the  surface. 

f  Let  the  young  student  beware  of  confounding  10  square  chains  with  10  chains 
square.    The  former  malce  one  acre  ;  the  latter  space  contains  ten  acres. 
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customary,  cut  off  four  figures  on  the  right  (i.  e.,  divide  by  10,000) 
to  get  it  into  square  chains  and  decimal  parts  of  a  chain  ;  cut  off 
the  right-hand  figure  of  the  square  chains,  and  the  remaining  fig- 
ures will  be  Acres.  Multiply  the  remainder  by  4,  and  the  figure,  if 
any,  outside  of  the  new  decimal-point  will  be  Roods.  Multiply  the 
remainder  by  40,  and  the  outside  figures  will  be  Perches.  The 
nearest  round  number  is  usually  taken  for  the  Perches  ;  fractions 
less  than  a  half-perch  being  disregarded.* 

Thus,  86*22  square  cUains  =  8  Acres  2  Roods  20  Perches. 

Also,    64-1818        do.  =  6  A.        1  R.        27  P. 

43-7564        do.  =  4  A.        1  R.        20  P. 

57.  Chain  Correction.  When  a  survey  has  been  made,  and  the 
plat  has  been  drawn,  and  the  content  calculated ;  and  afterward 
the  chain  is  found  to  have  been  incorrect,  too  short  or  too  long, 
the  true  content  of  the  land  may  be  found  by  this  proportion  : 
As  the  squai-e  of  the  length  of  the  standard  given  by  the  incorrect 
chain  is  to  the  square  of  the  true  length  of  the  standard,  so  is  the 
calculated  content  to  the  true  content.  Thus,  suppose  that  the 
chain  used  had  been  so  stretched  that  the  standard  distance  meas- 
ured by  it  appears  to  be  only  99  links  long  ;  and  that  a  square  field 
had  been  measured  by  it,  each  side  containing  10  of  these  long 
chains,  and  that  it  had  been  so  platted.  This  plat,  and  therefore 
the  content  calculated  from  it,  will  be  smaller  than  it  should  be, 
and  the  correct  content  will  be  found  by  the  proportion  99*  : 
100*  : :  100  square  chains  :  102-03  square  chains.  If  the  chain  had 
been  stretched  so  as  to  be  101  true  links  long,  as  found  by  com- 
paring it  with  a  correct  chain,  the  content  would  be  given  by  this 
proportion  :  100*  :  101*  :  :  100  square  chains  :  102*01  square  chains. 
In  the  former  case,  the  elongation  of  the  chain  was  1^  true  links  ; 
and  100*  :  (101^)*  :  :  100  square  chains  :  102-03  square  chains. 

58.  Boundary-Lines.  The  lines  which  are  to  be  considered  as 
bounding  the  land  to  be  surveyed  are  often  very  uncertain,  unless 
specified  by  the  title-deeds. 

*  To  reduce  square  yards  to  acres,  instead  of  dividing  by  4,840^  it  is  easier,  and 
very  nearly  correct,  to  multiply  by  2,  cut  off  four  figures,  and  add  to  this  product  one 
third  of  one  tenth  of  itself. 
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If  the  boundary  be  a  brook^  the  middle  of  it  is  usually  the 
boundary-line.  On  tide-waters,  the  land  is  usually  considered  to 
extend  to  low-water  mark. 

Where  hedges  and  ditches  are  the  boundaries  of  fields,  as  is 
almost  universally  the  case  in  England,  the  dividing  line  is  gen- 
erally the  top  edge  of  the  ditch  farthest  from  the  hedge,  both 
hedge  and  ditch  belonging  to  the  field  on  the  hedge  side.  This 
varies,  however,  with  the  customs  of  the  locality.  From  three  to 
six  feet  from  the  roots  of  the  quick-wood  of  the  hedges  are  allowed 
for  the  ditches. 

Methods  ot  Calculation. 

59.  The  various  methods  employed  in  calculating  the  content 
of  a  piece  of  ground  may  be  reduced  to  four,  which  may  be  called 
Arithmetical^  Oeametrical,  Instrumental,  and  Trigonometrical. 

60.  FiBST  Method.— Arithmetically.  From  direct  measure- 
ments of  the  necessary  lines  on  the  ground. 

The  figures  to  be  calculated  by  this  method  may  be  either  the 
shapes  of  the  fields  which  are  measured,  or  those  into  which  the 
fields  can  be  divided  by  measuring  various  lines  across  them. 

The  familiar  rules  of  mensuration  for  the  principal  figures 
which  occur  in  practice  will  be  now  briefly  enunciated. 

61.  Beotasgles.  If  the  piece  of  ground  be  rectangular  in  shape,  its  con- 
tent is  found  by  multipljing  its  leugth  by  its  breadth. 

62.  Trianglea  When  the  given  quantities  are  one  side  of  a  triangle 
and  the  perpendicular  distance  to  it  from  the  opposite  angle,  the  content  of 
the  triangle  is  equal  to  half  the  product  of  the  side  and  the  perpendicular.  • 

When  the  given  quantities  are  the  three,  sides  of  the  triangle,  add  to- 
gether the  three  sides  and  divide  the  sum  by  2;  from  this  halt*  sum  sub- 
tract each  of  the  three  sides  in  turn ;  multiply  together  the  half  sum  and  the 
three  remainders ;  take  the  square  root  of  the  product ;  it  is  the  content  re- 
quired. If  the  sides  of  the  triangle  be  designated  by  a,  &,  <?,  and  their  sum 
by  «,  this  rule  will  give  its  area  =  V  [i«  (J*  —  «) 
(i«-5)(4«-c)]. 

When  two  sides  of  a  triangle  and  the  included 
angle  are  given,  its  content  equals  half  the  prod- 
uct of  its  sides  into  the  sine  of  the  included  an- 
gle.   Designating  the  angles  of  the  triangle  by 


c 
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the  capital  letters  A,  B,  G,  and  the  sides  opposite  them  by  the  corresponding 

small  letters  a,  &,  c,  the  area :=\lc sin.  A. 

When  one  side  of  a  triangle  and  the  adjacent  angles  are  given,  its  content 

equals  the  sqnare  of  the  given  side  maltiplied  hy  the  sines  of  each  of  the 

given  angles,  and  divided  by  twice  the  sine  of  the  sum  of  these  angles.  Using 

,    ,       ,    -       x,  •  sin.  B .  sin.  0. 

the  same  symbols  as  before,  the  area  =  or  ■- . — ^^  .  -^.  . 
■  '  2  sin.  (B  +  0) 

When  the  three  angles  of  a  triangle  and  its  altitude  are  given,  its  area,  re- 
ferring to  the  above  figure,  =  i  B  D' .  -, — ,r^—, — ^ . 

68.  Parallelograini^  or  iour-sided  figures  whose  opposite  sides  are  par- 
allel. The  content  of  a  Parallelogram  equals  the  product  of  one  of  its  sides 
by  the  perpendicular  distance  between  it  and  the  side  parallel  to  it. 

64.  Trapezoidfl^  or  four-sided  figures,  two  opposite  sides  of  which  are 
parallel.  The  content  of  a  Trapezoid  equals  half  the  product  of  the  sum  of 
the  parallel  sides  by  the  perpendicular  distance  between  them. 

If  the  given  quantities  are  the  four  sides  a,  5,  e,  d^  of  which  5  and  d  are 
parallel ;  then,  making  q  ^^  \  {a  '\-  h  •\-  c  —  d\  the  area  of  the  trapezoid 

^"^  =  ^Z-|vb  (i?  -  «)  (^  -  ^)  (y  -  »  +  d)l 

When  two  parallel  sides,  h  and  ^,  and  a  third  side,  a,  are  given,  and  also 

the  angle  C^  which  this  third  side  makes  with  one  of  the  parallel  sides,  then 

}>  +  d 
the  content  of  the  trapezoid  =  —  —  .  a  .  sin.  C. 

65.  Trapeziums;  four-sided  figures,  none  of  whose  sides  are  parallel. 

A  very  gross  error,  often  committed  as  to  this  figure,  is  to  take  the  aver- 
age, or  half  sum  of  its  opposite  sides,  and  multiply  them  together  for  the 
area:  thus,  assuming  the  trapezium  to  be  equivalent  to  a  rectangle  with 
these  averages  for  sides. 

In  practical  surveying,  it  is  usual  to  measure  a  line  across  it  from  corner 
to  corner,  thus  dividing  it  into  two  triangles,  whose  sides  are  known,  and 
which  can  therefore  be  calculated  by  Art.  62. 

*  When  two  opposite  sides,  and  all  the  angles  are  gimn,  take  one  side  and 
its  a^acent  angles  (or  their  supplements,  when  their  sum  exceeds  180°),  con- 
sider thera  as  belonging  to  a  triangle,  and  find  its  area  by  the  second  formula 
in  Art.  62.  Do  the  same  with  the  other  side  and  its  a^acent  angles.  The 
diff^erence  of  the  two  areas  will  be  the  area  of  the  quadrilateral. 

When  three  sides  and  their  two  included  angles  are  giten^  multiply  together 
the  sine  of  one  given  angle  and  its  adjacent  sides.  Do  the  same  with  the 
sine  of  the  other  given  angle  and  its  adjacent  sides.  Multiply  together  the 
two  opposite  sides  and  the  sine  of  the  supplement  of  the  sum  of  the  given 
angles.  Add  together  the  first  two  products,  and  add  also  the  last  product, 
if  the  sum  of  the  given  angles  is  more  than  180®,  or  subtract  it  if  this  sum  be 
less,  and  take  half  the  result.    Calling  the  given  sides  /?,  q,  r,  and  the  angle 


Digitized  by  VjOOQIC 


CALCULATING  THE  CONTENT. 


39 


between  f  and  ^^  =  A ;  and  the  angle  between  q  and  r  =  B ;  the  area  of  the 
qnadrllateral 

=  i  O  .  gr  sin.  A  +  jr .  r  .  sin.  B  ±  p  .  r  sin.  (180"  —  A  —  B)]. 
Wken  the  four  sides  and  the  sum  of  any  two  opposite  angles  are  given,  pro- 
ceed thus :  Take  half  the  snm  of  the  fonr  given  sides,  and  from  it  subtract 
each  side  in  tarn.  Multiply  together  the  four  remainders,  and  reserve  the 
product.  Multiply  together  the  four  sides.  Take  half  their  product,  and 
multiply  it  by  the  cosine  of  the  given  sum  of  the  angles  increased  by  unity. 
Regard  the  sign  of  the  cosine.  Subtract  this  product  from  the  reserve 
product,  aud  take  the  square  root  of  the  remainder.  It  will  be  the  area  of 
the  quadrilateral. 

When  the  four  sides  and  the  angle  of  intersection  of  the  diagonals  of  the 
quadrilateral  are  given,  square  each  side ;  add  together  the  squares  of  the 
opposite  sides ;  take  the  difference  of  the  two  sums ;  multiply  it  by  the  tan- 
gent of  the  angle  of  intersection,  and  divide  by  four.  The  quotient  will  be 
the  area. 

When  the  diagonals  of  the  quadrilateral  and  their  included  angle  are 
given,  multiply  together  the  two  diagonals  and  the  sine  of  their  included 
angle,  and  divide  by  two.    The  quotient  will  be  the  area. 

66.  Second  Method.— OeoHETRIGALLT.  From  meaauremcnU 
of  the  necessary  lines  upon  the  plat. 

67.  Division  into  Triangles.  The  plat  of  a  piece  of  ground 
haTing  been  drawn  from  the  measurements  made  by  any  of  the 
methods  which  will  be  hereafter  explained,  lines  may  be  drawn 
upon  the  plat  so  as  to  divide  it  into  a  number  of  triangles.  Four 
ways  of  doing  this  are  shown  in  the  figures,  viz. :  by  drawing  lines 


Fio.  86. 


Fio.  87. 


Fio.  88. 


Fia.  89. 


from  one  corner  to  the  other  comers  ;  from  a  point  in  one  of  the 
sides  to  the  comers  ;  from  a  point  inside  of  the  figure  to  the  cor- 
ners ;  and  from  various  corners  to  other  corners.  The  last  method 
is  usually  the  best.  The  lines  ought  to  be  drawn  so  as  to  make 
the  triangles  as  nearly  equilateral  as  possible. 

One  side  of  each  of  these  triangles,  and  the  length  of  the  per- 
pendicular let  fall. upon  it,  being  then  measured,  the  content  of 


Digitized  by  VjOOQIC 


40  '  LAyD-SUBVEYING. 

these  triangles  cau  be  at  once  obtained  by  multiplying  their  base  by 
their  altitude,  and  dividing  by  two. 

The  easiest  method  of  getting  the  length  of  the  perpendicalar,  withoat 
actually  drawing  it,  is  to  set  one  point  of  the  dividers  at  the  angle  from 
which  a  perpendicular  is  to  be  let  fall,  and  to  open  and  shut  their  legs  till  an 
arc  described  by  tiie  other  point  will  just  touch  the  opposite  side. 

Otherwise,  a  platting  scale  may  be  placed  so  that  the  zero-point  of  its 
edge  coincides  with  the  angle,  and  one  of  its  cross-lines  coincides  with  the 
side  to  which  a  perpendicular  is  to  be  drawn.  The  length  of  the  perpen- 
dicular can  then  at  once  be  read  off. 

The  method  of  dividing  the  plat  into  triangles  is  the  one  most  commonly 
employed  by  surveyors  for  obtaining  the  content  of  a  survey,  because  of  the 
simplicity  of  the  calculations  required.  Its  correctness,  however,  is  depend- 
ent on  the  accuracy  of  tlie  plat,  and  on  its  scale,  which  should  be  as  large  as 
possible.  Three  chains  to  an  inch  is  the  smallest  scale  allowed  by  the  Eng- 
lish Tithe  Commissioners  for  plats  from  which  the  content  is  to  be  de- 
tei*rained. 

In  calculating  in  this  way  the  content  of  a  farm,  and  also  of  its  separate 
fields,  the  sum  of  the  latter  ought  to  equal  the  former.  A  difference  of  one 
three-hundredth  (j^)  is  considered  allowable. 

Some  surveyors  measure  the  perpendiculars  of  the  triangles  by  a  scale 
half  of  that  to  which  the  plat  is  made.  Thus,  if  the  scale  of  the  plat  be  two 
chains  to  the  inch,  the  perpendiculars  are  measured  with  a  scale  of  one  chain 
to  the  inchi  The  product  of  the  base  by  the  perpendicular  thus  measured, 
gives  the  area  of  the  triangle  at  once,  witliout  its  requiring  to  bo  divided 
by  two. 

Another  way  of  attaining  the  same  end,  with  less  danger  of  mistakes,  is  to 
construct  a  new  scale  of  equal  parts,  longer  than  those  by  which  the  plat  was. 
made  in  the  ratio  V^  :  1 ;  or  1*414  :  1.  When  the  base  and  perpendicular 
of  a  triangle  are  measured  by  this  new  scale,  and  then  multiplied  together, 
the  product  will  be  the  content  of  the  triangle,  without  any  division  by  two, 
In  this  method  there  is  the  additional  advantage  of  the  greater  size  and  con- 
sequent greater  distinctness  of  the  scale. 

When  the  measurement  of  a  plat  is  made  some  time  after  it  has  been 
drawn,  the  paper  will  very  probably  have  contracted  or  expanded  so  that 
the  scale  used  will  not  exactly  apply.  In  that  case  a  correction  is  necessary. 
Measure  very  precisely  the  present  length  of  some  line  on  the  plat,  of  known 
length  originally.  Then  make  this  proportion  :  A»  the  s(]uare  of  the  present 
length  of  this  line  is  to  the  square  of  its  original  length,  8o  is  the  content 
obtained  by  the  present  measurement  to  the  true  content. 

68.  Graphical  Multiplication,  Prepare  a  strip  of  drawing-paper,  of  a 
width  exactly  equal  to  two  chains  on  the  scale  of  the  plat ;  i.  e.,  one  inch 
wide,  as  in  the  figure,  for  a  scale  of  two  chains  to  one  inch ;  two  thirds  of  an 
inch  wide  for  a  scale  of  three  chains ;  half  an  inch  for  four  chains,  and  so  on. 
Draw  perpendicular  lines  across  the  paper  at  distances  representing  one  tenth 
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of  a  chain  on  the  scale  of  the  triangle  to  be  measured,  thus  making  a  plat- 
ting scale.  Apply  it  to  the  triangle  t«o  that  one  edge  of  the  scale  shall  pass 
through  one  comer,  A,  of  the  triangle,  and  tlie  other  edge  through  another  cor- 
ner, B ;  and  note  very  precisely  what  divisions  of  the  scale  are  at  these  points. 
Then  slide  the  scale  in  such  a  way  that  the  points  of  the  scale  which  had 
coincided  with  A  and  B  shall  always  remain  on  the  line  B  A  pro<luced,  till 
the  edge  arrives  at  the  point  0.    Then  will  A'  C — that  is,  the  distance,  or 

Fia.  40. 


Ay^                                                   C 

'     1     :       '^1  1               '  !i  |i;  |i   'i  1    !'J.'''-Il 

H                                  1                     /\   '!' 
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number  of  divisions  on  the  scale,  from  the  point  to  which  the  division  A  on 
the  scale  has  arrived,  to  the  third  corner  of  the  triangle— express  the  area  of 
the  triangle  A  B  0  in  square  chains. 

For,  from  C  draw  a  parallel  to  A  B,  meeting  the  edge  of  the  scale  in  C, 
and  draw  0'  B.  Then  the  given  triangle  A  B  C  =  A  B  C.  But  the  area  of 
this  last  triangle  =  A  0'  multiplied  by  half  the  width  of  the  scale,  i.  e., 
=  A  C  X  1  =  A  C.  But,  because  of  the  parallels.  A'  0  =  A  C,  therefore 
the  area  of  the  given  triangle  A  B  C  =  A'  G ;  i.  e.,  it  is  equal  in  square  chains 
to  the  number  of  linear  chains'  read  off  from  the  scale.  This  ingenious  opera- 
tion is  due  to  if.  Counnery, 

69.  Diviaion  into  Trapezoids.  A  line  may  be  drawn  across  the 
field,  as  in  Fig.  41,  and  perpendiculars  drawn  to  it     The  field 

Fio.  41.  Fio.  42. 
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will  thus  be  divided  into  trapezoids  (excepting  a  triangle  at  each 
end),  and  their  content  can  be  calculated  by  Art.  64. 

Otherwise  :^  a  line  may  be  drawn  ontside  of  the  figure,  and  per- 
pendiculars' to  it  be  drawn  from  each  angle.  In  that  case  the 
difference  between  the  trapezoids  formed  by  lines  drawn  to  the 
outer  angles  of  the  figure,  and  those  drawn  to  the  inner  angles, 
will  be  the  content. 


70.  Diviaion  into  Squares.    Two  sets  of  parallel  lines,  at  right  angles 
to  each  other,  one  chain  apart  (to  the  scale  of  the  plat)  may  be  drawn  over 

the  plat,  so  as  to  divide  it  ioto 
Fio.  48.  squares,   as  in  the   figure.     The 

number  of  squares  which  fall  with- 
in the  plat  represent  so  many 
square  chains ;  and  the  triangles 
and  trapezoids  which  fall  outside 
of  these  may  then  be  calculated 
and  added  to  the  entire  square 
chains  which  have  been  counted. 

Instead  of  drawing  the  parallel 
lines  on  the  plat,  they  may  better 
be  drawn  on  a  piece  of  transparent 
"  tracing-paper,"  which  is  simply 
laid  upon  the  plat,  and  the  squares 
counted  as  before.  The  same  pa- 
per will  answer  for  any  number  of  plats  drawn  to  the  same  scale.  This 
method  is  a  valuable  and  easy  check  on  the  results  of  other  calculations. 
•  To  calculate  the  fractional  parts,  prepare  a  piece  of  tracing-paper,  or 
glass,  by  drawing  on  it  one  square  of  the  same  size  as  a  square  of  the  plat, 
and  subdividing  it,  by  two  sots  of  ten  parallels  at  right  angles  to  each  other, 
into  hundredths.  This  will  measure  the  fractions  remaining  from  the  former 
measurement,  as  nearly  as  can  be  desired. 


■ 


Fig.  44. 


71.  Division  into  Parallelogprams.  Draw  a  series  of  parallel  lines 
across  the  plat  at  equal  distances  depending  on  the  scale.  Thus,  for  a  plat 
made  to  a  scale  of  2  chains  to  1  inch,  the  distance 
between  the  parallels  should  be  2^  inches ;  for  a 
scale  of  8  chains  to  1  inch,  1^  inch ;  for  a  scale 
of  4  chains  to  1  inch,  f  inch ;  for  a  scale  of  5 
chains  to  1  inch,  -f^  inch ;  aud  for  any  scale,  make 
the  distance  between  the  parallels  that  fraction 
of  an  inch  which  would  be  expressed  by  10  divided 
by  the  square  of  the  number  of  chains  to  the  inch, 
llien  apply  a  common  inch  scale,  divided  on  the 
edge  into  tenths,  to  these  parallels ;  and  every  inch 
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in  length  of  the  spaces  included  between  each  pair  of  them  will  be  an  acre, 

and  every  tenth  of  an  inch  will  be  a  square  chain. 

For,  calling  the  number  of  chains  to  the  inch,  =:  n,  and  making  the  width 

10  10  10 

between  the  parallels  — -  inch,  this  width  will  represent  •—  x  fi  =  —  chains  : 
»■  n^  n 

10 
and  as  the  inch  length  represents  n  chains,  their  product,  —  x  ti  =  10  square 
*  n 

chains  =  1  acre. 

To  measure  the  triangles  at  the  ends  of  the  strips  between  the  parallels, 
prepare  a  piece  of  glass,  or  stout  tracing-paper,  of  a  width  equal  to  the 
width  between  the  parallels,  and  draw  a  line  through  its  middle  longitudi- 
nally. Apply  it  to  the  oblique  line  at  the  end  of  the  space  between  two 
parallels,  and  it  will  bisect  the  line,  and  thus  reduce  the  triangle  to  an  equiva- 
lent rectangle,  as  at  A  in  the  figure.  When  an  angle  occurs  between  two 
parallels,  as  at  B  in  the  figure,  the  fractional  part  may  be  measured  by  any 
of  the  preceding  methods. 

A  somewhat  simUar  method  is  much  used  by  some  surveyors,  particularly 
in  Ireland — ^the  plat  being  made  on  a  scale  of  5  chains  to  1  inch,  purallel  lines 
being  drawn  on  it,  half  an  inch  apart,  and  the  distances  along  the  parallels 
being  measured  by  a  scale,  each  large  division  of  which  is  -^  inch  in  length. 
Each  division  of  this  scale  indicates  an  acre ;  for  it  represents  4  chains,  and 
the  distance  between  the  parallels  is  2^  chains.  This  scale  is  called  tbe 
**  Scale  of  Acres." 

72.  Addition  of  Widths.  When  the  lines  of  the  plat  are  very  irregu- 
larly curved,  as  in  the  figure,  draw  across  it  a  number  of  equidistant  Unes, 
as  near  together  as  the  case  may 

seem  to  require.    Take  a  straight-  Fi».  45. 

edged  piece  of  paper,  and  apply  one 
edge  of  it  to  the  middle  of  the  first 
space,  and  mark  its  length  from  one 
end;  apply  the  same  edge  to  the 
middle  of  the  next  space,  bringing 
the  mark  just  made  to  one  end,  and 

making  another  mark  at  the  end  of  the  additional  length ;  so  go  on,  adding 
the  length  of  each  space  to  the  previous  ones.  When  all  have  been  thus 
measured,  the  total  length,  multiplied  by  the  uniform  width,  will  give  the 
oontent. 


73.  Third  Method.— Instbumbntally. 
tain  instrumental  operations  on  the  plat. 


By  performing  cer- 


74.  Reduction  of  a  m^ny-sided  figure  to  a  single  equivalent 
triangle.  Any  plane  figure  bounded  by  straight  lines  may  be  re- 
duced to  a  single  triangle,  which  shall  have  the  same  content. 

This  can  be  done  by  any  instrument  for  drawing  parallel  lines. 
4 
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Fig.  46. 


Let  the  trapezium,  or  four-sided  figure,  shown  in  Fig.  46,  be  re- 
quired to  be  reduced  to  a  single  equivalent  triangle.     Produce  one 

side  of  the  figure,  as  4 — 1. 
Draw  a  line  from  the  first  to  the 
third  angle  of  the  figure.  From 
the  second  angle  draw  a  parallel 
to  the  line  just  drawn,  cutting 
the  produced  side  in  a  point  V, 
From  the  point  1'  draw  a  line  to 
the  third  angle.  A  triangle  (1' — 
3  —  4  in  the  figure)  will  thus  be 
formed,  which  will  be  equivalent  to  the  original  trapezium. 

For,  the  triangle  1  —  2  —  3  taken  away  from  the  original  figure 
is  equivalent  to  the  triangle  1' — 1  —  3  added  to  it ;  because  both 
these  triangles  have  the  same  base  and  also  the  same  altitude,  since 
the  vertices  of  both  lie  in  the  same  line  parallel  to  the  base. 

The  content  of  this 
final  triangle  can  then 
be  found  by  measur- 
ing its  perpendicular, 
and  taking  half  the 
product  of  this  per- 
pendicular by  thebase. 

Let  the  given  figure 
have  five  sides,  as  in  Fig. 

47.  For  brevity,  the  angles  of  the  figure  will  be  named  as  numbered  in  the 
engraving.  Produce  6  —  1.  Join  1  —  8.  From  2  draw  a  parallel  to  1  —  8, 
cutting  the  produced  base  in  1'.  Join  1' — 4.  From  8  draw  a  parallel  to  it, 
cutting  the  base  in  2'.  Join  2' — 4.  Then  will  the  triangle  2'— 4  —  6  be 
equivalent  to  the  five-sided  figure  1  — 2  —  3  — 4  —  6,  for  similar  reasons  to 
those  of  the  preceding  case. 

Let  the  given  figure  be  1  —  2 — 3  —  4 — 5 — 6 — 7  —  8,  as  shown  in 
Fig.  48.  All  the  operations  are  shown  by  dotted  lines,  and  the  finally 
resulting  triangle,  5' — 7  —  8,  is  equivalent  to  the  original  figure  of  eight 
sides. 

It  is  best,  in  choosing  the  side  to  be  produced,  to  take  one  which  has  a 
long  side  adjoining  it  on  the  end  not  produced  ;  so  that  this  long  side  may 
form  one  side  of  the  final  triangle,  the  base  of  which  will  therefore  be 
shorter,  and  will  not  be  cut  so  acutely  by  the  final  line  drawn,  as  to  make 
the  point  of  intersection  too  indefinite. 
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76.  General  Rule,  When  the  given  figure  has  many  sides,  with 
angles  sometimes  salient  and  sometimes  re-entering,  the  operations 
of  reduction  are  very  liable  to  errors  if  the  draughtsman  attempts 
to  reason  out  each  step.  All  difficulties,  however,  will  be  removed 
by  the  following  General  Rule  : 

1.  "Produce  one  side  of  the  figure,  and  call  it  a  base.  Call  one 
of  the  angles  at  the  base  the  first  angle,  and  number  the  rest  in 
regular  succession  around  the  figure. 

2.  Draw  a  line  from  the  1st  angle  to  the  3d  angle.  Draw  a 
parallel  to  it  from  the  2d  angle.  Call  the  intersections  of  this 
parallel  with  the  base  the  Ist  mark. 

3.  Draw  a  line  from  the  1st  mark  to  the  4th  angle.  Draw  a 
parallel  to  it  from  the  3d  angle.  Its  intersection  with  the  base  is 
the  2d  mark. 

4.  Draw  a  line  from  the  2d  mark  to  the  5th  angle.  Draw  a 
parallel  to  it  from  the  4th  angle.  Its  intersection  with  the  base  is 
the  3d  mark. 

5.  In  general  terms,  which  apply  to  every  step  after  the  first, 
draw  a  line  from  the  last  mark  obtained  to  the  angle  whose  number 
is  greater  by  three  than  the  number  of  the  mark.  Draw  a  parallel 
to  it  through  the  angle  whose  number  is  greater  by  two  than  that 
of  the  mark.  Its  intersection  with  the  base  will  be  a  mark  whose 
number  is  greater  by  one  than  that  of  the  preceding  mark. 

In  the  concise  language  of  algebra,  draw  a  line  from  the  nth 
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mark  to  the  n  +  3  angle.  Draw  a  parallel  to  it  through  the  n  +  ^ 
angle,  and  the  intersection  with  the  base  will  be  the  n  + 1  mark. 

6.  Bepeat  this  process  for  each  angle,  till  yon  get  a  mark  whose 
number  is  such  that  the  angle  having  a  number  greater  by  three  is 
the  last  angle  of  the  tigure — i.  e.,  the  angle  at  the  other  end  of  the 
base.  Then  join  the  last  mark  to  the  angle  which  precedes  the 
last  angle  in  the  figure^  and  the  triangle  thus  formed  will  be  the 
equivalent  triangle  required. 

In  practice  it  is  unnecessary  to  actually  draw  the  lines  joining 
the  successive  angles  and  marks,  but  the  parallel  ruler  is  merely 
laid  on  so  as  to  pass  through  them,  and  the  points  where  the  par- 
allels cut  the  base  are  alone  marked. 


Fio.  49. 


76.  It  is  generally  more  ooDvenient  to  reduce  half  of  the  figure  on  one 

side  and  half  on  the  other,  as  is  shown  in 
Fig.  49,  which  represents  the  some  field 
as  Fig.  47.  The  equivalent  triangle  is 
herel'— 8  — 2'. 

When  the  figure  has  many  angles,  they 
should  not  be  numbered  consecutively  all 
the  way  around,  but,  after  the  numbers 
have  gone  around  as  far  as  the  angle 
where  it  is  intended  to  have  the  vertex 
of  the  final  triangle,  the  numbers  should 
be  continued  from  the  other  angle  of  the 
base,  as  is  shown  in  Fig.  50.  In  it  only 
the  intersections  are  marked. 

A  figure  with  curved  boundaries  may  be  reduced  to  a  triangle  in  a  similar 
manner.    Straight  Hues  must  be  drawn  about  the  figure,  so  as  to  be  partly  in 


Fia.  50. 


lOd 
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it  and  partly  out,  giving  and  taking  about  equal  quantities,  so  that  the  figure 
which  these  lines  form  shall  be  about  equivalent  to  the  curved  figure.    This 

Fig.  51. 


Fig.  52. 


having  been  done,  the  equivalent  straight-lined  figure  is  reduced  by  the  above 
method. 

It  is  sometimes  more  convenient  not  to  produce  one  of  the 
sides  of  the  figure,  but  to  draw  at  one  end  of  it,  as  at  the  point 
1  in  Fig.  51,  an  indefinite  line,  usually  a  perpendicular,  to  a  line 
joining  two  distant  angles  of  the  figure,  and  make  this  line  the 
base  of  the  equivalent  triangle  desired.  The  operation  is  shown 
by  the  dotted  lines  in  the  figure.  The  same  General  Rule  ap- 
plies to  it  as  to  the  previous  figures. 


77.  Special  InBtniiiients.  A  variety  of  instruments 
have  been  invented  for  the  purpose  of  determining 
areas  rapidly  and  correctly. 

One  of  the  simplest  is  the  "  Computing  S&ale,^^  which  is  on 
the  same  principles  as  the  Method  of  Art.  71.  It  is  repre- 
sented in  Fig.  52.  It  consists  of  a  scale  divided  for  its  whole 
length  from  the  zero-point  into  divisions,  each  representing 
2i  chains  to  the  scale  of  the  plat.  The  scale  carries  a  slider, 
which  moves  along  it,  and  has  a  wire  drawn  across  its  center 
at  right  angles  to  the  edges  of  the  scale.  On  each  side  of  this 
wire  a  portion  of  the  slider,  equal  in  length  to  one  of  the 
primary,  or  2^  chain,  divisions  of  the  scale,  is  laid  ofif  and  di- 
vided into  40  equal  parts. 

This  instrument  is  used  in  connection  with  a  sheet  of  trans- 
parent paper,  ruled  with  parallel  lines  at  distances  apart  each 
equal  to  one  chain  on  the  scale  of  the  plat.  It  is  plain  that 
when  the  instrument  is  laid  on  this  paper,  with  its  edge  on  one 
of  the  parallel  lines,  and  the  slider  is  moved  over  one  of  the 
divisions  of  2^  chains,  that  one  rood,  or  a  quarter  of  an  acre, 
has  been  measured  between  two  of  the  parallel  lines  on  the 
paper  (since  10  square  chains  make  one  acre)  ;  and  that  one  of 
the  smaller  divisions  measures  one  perch  between  the  same 
parallels.  Four  of  the  larger  divisions  give  one  acre.  The  scale 
is  generaUy  made  long  enough  to  measure  at  once  five  acres. 


_ 
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Fig.  B8. 


.  To  applj  this  to  the  plat  of  a  field,  or  farm,  lay  the  transparent  paper 
over  it  in  sach  a  position  that  two  ^f  the  rnled  lines  shall  touch  two  of  the 
exterior  points  of  the  boundaries,  as  at  A  and  B.  Laj  the  scale,  with  the 
slide  set  to  zero,  on  the  paper,  in  a  direction  parallel  to  the  ruled  lines,  and 
so  that  the  wire  of  the  slide  cuts  the  left-hand  oblique  line  so  as  to  make  the 
spaces  c  and  d  abont  eqnal.  Hold  the  scale  firm,  and  move  the  slider  till  the 
wire  cuts  the  right-hand  oblique  line  in  such  a  waj  as  to  equalize  the  spaced 
e  and/.     Without  changing  the  slide,  move  the  scale  down  the  width  of  a 

space  and  to  the  left-hand  end  of 
the  next  space ;  begin  tliere  again, 
and  proceed  as  before. 

So  go  on,  till  the  whole  length 
of  the  scale  is  run  out  (five  acres 
having  been  measured),  and  then  be- 
gin at  the  right-hand  side  and  work 
backward  to  the  left,  reading  the 
lower  divisions,  which  run  up  to  10 
acres.  By  continuing  this  process, 
tlie  content  of  plats  of  any  size  can 
be  obtained. 

A  still  simpler  substitute  for  this 
is  a  scale  similarly  divided,  but  with- 
out an  attached  slide.  In  place  of 
it  there  is  used  a  piece  of  glass,  having  a  line  drawn  across  it  and  riveted  to 
the  end  of  a  short  scale  of  box-wood,  divided  like  the  former  slide.  It  is 
used  like  the  former,  except  that,  at  starting,  the  zero  of  the  short  scale  and 
not  the  line  on  the  glass  is  made  to  coincide  with  the  zero  of  the  long 
scale.    The  slide  is  to  be  held  fast  to  the  instrument  when  this  is  moved. 

78.  Planimetera  These  determine  the  area  of  any  figure, 
whether  bounded  by  straight  lines  or  curved,  by  merely  moving 
a  point  around  the  outline  of  the  surface.  This  causes  motion  in 
a  train  of  wheel-work,  which  registers  the  algebraic  sum  of  the 
product  of  ordinates  to  every  point  in  that  perimeter,  by  the  incre- 
ment of  their  abscissas,  and  therefore  measures  the  included  space. 

There  are  several  varieties  of  these  instruments.  One  of  the 
best  of  them  is  Amsler's  Polar  Planimeter.  (For  descriptions  and 
theory  of  Planimeters,  see  **  Mechanical  Integrators,"  by  Henry 
S.  H.  Shaw.) 

79.  A  purely  mechanical  means  of  determining  the  area  of  any 
surface  by  means  of  its  weighty  may  be  placed  here.  The  plat  is 
cut  out  of  paper  and  weighed  by  a  delicate  balance.  The  weight 
of  a  rectangular  piece  of  the  same  paper  containing  just  one  acre 
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is  also  found ;  and  the  "  Rule  of  Three  "  gives  the  content,  A 
modification  of  this  is  to  paste  a  tracing  of  the  plat  on  thin  sheet- 
lead,  cut  out  the  lead  to  the  proper  lines  and  weigh  it. 

80.  FOUBTH  Method.— TRIQONOHETBIGALLT.  By  calculating, 
from  the  observed  angles  of  the  boundaries  of  the  piece  of  ground j 
the  lengths  of  the  lines  needed  for  calculating  the  content. 

This  method  is  employed  for  surreys  made  with  angular  instru- 
mentsy  as  the  compass,  etc.,  in  order  to  obtain  the  content  of  the 
land  surveyed,  without  the  necessity  of  previously  making  a  plat^ 
thus  avoiding  both  that  trouble  and  the  inaccuracy  of  any  calcula- 
tions founded  upon  it.  It  is  therefore  the  most  accurate  method  ; 
but  will  be  more  appropriately  explained  in  Part  I,  Chapter  III, 
under  the  head  of  "  Compass  Surveying." 
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CHAPTER  IL 

CBAIN-SURVETINQ ;   BT  THE  FIRST  AND  SECOND  MBTBODS  :   OR 
DIAGONAL  AND  PERPENDICULAR  SURVEYING. 

81.  The  chain  alone  is  abundantly  sufiScient^  without  the  aid 
of  any  other  instrament,  for  making  an  accurate  survey  of  any 
surface,  whatever  its  shape  or  size,  particularly  in  a  district  tolera- 
bly level  and  clear.  Moreover,  since  a  chain,  or  some  substitute 
for  it,  formed  of  a  rope,  of  leather  driving-reins,  etc.,  can  be  ob- 
tained by  any  one  in  the  most  secluded  place,  this  method  of  sur- 
veying deserves  more  attention  than  has  usually  been  gi^en  to  it. 

SUKVEYJJIQ  BY  DIAGONALS:  OB  BY  THE  FIBST  KETHOB. 

82.  Surveying  by  Diagonals  is  an  application  of  the  First 
Method  of  determining  the  position  of  a  point,  given  in  Art.  3,  to 
which  the  student  should  again  refer.  Each  comer  of  the  field  or 
farm  which  is  to  be  surveyed  is  "determined*'  by  measuring  its 
distances  from  two  other  points.  The  field  is  then  "  platted  "  by 
repeating  this  process  on  paper,  for  each  corner,  in  a  contrary  or- 
der, and  the  "  content "  is  obtained  by  some  of  the  methods  ex- 
plained in  Chapter  I. 

The  lines  which  are  measured  in  order  to  determine  the  cor- 
ners of  the  field  are  usually  sides  and  diagonals  of  the  irregular 
polygon  which  is  to  be  surveyed.  They  therefore  divide  it  up  into 
triangles ;  whence  this  mode  of  surveying  is  Nsometimes  called 
"Chain  Triangulation." 

A  few  examples  will  make  the  principle  and  practice  perfectly 
clear.  Each  will  be  seen  to  require  the  three  operations  of  measure 
ing,  platiingy  and  calculating. 
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A  threendded  field;  as  Fig.  54. 

Field- work.    Measure  the  three  sides,  A B,  BO,  and  0  A.    Measure  also, 
as  a  proof-line,  the  distance  from  one  of  the  comers,  as  0,  to  some  point  in 
the  opposite  side,  as  D,  at  which  a  mark  should 
h&ve  been  left,  when  measuring  from  A  to  B,                    Fio.  64. 
at  a  known  distance  from  A.    A  stick  or  twig,                         ^S. 
with  a  slit  in  its  top,  to  receive  a  piece  of  paper                 ^x^"^/^!    \ 
with  the  distance  from  A  marked  on  it,  is  the          ^^^     /  \     \. 
most  convenient  mark.  ^  D~"il ^? 

Platting,  Choose  a  suitable  scale.  Then 
draw  a  line  equal  in  length,  on  the  chosen  scale,  to  one  of  the  sides;  A  B, 
for  example.  Take  in  the  compasses  the  length  of  another  side,  as  A  C,  to 
the  same  scale,  and  with  one  leg  in  A  as  a  center,  describe  an  arc  of  a  circle. 
Take  the  length  of  the  third  side,  B  0,  and,  with  B  as  a  center,  describe  an- 
other arc^  intersecting  the  first  arc  in  a  point  which  will  be  the  third  comer  . 
C.  Draw  the  lines  A  0  and  B  0 ;  and  ABO  will  be  the  platy  or  miniature 
copy  of  the  field  surveyed. 

Instead  of  describing  two  arcs  to  get  the  point  0,  two  pairs  of  compasses 
may  be  conveniently  used.  Open  them  to  the  lengths,  respectively,  of  the 
last  two  sides.  Put  one  foot  of  each  at  the  ends  of  the  first  side,  and  bring 
their  other  feet  together,  and  their  point  of  meeting  will  mark  the  desired 
third  point  of  the  triangle. 

To  **  prove ''  the  accuracy  of  the  work,  fix  the  point  D,  by  setting  off  from 
A  the  proper  distance,  and  measure  the  length  of  the  line  DO.  If  its  length 
on  the  plat  corresponds  to  its  measurement  on  the  ground,  the  work  is  cor- 
rect. 

It  is  a  universal  principle,  in  all  surveying  operations,  that  the  work  must 
be  tested  by  some  means  independent  of  the  original  process,  and  that  the 
same  result  must  be  arrived  at  by  two  different  methods.  The  necessary 
length  of  this  proof-line  can  also  easily  be  calculated  by  the  principles  of 
trigonometry. 

Calculation,  The  content  of  the  field  may  now  be  found,  either  from 
the  three  sides,  or  more  easily  though  not  so  accurately,  by  measuring  on 
the  plat,  the  length  of  the  perpendicular  0  E,  let  fall  from  any  angle  to  the 
opposite  side,  and  taking  half  the  product  of  these  two  lines. 

Example  1.  Fig.  64  is  the  plat,  on  a  scale  of  two  chains  to  one  inch, 
of  a  field,  of  which  the  side  A  B  is  200  links,  B  0  is  100  links,  and  A  0  is  150 
links.  Its  content,  by  the  rule  of  Art.  62,  is  0*726  of  a  square  chain,  or 
0  A.  OR.  12  P.  If  the  perpendicular  0  E  be  accurately  measured,  it  will  be 
found  to  be  72^  links.  Half  the  product  of  this  perpendicular  by  the  base 
will  be  found  to  ^ve  the  same  content. 

Ex,  2.  The  three  sides  of  a  triangular  field  are  respectively  89-89,  54-08, 
and  46-98.    Required  its  content.  Ans,  100  A.  OR.  10 P. 

A  four-aided  field;  as  Fig.  65. 

Field-worh.  Measure  the  four  sides.  Measure  also  a  diagonal,  as  A  0, 
thus  dividing  the  four-sided  field  into  two  triangles.  Measure  also  the  other 
diagonal,  or  B  D,  for  a  "  proof-line." 

Platting.    Draw  a  line,  as  A  0,  equal  in  length  to  the  diagonal,  to  any 
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scale.    On  each  side  of  it  coDstract  a  triangle  with  the  sides  of  the  field,  as 
directed  above. 

To  prove  the  accaracj  of  the  work,  measare  on  the  plat  the  length  of 

the  "proof-line,"  BD,  and  if  it 
Fio.  56.  agrees  with  the  length  of  the  same 

^  J7        line  noeasnred  on  the  ground,  the 

field-work  and  platting  are  both 
proved  to  be  correct. 

Calculation,  Find  the  content 
of  each  triangle  separately,  as  in 
the  preceding  case,  and  add  them 
together;  or,  more  briefly,  mul- 
tiply either  diagonal  (the  longer 
one  is  preferable)  by  the  sum  of  the  two  perpendiculars,  and  divide  the  prod- 
•net  by  two. 

Otherwise :  reduce  the  four-sided  figure  to  one  triangle,  as  in  Art.  74 ;  or, 
nse  any  of  the  methods  of  the  preceding  chapter. 

Ex,  3.  In  the  field  drawn  in  Fig.  55,  on  a  scale  of  8  chains  to  the  inch, 
A B  =  588  links,  BO  =  210,  CD  =  430,  I)  A  =  274,  the  diagonal  A 0=  626, 
and  the  proof  diagonal  B  D  =  500.  The  total  content  will  be  1  A.  0  R.  17  P. 
Ex.  4.  The  sides  of  a  four-sided  field  are  A B  =  12-41,  B 0  =  586,  C I) 
=  8-25,  DA  =4-24;  the  diaj;onal  BD=  11-55,  and  the  proof-line  AC 
=  11-04.     Required  the  content.  An;  4  A.  2  R.  88  P. 

Ex.  5.  The  sides  of  a  four-sided  field  are  as  follows :  A  B  =  8-95,  B  C 
=  5-88,  0D==  10-10,  D A=  6-54;  the  diagonal  from  A  to  C  is  11-62;  the 
proof  diagonal  from  B  to  I)  is  10-92.     Required  the  content.        Ans, 

Ex.  6.  In  a  four-sided  field,  A  B  =  768,  B  0  =  4-09,  00  =  1064,  D  A 
=  7-24,  A  0  =  10-82,  B  D  =  10-74.     Required  the  content.  Ans, 

A  many-aided  field,  as  Fig.  56. 
Field-work,    Measure  all  the  sides  of  the  field.    Measure  also  diagonals 
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enough  to  divide  the  field  into  triangles,  of  which  there  will  always  he  two 
less  than  the  numher  of  sides.  Choose  such  diagonals  as  wiU  divide  the 
field  into  triangles  as  nearly  equilateral  as  possible.  Measure  also  one  or  more 
diagonals  for  '*  proof-lines.^^  It  is  well  for  the  surveyor  himself  to  place 
stakes  in  advance  at  all  the  comers  of  the  field,  as  he  can  then  select  tlie 
best  mode  of  division. 

Platting,  Begin  with  any  diagonal  and  plat  one  triangle.  Plat  a  sec- 
ond triangle  ac^joining  the  first  one.  Plat  another  acyacent  triangle,  and  so 
proceed  till  all  have  been  laid  down  in  their  proper  places.  Measure  the 
proof-lines  as  before. 

Calculation.  Proceed  to  calculate  the  content  of  the  figure,  precisely  as 
directed  for  the  four-sided  field,  measuring  the  perpendiculars  and  calculating 
the  content  of  each  triangle  in  turn ;  or  taking  in  pairs  those  on  opposite 
sides  of  the  same  diagonal ;  or  using  some  of  the  other  methods  which  have 
been  explained. 

Bx.  7.  The  six-sided  field,  shown  in  Fig.  56,  has  the  lengths  of  its  lines, 
in  chains  and  links,  written  upon  thero,  and  is  divided  into  four  triangles, 
by  three  diagonals.  The  diagonal  B  E  is  a  "  proof-line."  The  figure  is  drawn 
to  a  scale  of  4  chains  to  the  inch.    The  content  of  the  field  is  5  A.  3  R.  22  P. 

JEr.  8.  In  a  five-sided  field,  the  lengths  of  the  sides  are  as  follows :  A  B 
=  2-69,  B  0  =  1-22,  0  D  =  2-32,  D  E  =  8-55,  E  A  =  3-23.  The  diagonals 
are  A D  =  481,  B D  =  8-83.    Required  its  content.  Ans. 

A  field  may  be  divided  up  into  triangles,  not  only  by  measuring  diagonals 
as  in  the  last  figure,  but  bj  any  of  the  methods  shown  in  the  four  figures  of 
Art.  67.  The  one  which  we  have  been  employing  corresponds  to  the  last  of 
those  figures. 

Still  another  mode  may  be  used  when  the  angles  can  not  be  seen  from 
one  another,  or  from  any  one  point  within.  Take  two  or  more  convenient 
points  within  the  field,  and  measure  from  them  to  the  corners,  and  thus 
form  different  sets  of  triangles. 

Keeping  the  Field-Notes* 

83.  By  Sketoh.  The  most  simple  method  is  to  make  a  sketch 
of  the  field,  as  nearly  correct  as  the  unassisted  hand  and  eye  can 
produce,  and  note  down  on  it  the  lengths  of  all  the  lines,  as  in 
Fig.  56.  But  when  many  other  points  require  to  be  noted,  such  as 
where  fences,  or  roads,  or  streams  are  crossed  in  the  measurement, 
or  any  other  additional  particulars,  the  sketch  would  become  con- 
fused, and  be  likely  to  lead  to  mistakes  in  the  subsequent  platting 
from  it.  The  following  is  therefore  the  usual  method  of  keeping 
the  field-notes.     A  long,  naiTow  book  is  most  convenient  for  it. 

84.  In  ColumnB.  Draw  two  parallel  lines,  about  an  inch  apart 
from   the   bottom   to  the  top  of  the  page  of  the  field-book,  as 
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in  the  margin.  This  column,  or  pair  of  lines,  may 
be  conceived  to  represent  the  measured  line,  split  in 
two,  its  two  halves  being  then  separated^  an  inch 
apart,  merely  for  convenience,  so  that  the  distances 
measured  along  the  line  may  be  written  between  these 
halves. 

Hold  the  book  in  the  direction  of  the  measure- 
ment.    At  the  bottom  of  the  page  write  down  the 
name,  or  number,  or  letter,  which  represents  the  station  at  which 
the  survey  is  to  begin. 


A  "  station  "  is  marked  with  a  triangle  or  circle, 
as  in  the  margin.     The  latter  is  more  easily  made. 
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O 
562 
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562 
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B 

400 

250 

100 
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toB 


In  the  complicated  cases,  which  will  be  hereafter  explained,  and 
in  which  one  Icoig  base-line  is  measured,  and  also  many  other  sub- 
ordinate lines,  it  will  be  well,  as  a  help  to  the  memory,  to  mark  the 
stations  on  the  base-line  with  a  triangle,  and  the  stations  on  the 
other  lines  with  the  ordinary  circle. 

The  station  from  which  the  measure- 
ments are  made  is  usually  put  on  the  left 
of  the  column  ;  and  the  station  which  is 
measured  to,  is  put  on  the  right.  From  A 

But  it  is  more  compact,  and  avoids  interfering 
with  the  notes  of  "offsets"  (to  be  explained  here- 
after), to  write  the  name  or  number  of  the  station  in 
the  column,  as  in  the  margin. 

The  measurements  to  different  points  of  a  line  are 
written  above  one  another.  The  numbers  all  refer 
to  the  beginning  of  the  line,  and  are  counted  fi'om 
it. 

The  end  of  a  measured  line  is  marked  by  a  line  drawn  across 
the  page  above  the  numbers  which  indicate  the  measurements 
which  have  been  made. 

If  the  chaining  does  not  continue  along  the  adjoining  line,  but 
the  chain-men  go  to  some  other  part  of  the  field  to  begin  another 
measurement,  two  lines  are  drawn  across  the  page. 
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562 
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When  a  line  has  been  measured,  the  marks 
r  or  "I  are  made  to  show  whether  the  following 
line  turns  to  the  right  or  to  the  left. 

A  line  is  naraed,  either  by  the  names  of  the  sta- 
tions between  which  it  is  measured,  as  the  line 
A  B  ;  or  by  its  length,  a  line  562  links  long,  being 
called  the  line  562  ;  or  it  is  recorded  as  Line  No.  1, 
Line  No.  2,  etc.  ;  or  as  Line  on  page  1,  2,  etc., 
of  the  field-book. 

When  a  mark  is  left  at  any  point  of  a  line,  as 
at  D,  in  Fig.  49,  with  the  intention  of  coming  back 
to  it  again,  in  order  to  measure  to  some  other  point, 
the  place  marked  is  called  a  False  Station,  and 
is  marked  in  the  Md-book  "F.  S.'';  or  has  a  line 
di*awn  around  it,  to  distinguish  it ;  or  has  a  sta- 
tion mark  A  placed  outside  of  the  column,  to  the 
right  or  left,  according  to  the  direction  in  which 
the  measurement  from  it  is  to  be  made.  Examples 
of  these  three  modes  are  given  in  the  margin. 

A  false  station  is  named  by  its  position  on  the 
line  where  it  belongs  ;  as  thus — '•'  200  on  562." 

When  a  gate  occurs  in  a  measured  line,  the  distance  from  the 
beginning  of  the  line  to  the  side  of  the  gate  first  reached  is  the 
one  noted. 

When  the  measured  line  crosses  a  fence,  brook, 
road,  etc.,  they  are  drawn  on  the  field-notes  in 
their  true  direction,  as  nearly  as  possible,  but  not 
in  a  continuous  line  across  the  column,  as  in  the 
first  figure  in  the  margin,  but  as  in  the  second 
figure,  so  that  the  two  parts  would  form  a  con- 
tinuous straight  line,  if  the  halves  of  the  "  split 
line  "  were  brought  together. 

It  is  convenient  to  name  the  lines  in  the  mar- 
gin as  being  Sides,  Diagonals,  Proof-lines,  etc. 

86.  The  field-notes  of  the  triangalar  field  platted  in  Fig.  54  are  given 
below,  aooording  to  both  the  methods  mentioned  in  the  preceding  ar- 
ticle. 
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In  the  field-notes  in  the  colanin  on  the  right  hand,  it  is  not  absolutely 
necessary  to  repeat  the  B  and  0. 
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86.  The  field-notes  of  the  survey  platted  in  Fig.  56  are  given  below. 
They  begin  at  the  bottom  ot  the  left-hand  column. 
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STTBVEYINa  BT  TIE-LINEa 

87.  Surveying  by  Tie-lines  is  a  modification  of  the  method 
explained  in  the  last  chapter.  It  frequently  happens  that  it  is 
impossible  to  measure  the  diagonals  of  a  field  of  many  sides^  in 
consequence  of  obstacles  to  measurements,  such  as  woods,  water, 
houses,  etc.  In  such  cases,  "  tie-lines "  (so  called  because  they 
He  the  sides  together)  are  employed  as  substitutes  for  diagonals. 

Thus,  in  the  four-sided  field  shown  in  the  Fig.  57. 

figrure,  the  diagonals  can  not  be  measured 
because  of  woods  intervening.  As  a  substi- 
tute, measure  off  from  any  convenient  corner 
of  the  field,  as  B,  any  distances,  B  E,  B  P, 
along  the  sides  of  the  field.  Measure  also 
the  "  tie-line  "  E  P.     Measure  all  the  sides  of  the  field  as  usual. 

To  plat  this  field,  construct  the  triangle  B  E  F,  as  in  Art.  82. 
Produce  the  sides  BE  and  BP,  till  they  become  respectively  equal 
to  B  A  and  B  C,  as  measured  on  the  ground.  Then,  with  A  and  0 
as  centers,  and  with  radii  respectively  equal  to  AD  and  CD, 
describe  arcs,  whose  intersection  will  be  D,  the  remaining  corner 
of  the  field. 

88.  It  thus  appears  that  one  tie-line  is  sufficient  to  determine  a 
four-sided  field,  two  a  five-sided  field,  and  so  on.  But,  as  a  check 
on  errors,  it  is  better  to  measure  a  tie-line  for  each  angle,  and  the 
agreement,  in  the  plat,  of  all  the  measurements  will  prove  the  ac- 
curacy of  the  whole  work. 

Since  any  inaccuracy  in  the  length  of  a  tie-line  is  increased  in 
proportion  to  the  greater  length  of  the  sides  which  it  fixes,  the  tie- 
lines  should  be  measured  as  far  from  the  point  of  meeting  of  these 
sides  as  possible — that  is,  they  should  be  as  long  as  possible. 
The  radical  defect  of  the  system  is  that  it  is  "  working  from  less 
to  greater "  (which  is  the  exact  converse  of  the 
true  principle),  thus  magnifying  inaccuracies  at 
every  step. 

A  tie-line  may  also  be  employed  as  a  "  proof- 
line,"  in  the  place  of  a  diagonal,  and  tested  in 
the  same  manner. 


Fig.  58. 
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If  any  angle  of  the  field  is  re-entering,  as  at  B  in  the  figure, 
measure  a  tie-line  across  the  salient  angle  ABO. 

89.  Chain-AngleB.  It  is  convenient,  though  not  necessary,  tx) 
measure  equal  distances  along  the  sides  :  B  E,  B  F,  in  Fig.  57, 
and  B  A,  B  C,  in  Fig.  58.  "  Chain-angles  "  are  thus  formed.  To 
reduce  "chain-angles"  to  degrees  and  minutes,  see  Art  28. 

90.  Inaooeasible  Areas.  The  method  of  tie-lines  can  be  applied 
to  measuring  fields  which  can  not  be  entered. 

Thus,  in  the  figure,  A  B  C  D  is  an  inaccessible  wooded  field,  of 
four  sides.  To  survey  it,  measure  all  the 
sides,  and  at  any  corner,  as  D,  measure 
any  distance  D  E,  in  the  line  of  A  D 
produced.  Measure  also  another  distance 
D  F  in  the  line  of  C  D  produced.  Meas- 
ure the  tie-line  E  F,  and  the  figure  can 
be  platted  as  in  the  case  of  the  field  of 

Fig.  57,  the  sides  of  the  triangle  being  produced  in  the  contrary 

direction. 

The  same  end  would  be  attained  by  prolonging  only  one  side,  as 

shown  at  the  angle  A  of  the  same  figure,  and  measuring  AG,  AH, 

and  G  H.     It  is  better,  in  both  cases,  to  tie  all  the  angles  in  a 

similar  manner. 

This  method  may  be  applied  to  a  figure  of  any  number  of  sides 

by  prolonging  as  many  of  them  as  are  necessary ;  all  of  them,  if 

possible. 

Fio.  60. 

91.  If  the  sides  CD  and  AD  were  pro-  ^v^ 
longed  by  their  full  length,  the  content  of 
the  figure  could  be  calculated  without  any  plat ; 
for  the  new  triangle  D  E  F  would  equal  the 
triangle  D  A  C,  and  the  sides  of  the  triangle 
A  C  B  would  then  be  known. 

This  principle  may  be  extended  still  fur- 
ther. For  a  five-sided  field,  as  in  Fig.  60,  pro- 
duce two  pairs  of  sides,   a  distance  equal  to     ^  '       'a 
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their  length,  forming  two  new  triangles,  as  shown  by  the  dotted 

lines,  and  measure  the  sides  B'  D'  and  A'  D".     The  three  sides  of 

each  of  these  triangles  will  thus  be  known,               „     ^, 
°                                        '                Fig.  61. 
and  also  the  three  sides  of  the  triangle  BAD,         ^;. 

since  A  D  =  A' D",  and  B  D  =  B' D'. 

The  method  of  this  article  may  be  em- 
ployed for  a  figure  of  six  sides,  as  shown  in 
Fig.  61  (in  which  the  dotted  lines  within 
the  wooded  field  have  their  lengths  deter- 
mined by  the  triangles  formed  outside  of  it), 
but  not  for  figures  of  a  greater  number  of  sides. 

SUUVEXINQ  BY  PEBFENBI0ULAB8 :  OB  BY  THE  SEOOND 

METHOD. 

92.  The  method  of  Surveying  by  Perpendiculars  is  founded 
on  the  Second  Method  of  determining  the  position  of  a  point, 
explained  in  Art.  4.  It  is  applied  in  two  ways,  either  to  mak- 
ing a  complete  survey  by  ^^  Diagonals  and  Perpendiculars,^'  or  to 
measuring  a  crooked  boundary  by  *^  Offsets,"  Each  will  be  con- 
sidered in  turn. 

The  best  method  of  getting  perpendiculars  on  the  ground  must, 
however,  be  first  explained. 


Fig.  62. 


^iiiv 


To  set  out  Perpendicnlars, 
93.  Surveyors  Cross.  The  simplest  instrument  for 
this  purpose  is  the  Surveyor's  Cross,  or  Cross-Staff, 
shown  in  the  figure.  It  consists  of  a  block  of  wood, 
of  any  shape,  having  in  it  two  saw-cuts,  made  very 
precisely  at  right  angles  to  each  other,  about  half  an 
inch  deep,  and  with  center-bit  holes  made  at  the  bot- 
tom of  the  cuts  to  assist  in  finding  the  objects.  This 
block  is  fixed  on  a  pointed  stafl!,  on  which  it  can  turn 
freely,  and  which  should  be  precisely  8  links  (63^  inches) 
long,  for  the  convenience  of  short  measurements. 

To  use  the  cross-staff  to  erect  a  perpendicular,  set 
it  at  the  point  of  the  line  at  which  a  perpendicular  is 

wanted.     Turn  its  head  till,  on  looking  through  one 
5 
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saw-cut,  you  see  the  ends  of  the  line.  Then  will  the  other  saw- 
cut  point  out  the  direction  of  the  perpendicular,  and  thus  guide 
the  measurement  desired. 

To  find  where  a  perpendicular  to  the  line,  from  some  object,  as 
a  corner  of  a  field,  a  tree,  etc.,  would  meet  the  line,  set  up  the 
cross-staff  at  a  point  of  the  line  which  seems  to  the  eye  to  be  about 
the  spot.  Note  about  how  far  from  the  object  the  perpendicular 
at  this  point  strikes,  and  move  the  cross-staff  that  distance ;  and 
repeat  the  operation  till  the  correct  spot  is  found. 

94.  To  test  the  accuracy  of  the  instrument,  sight  through  one 

slit  to  some  point  A,  and  place  a  stake  B 

FiQ.  ^^*    B   p  in  the  line  of  sight  of  the  other  slit. 

\  i  /         Then  turn  its  head  a  quarter  of  the  way 

\|/         around,  so  that  the  second  slit,  looked 

X ^^      through,  points  to  A.     Then  see  if  the 

nr  other  slit  coYers  B  again,  as  it  will  if 

correct.     If  it  does  not  do  so,  but  sights 

to  some  other  point,  as  B',  the  apparent  error  is  double  the  real 

one,  for  it  now  points  as  far  to  the  right  of  the  true  point  C  as  it 

did  before  to  its  left. 

This  is  the  first  example  we  have  had  of  the  invaluable  prin- 
ciple of  Reversion,  which  is  used  in  almost  every  test  of  the  accu- 
racy of  surveying  and  astronomical  instruments,  its  peculiar  merit 
being  that  it  doubles  the  real  error,  and  thus  makes  it  twice  as  easy 
to  perceive  and  correct  it. 

The  instrument,  in  its  most  finished  form,  is  made  of  a  hollow 
brass  cylinder,  which  has  two  pairs  of  slits  exactly  opposite  to  each 
other,  one  of  each  pair  being  narrow  and  the  other  wide,  with  a 
horse-hair  stretched  from  the  top  to  the  bottom  of  the  latter.  It  is 
also,  sometimes,  made  with  eight  faces,  and  two  more 
pairs  of  slits  added,  so  as  to  set  off  half  a  right 
angle. 

Another  form  is  a  hollow  brass  sphere,  as  in  the 
figure.  This  enables  the  surveyor  to  set  off  perpen- 
diculars on  very  steep  slopes. 

Another  form  of  the  surveyor's  cross  consists  of 
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Fio  65. 
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Fio.  66. 


Fig.  67. 


two  pairs  of  plain  '*  Sights,"  each  shaped  as  in  the  fig- 
ure, placed  at  the  ends  of  two  bars  at  right  angles  to 
each  other.  The  slit,  and  the  opening  with  a  hair 
stretched  from  its  top  to  its  bottom,  are  respectively  at 
the  top  of  one  sight  and  at  the  bottom  of  the  opposite 
sight.*  This  is  used  in  the  same  manner  as  the  preced- 
ing form,  but  is  less  portable,  and  more  liable  to  get  out  of  order. 
A  temporary  substitute  for  these  instruments  may 
be  made  by  sticking  four  pins  into  the  corners  of  a 
square  piece  of  board,  and  sighting  across  them,  in 
the  direction  of  the  line  and  at  right  angles  to  it. 

96.  Optical  Square.  The  most  conyenient  and  ac- 
curate instrument  is,  however,  the  Optical  Square.  The  figures 
give  a  perspective  view  of  it,  and  also  a  plan  with  the  lid  re- 
moved. It  is  a  small  cii*cular  box, 
containing  a  strip  of  looking-glass, 
from  the  upper  half  of  which  the 
silvering  is  removed.  This  glass  is 
placed  so  as  to  make  precisely  half 
a  right  angle  with  the  line  of  sight, 
which  passes  through  a  slit  on  one 
side  of  the  box,  and  a  vertical  hair 
stretched  across  the  opening  on  the 
other  side,  or  a  mark  on  the  glass. 
The  box  is  held  in  the  hand  over 
the  spot  where  the  perpendicular  is 
desired  (a  plumb-line  in  the  hand 
will  give  perfect  accuracy),  and  the 
observer  applies  his  eye  to  the  slit 
A,  looking  through  the  upper  or 
unsilvered  part  of  the  glass,  and 
turns  the  box  till  he  sees  the  other  end  of  the  line  B,  through  the 
opening  C.  The  assistant,  with  a  rod,  moves  along  in  the  direc- 
tion where  the  perpendicular  is  desired,  being  seen  in  the  silvered 


k\4t^ 


^  The  French  call  the  narrow  opening  cgilleion,  and  the  wide  one  croisie. 
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parts  of  the  glass,  by  reflection  through  the  opening  D,  till  his 
rod,  at  E,  is  seen  to  coincide  with,  or  to  be  exactly  under,  the  ob- 
ject B.  Then  is  the  line  D  E  at  right  angles  to  the  line  A  B,  by 
the  optical  principle  of  the  equality  of  the  angles  of  incidence  and 
reflection. 

To  find  where  a  perpendicular  from  a  distant  object  would 
strike  the  line,  walk  along  the  line,  with  the  instrument  to  the 
eye,  till  the  image  of  the  object  is  seen,  in  the  silvered  part  of  the 
glass,  to  coincide  with  the  direction  of  the  line  seen  through  the 
unsilvered  part. 

The  instrument  may  be  tested  by  sighting  along  the  perpen- 
dicular, and  fixing  a  point  in  the  original  line,  on  the  principle  of 
"  reversion." 

The  surveyor  can  make  it  for  himself,  fastening  the  glass  in  the 
box  by  four  angular  pieces  of  cork,  and  adjusting  it  by  cutting 
away  the  cork  on  one  side,  and  introducing  wedges  on  the  other 
side.     The  box  should  be  blackened  inside. 

Another  form  of  the  optical  square  contains  two  glasses,  fixed 
at  an  angle  of  45^,  and  giving  a  right  angle  on  the  principle  of  the 
sextant. 

Perpendiculars  maybe  set  out  with  the  chain  alone,  by  a  variety 
of  methods.  These  methods  generally  consist  in  performing  on 
the  ground,  the  operations  executed  on  paper  in  practical  geome- 
try, the  chain  being  used,  in  the  place  of  the  compasses,  to  describe 
the  necessary  arcs. 

As  these  operations,  however,  are  less  often  used  for  the  method 
of  survejring  now  to  be  explained,  than  for  overcoming  obstacles  to 
measurement,  it  will  be  more  convenient  to  consider  them  in  that 
connection. 

Diagonals  and  Perpendiculars. 

96.  We  have  seen  in  the  preceding  pages  that  plats  of  surveys, 
made  with  the  chain  alone,  have  their  contents  most  easily  de- 
termined by  measuring,  on  the  plat,  the  perpendiculars  of  each  of 
the  triangles,  into  which  the  diagonals  measured  on  the  ground 
have  divided  the  field.  In  the  Method  of  Surveying  by  Diagonals 
and  Perpendiculars,  now  to  be  explained,  the  perpendiculars  are 
measured  on  the  ground.     The  content  of  the  field  can,  therefore. 
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be  found  at  once  (by  adding  together  the  half  products  of  each 
perpendicular  by  the  diagonal  on  which  it  is  let  fall),  without  the 
necessity  of  previously  making  a  plat,  or  of  measuring  the  sides  of 
the  field.  This  is,  therefore,  the  most  rapid  and  easy  method  of 
surveying  when  the  content  alone  is  required,  and  is  particularly 
applicable  to  the  measurement  of  the  ground  occupied  by  crops, 
for  the  purpose  of  determining  the  number  of  bushels  grown  to  the 
acre,  the  amount  to  be  paid  for  mowing  by  the  acre,  etc. 


Fig.  68. 


A  Tbreesided  Field.  Measare  the  longest  side,  as  A  B,  and  the  perpen- 
dicalar,  0  D,  let  fall  on  it  from  the  opposite  angle 
0.  Then  the  content  is  eqaal  to  half  the  product 
of  the  side  by  the  perpeDdicular.  If  obstacles  pre- 
vent this,  find  the  point,  where  a  perpendicular  let 
fall  from  an  angle,  as  A,  to  the  opposite  side  pro- 
duced, as  B  C,  would  meet  it,  as  at  £  in  the  figure. 
Then  half  the  product  of  A  £  by  0  B  is  the  content 
of  the  triangle. 

A  Pour-sided  Field.  Measure  the  diagonal  A  0.  Leave  marks  at  the 
points  on  this  diagonal  at  whicli  perpendicular  from  B  and  from  D  would 

meet  it,  finding  these  points  by  trial, 
as  previously  directed.  The  best  marks 
at  these  *^  false  stations  ^*  have  been  de- 
scribed. Return  to  these  false  stations 
and  measure  the  perpendiculars.  When 
these  perpendiculars  are  measured  be- 
fore finishing  the  measurement  of  the 
diagonal,  great  care  is  necessary  to 
avoid  making  mistakes  in  the  length  of 
the  diagonal,  when  the  chainmen  return 
to  continue  its  measurement.  One 
check  is  to  leave  at  the  mark  as  many 
pins  as  have  been  taken  up  by  the  hind-chainman  in  coming  to  that  point 
from  the  beginning  of  the  line. 

Ex.  9.    Required  the  content  of  the  field  of  Fig.  69.    Am,  0  A.  2  R.  29  P. 
The  field  may  be  platted  from  these  measurements,  if  desired,  but  with 
more  liability  to  inaccuracy  than  in  the  first  method,  in  which  the  sides  are 
measured.    The  plat  of  the  figure  is  three  chains  to  one  inch. 

The  field-notes  may  be  taken  by  writing  the  measurements  on  a  sketch, 
as  in  the  figure ;  or,  in  more  complicated  cases,  by  the  column  method,  as 
below.  A  new  symbol  may  be  employed,  this  mark,  K  »  ^r  H,  to  show  the 
false  station,  from  which  a  perpendicular  is  to  be  measured. 
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tf    From  200  <m,  480 


110 
F.S. 


to  B 

H 


^    From  280  cm  480 


176 
F.S. 


JS'a;.  10.     Calculation. 

9q.lk$. 

ABO  =  J  X  480  X  110  =  26400 

ADC  =  i  X  480  X  176  =  42000 

sq.  ehaini  6*8400 

Acres  0*684 

It  is  still  easier  to  take  the  two 
triangles  together;  maltipljing  the 
diiigonal  by  the  sum  of  the  perpen- 
diculars and  dividing  by  two. 

A  Kany-dded  Field.    Fig.  70  and  the  accompanying  field-notes  repre- 
sent the  field  which  was  surveyed  by  the  first  method  and  platted  in  Fig.  66. 
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Ex,  11.  Calculation.  The  con- 
tent of  the  triangles  may  be  expressed 
thus: 

9q.  Iks. 

ABC  =  J  X  1142  X  267  =  162467 

AEC  =  i  X  1142  X  498  =  281608 

CDE  =r  i  X  775  X  258  =  98037 

AEF  =  i  X  737  X  164  =  66749 

sq.  chains  68-8746 

Acres  6*88746 

or,  6  A.  8  R.  22  P. 

The  first  two  triangles  might  have 
been  taken  together,  as  in  the  previous 
field. 

Content  cnlcnlated  from  the  per- 
pendiculars will  generally  vary  slightly 
from  that  obtained  by  measuring  on 
the  plat. 


A  small  field  which  has  many  sides  may  sometimes  be  conveniently  sur- 
veyed by  taking  one  diagonal  and  measuring  the  perpendiculars  let  fall  on  it 
from  each  angle  of  the  field,  and  thus  dividing  the  whole  area  into  triangles 
and  trapezoids,  as  in  Fig.  41. 

The  line  on  which  the  perpendiculars  are  to  be  let  fall  may  also  be  out- 
side of  the  field,  as  in  Fig.  42. 

Such  a  survey  can  be  platted  very  readily,  but  the  length  of  the  perpen- 
diculars renders  the  plat  less  accurate. 

This  procedure  supplies  a  transition  to  the  method  of  "offsets,"  which  is 
explained  in  the  next  article. 
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Offsets. 

97.  Offsets  are  short  perpendiculars,  measured  from  a  straight 

line,  to   the  angles  of  a  crooked  or  zigzag  line  near  which  the 

straight  line  runs.     Thus,   in  the  ^iq  71 

figure,  let  A  C  D  B  be  a  crooked  C  ^ 

fence,  bounding  one  side  of  a  field.  ^^.^""'^^         '       ^-^ 

^  X.„r^ '^^  \ A-*? ?:l??-^s.o 

Chain  along  the  straight  line  AB,  

which  runs  from  one  end  of  the  fence  to  the  other,  and,  when 
opposite  each  comer,  note  the  distance  from  the  beginning,  or  the 
point  A,  and  also  measure  and  note  the  perpendicular  distance  of 

each  comer  C  and  D  from  the  line. 
These  comers  will  then  be  "  determined  " 
by  the  Second  Method,  Art.  4. 

The  field-notes,  corresponding  to  Fig. 
71,  are  as  in  the  margin.  The  measure- 
ments along  the  line  are  written  in  the 
column,  as  before,  counting  from  the  be- 
ginning of  the  line,  and  the  offsets  are 
written  beside  it,  on  the  right  or  left, 
opposite  the  distance  at  which  they  are 
taken.  A  sketch  of  the  crooked  line  is 
also  usually  made  in  the  field-notes,  though  not  absolutely  neces- 
sary in  so  simple  a  case  as  this.     The  letters  C  and  D  would  not  be 
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used  in  practice,  bat  are  here  inserted  to  show  the  connection 
between  the  field-notes  and  the  plat. 

In  taking  the  field-notes,  the  widths  of  the  offsets  should  not 
be  drawn  proportionally  to  the  distances  between  them,  but  the 
breadths  should  be  greatly  exaggerated  in  proportion  to  the 
lengths. 

A  more  extended  example,  with  a  little  different  notation,  is 
given  below.  In  the  figure,  which  is  on  a  scale  of  eight  chains  to 
one  inch  for  the  distances  along  the  line,  the  breadths  of  the  offsets 
are  exaggerated  to  four  times  their  true  proportional  dimensions. 

Fio.  72.  Fig.  78. 
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The  plat  and  field-notes  of  the  position  of  two  houses,  deter- 
mined by  offsets,  are  given  above  on  a  scale  of  two  chains  to  one 
inch  : 

Double  offsets  are  sometimes  convenient ;  and  sometimes  triple 
and  quadruple  ones.  Below  are  given  the  notes  and  the  plat,  one 
chain  to  one  inch,  of  a  road  of  varying  width,  both  sides  of  which 
are  determined  by  double  offsets.  It  will  be  seen  that  the  line  A  B 
crosses  one  side  of  the  road  at  160  links  from  A,  and  the  other  side 
of  it  at  220. 

Two  methods  of  keeping  the  field-notes  are  given.  In  the  first 
form,  the  offsets  to  each  side  of  the  road  are  given  separately  and 
connected  by  the  sign  +.  In  the  second  form,  the  total  distance 
of  the  second  offset  is  given,  and  the  two  measurements  connected 
by  the  word  "/o."  This  is  easier  both  for  measuring  and  plat- 
ting. 
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Fig.  74 
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Offsets  may  generally  be  taken  with  sufficient  accuracy  by 
measuring  them  as  nearly  at  right  angles  to  the  base-line  as  the 
eye  can  estimate.  The  surveyor  should  stand  by  the  chain,  facing 
the  fence,  at  the  place  which  he  thinks  opposite  to  the  corner  to 
which  he  wishes  to  take  an  offset,  and  measure  "square"  to  it  by 
the  eye,  which  a  little  practice  will  enable  him  to  do  with  much 
correctness. 

The  offsets  may  be  measured,  if  short,  with  an  Offset-fitaff,  a 
light  stick,  10  or  15  links  in  length,  and  divided  accordingly  ;  or, 
if  they  are  long,  with  a  tape.  They  are  generally  but  a  few  links 
in  length.  A  chain's  length  should  be  the  extreme  limit,  as  laid 
down  by  the  English  "Tithe  Commissioners,"  and  that  should  be 
employed  only  in  exceptional  cases.  When  the  "cross-staff"  is  in 
use,  its  divided  length  of  8  links  renders  the  offset-staff  needless. 

When  offsets  are  to  be  taken,  the  method  of  chaining  to  the  end 
of  a  line  (described  in  Art.  18)  is  somewhat  modified.  After  the 
leader  arrives  at  the  end  of  the  line,  he  should  draw  on  the  chain 
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till  the  follower^  with  the  back  end  of  the  chain^  reaches  the  last 
pin  set  This  facilitates  the  counting  of  the  links  to  the  places 
at  which  the  offsets  are  taken. 

The  offsets  are  to  be  taken  to  every  angle  of  the  fence  or  other 
crooked  line ;  that  is^  to  every  point  where  it  changes  its  direction. 
These  angles  or  prominent  bends  can  be  best  found  by  one  of  the 
party  walking  along  the  crooked  fence  and  directing  another  at  the 
chain  what  points  to  measure  opposite  to.  If  the  line  which  is  to 
be  thus  determined  is  curved,  the  offsets  should  be  taken  to  points 
so  near  each  other  that  the  portions  of  the  curved  line  lying  be- 
tween them  may,  without  much  error,  be  regarded  as  straight  It 
will  be  most  convenient,  for  the  subsequent  calculations,  to  take 
the  offsets  at  equal  distances  apart  along  the  straight  line  from 
which  they  are  measured. 

In  the  case  of  a  crooked  brook,  such  as  is  shown  in  the  figure 
given  below,  offsets  should  be  taken  to  the  most  prominent  angles, 
such  as  are  marked  a  a  a  in  the  figure,  and  the  intermediate  bends 
may  be  merely  sketched  by  the  eye. 

Fia.  76. 


'•^^^ 


When  offsets  from  lines  measured  around  a  field  are  taken  in- 
side of  these  bounding  lines,  they  are  sometimes  distinguished  as 

98.  Flatting.  The  most  rapid  method  of  platting  the  offsets 
is  by  the  use  of  a  Platting  Scale  (described  in  Art.  47)  and  an  Off- 
set Scale,  which  is  a  short  scale  divided  on  its  edges  like  a  platting 
scale,  but  having  its  zero  in  the  middle,  as  in  the  figure. 

The  platting  scale  is  placed  parallel  to  the  line,  with  its  zero- 
point  opposite  to  the  beginning  of  the  line.  The  offset  scale  is 
slid  along  the  platting  scale,  till  its  edge  comes  to  a  distance  on 
the  latter  at  which  an  offset  had  been  taken,  the  length  of  which  is 
marked  off  with  a  needle-point  from  the  offset  scale.     This  is  then 
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slid  on  to  the  next  distance,  and  the  operation  is  repeated.     If  one 
person  reads  off  the  field-notes,  and  another  plats,  the  operation 


Fio.  76. 


will  be  greatly  facilitated.  The  points  thus  obtained  are  joined  by 
straight  lines,  and  a  miniature  copy  of  the  curved  line  is  thus  ob- 
tained ;  all  the  operations  of  the  platting  being  merely  repetitions 
of  the  measurements  made  on  the  ground. 

If  no  offset  scale  is  at  hand,  make  one  of  a  strip* of  thick  draw- 
ing-paper, or  pasteboard  ;  or  use  the  platting  scale  itself,  turned 
crossways,  having  previously  marked  off  from  it  the  points  from 
which  the  offsets  had  been  taken. 

In  plats  made  on  a  small  scale,  the  shorter  offsets  are  best  esti- 
mated by  the  eye. 

On  the  ordnance  survey  of  Ireland,  the  platting  of  offsets  was 
facilitated  by  the  use  of  a  combination  of  the  offset  scale  and  the 
platting  scale,  the  former  being  made  to  slide  in  a  groove  in  the 
latter,  at  right  angles  to  it. 

99.  Calculating  Content.  When  the  crooked  line  determined  by 
offsets  is  the  boundary  of  a  field,  the  content,  inclosed  between  it 
and  the  straight  line  surveyed,  must  be  determined,  that  it  may 
be  added  to,  or  subtracted  from,  the  content  of  the  field  bounded 
by  the  straight  lines.  There  are  various  methods  of  effecting 
this. 

The  area  inclosed  between  the  straight  and  the  crooked  lines  is 
divided  up  by  the  offsets  into  triangles  and  trapezoids^  the  content 
of  which  may  be  calculated  separately  and  then  added  together. 
The  content  of  the  plat  on  page  65  will,  therefore,  be.  1500  + 
4125  +  625  =  6250  square  links  =  0*625  square  chain.     The  con- 
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tent  of  the  plat  on  page  66  will  in  like  manner  be  found  to  be,  on 
the  left  of  the  straight  line^  30,000  square  links,  and  on  its  right, 
5,000  square  links. 

100.  When  ilie  offsets  Itave  been  taken  at  eqiud  distances,  the 
content  may  be  more  easily  obtained  by  adding  together  half  of 
the  first  and  of  the  last  offset,  and  all  the  intermediate  ones,  and 
multiplying  the  sum  by  one  of  the  equal  distances  between  the 
offsets.  This  rule  is  merely  an  abbreviation  of  the  preceding 
one. 

Thus,  in  the  plat  of  page  66,  the  distances  being  equal,  the  con- 
tent of  the  offsets  on  the  left  of  the  straight  line  will  be  120  X  250 
=  30,000  square  links,  and  on  the  right,  20  X  250  =  5,000  square 
links ;  the  same  results  as  before. 

When  the  line  determined  by  the  offsets  is  a  curved  line, 
**  Simpson's  rule  "  gives  the  content  more  accurately.  To  employ 
it,  an  even  number  of  equal  distances  must  have  been  measured 
in  the  part  to  be  calculated.  Then  add  together  the  first  and  last 
offset,  four  times  the  sum  of  the  even  offsets  (i.  e.,  the  2d,  4th,  6th, 
etc.),  and  twice  the  sum  of  the  odd  offsets  (i.  e.,  the  3d,  6th,  7th, 
etc.),  not  including  the  first  and  the  last.  Multiply  the  sum  by 
one  of  the  equal  distances  between  the  offsets,  and  divide  by  3. 
The  quotient  will  be  the  area. 

Ex,  12.  The  offsets  from  a  straight  line  to  a  curved  fence 
were  8,  9,  11,  15,  16,  14,  9,  links,  at  equal  distances  of  6  links. 
What  was  the  content  included  between  the  curved  fence  and  the 
straight  line?  Ans.  371-666. 

101.  Equalizing,  or  (jivitig  and  taking,  is  an  approximate  mode 
of  calculation  much  used  by  practical  surveyors.     A  crooked  line, 

Fio.  77. 


determined  by  offsets,  having  been  platted,  a  straight  line  is  drawn 
on  the  plat,  across  the  crooked  line,  leaving  as  much  space  outside 
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of  the  straight  line  as  inside  of  it^  as  nearly  as  can  be  estimated  by 
the  eye,  "equalizing"  it,  or  **giving  and  taking"  equal  portions. 
The  straight  line  is  best  determined  by  laying  across  the  irregular 
outline  the  straight  edge  of  a  piece  of  transparent  horn,  or  tracing- 
paper,  or  glass,  or  a  fine  thread  or  horse-hair  stretched  straight  by 
a  light  bow  of  whalebone.  In  practical  hands,  this  method  is  suffi- 
ciently accurate  in  most  cases.  The  student  will  do  well  to  try  it 
on  figures,  the  content  of  which  he  has  previously  ascertained  by 
perfectly  accurate  methods. 

SUKVEYING  BY  THE  PBECEDING  METHODS  COMBINED. 

102.  All  the  methods  which  have  been  explained  in  the  pre- 
ceding sections — surveying  by  Diagonals^  by  Tie-lines,  and  by 
Perpendiculars,  particularly  in  the  form  of  ofl!sets — are  frequently 
required  in  the  same  survey.  The  method  by  Diagonals  should  be 
the  leading  one  ;  in  some  parts  of  the  survey  obstacles  to  the  meas- 
urements of  diagonal  may  require  the  use  of  Tie-lines ;  and,  if 
the  fences  are  crooked,  straight  lines  are  to  be  measured  near  them, 
and  their  crooks  determined  by  Offsets. 

Offsets  are  necessary  additions  to  almost  every  other  method  of 
surveying.  In  the  smallest  field  surveyed  by  diagonals,  unless  all 
the  fences  are  perfectly  straight  lines,  their  bends  must  be  deter- 
mined by  offsets.  The  plat  (scale  of  one  chain  to  one  inch)  and 
field-notes  of  such  a  case  are  given  below.  A  sufficient  number  of 
the  sides,  diagonals,  and  proof-lines,  to  prove  the  work,  should  be 
platted  before  platting  the  offsets. 

Fig.  78. 

3.60. 
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Ex,  18.    Required  the   content 
of  the  above  field.    An», 
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103.  Pield-Boolu.  The  difficulty  and  the  importance  of  keep- 
ing the  field-notes  clearly  and  distinctly  increase  with  each  new 
combination  of  methods.  For  this  reason,  three  different  methods 
of  keeping  the  field-notes  of  the  same  survey  will  now  be  given 
(from  Bourn's  "Surveying"),  and  a  careful  comparison  by  the 
student  of  the  corresponding  portions  of  each  will  be  very  profit- 
able to  him  : 


Digitized  by  VjOOQ IC 


SURVEYING  BY  THE  PRECEDING  METHODS. 


73 


Field-Book  Ho.  1. 

Fig.  79. 


{^/  zoo         620     ^^^    (ISV^TBO     1260   f  1300  > 


Field-Book  No.  1  (Pig.  79)  shows  the  Sketch  method,  explaioed 
in  Art  83. 
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Field-Book  Ha  2. 
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Fiold-Booh  No.  2  (Fig.  80)  shows  the  Column   method,  ex- 
plained in  Art.  84, 
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Pield-Book  Ho.  3. 

Fio.  81. 


Field'Book  No.  3  (Fig.  81)  is  a  conTenient  combination  of  the 
two  preceding  methods.  The  bottom  of  the  book  is  at  the  side  of 
this  figure^  at  A. 

6 
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104.  Inaoceatible  Areai. 


Fio.  82. 


A  combination  of  offsets  and  tie-lines 
supplies  an  easy  method  of 
surveying  an  inaccessible  area, 
such  as  a  pond,  swamp,  forest, 
block  of  houses,  etc.,  as  appears 
from  the  figure,  in  which  exter- 
nal bounding  lines  are  taken  at 
will  and  measured,  and  tied 
by  "tie-lines"  measured  be- 
tween these  lines,  prolonged 
when  necessary,  while  offsets 
from  them  determine  the  irregularities  of  the  actual  boundaries  of 
the  pond,  etc. 

These  offsets  are  insets,  and  their  content  is,  of  course,  to  be 
subtracted  from  the  content  of  the  principal  figure. 

Even  a  circular  field  might  thus 
be  approximately  measured  from  the 
outside. 

If  the  shape  of  the  field  admits 
of  it,  it  will  be  preferable  to  measure 
four  lines  about  the  field  in  such  di- 
rections as  to  inclose  it  in  a  rectan- 
gle, and  to  measure  offsets  from  the  sides  of  this  to  the  angles  of 
the  field. 
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OBSTACLES  TO  MEASXTBEMENT  IK  CHAXK-SUKVEyiNG. 

106.  In  the  practice  of  the  various  methods  of  surveying 
which  have  been  explained,  the  hills  and  valleys  which  are  to  be 
crossed,  the  sheets  of  water  which  are  to  be  passed  over,  the  woods 
and  houses  which  are  to  be  gone  through — all  these  form  obstacles 
to  the  measurement  of  the  necessary  lines  which  are  to  join  certain 
points,  or  to  be  prolonged  in  the  same  direction.  Many  special 
precautions  and  contrivances  are  therefore  rendered  necessary ; 
and  the  best  methods  to  be  employed,  when  the  chain  alone  is  to 
be  used,  will  now  be  given. 

These  methods  for  overcoming  the  various  obstacles  met  with 
in  practice  constitute  a  Land-Geometry.     Its  problems  are  per- 
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formed  on  the  ground  instead  of  on  paper;  its  compasses  are  a 
chain  fixed  at  one  end  and  free  to  swing  around  with  the  other ; 
its  scale  is  the  chain  itself ;  and  its  ruler  is  the  same  chain 
ptretched  tight  Its  adyantages  are  that  its  single  instrument 
(or  a  substitute  for  it,  such  as  a  tape,  a  rope,  etc.)  can  be 
found  anywhere ;  and  its  only  auxiliaries  are  equally  easy  to  ob- 
tain, being  a  few  straight  and  slender  rods,  and  a  plumb-line, 
for  which  a  pebble  suspended  by  a  thread  is  a  sufficient  substi- 
tute. 

Many  of  these  problems  require  the  employment  of  perpendicu- 
lar and  parallel  lines.  For  this  reason  we  will  commence  with  this 
class  of  problems. 

The  demonstrations  of  most  of  these  problems  will  be  left  as 
exercises  for  the  student. 

The  elegant  "  Theory  of  Transversals  "  (Appendix  B)  will  be 
an  important  element  in  some  of  these  demonstrations. 

Problems  on  Perpendiculars.* 
Problem  1.     To  erect  a  perpendicular  at  any  point  of  a  line. 

106.  First  Method.  Let  A  be  the  point  at  which  a  perpen- 
dicular to  the  line  is  to  be  set  out.  Meas- 
ure off  equal  distances  AB,  AC,  on  each 
side  of  the  point.  Take  a  portion  of  the 
chain  not  quite  1^  time  as  long  as  A  B  or 
A  C,  fix  one  end  of  this  at  B,  and  describe  — 
an  arc  with  the  other  end.  Do  the  same 
from  C.  The  intersection  of  these  arcs  will 
fix  a  point  D.  AD  will  be  the  perpendicu- 
lar required.     Eepeat  the  operation  on  the  other  side  oif  the  line. 


•  Many  of  these  methods  would  seldom  be  required  in  practice,  but  cases  some- 
times occur,  as  every  surveyor  of  much  experience  in  field-work  has  found  to  his  seri- 
ous inconvenience,  in  which  some  peculiarity  of  the  local  circumstances  forbids  any 
of  the  usual  methods  being  applied.  In  such  cases  the  collection  here  given  wiU  be 
found  of  great  value. 

In  all  the  figures,  the  given  and  measured  lines  are  drawn  with  fine  full  lines,  the 
▼isual  lines,  or  lines  of  sight,  with  broken  lines,  and  the  lines  of  the  result  with  heavy 
full  lines.  The  points  which  are,  centers  around  which  the  chain  is  swung  are  in- 
closed in  circles.  The  alphabetical  order  of  the  letters  attached  to  the  points  shows 
in  what  osder  they  are  taken. 
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\y  repeat  it  on  the  same  side  with  a  different 


B- 


107.  8ee<md  Method,  Measure  off  as  before,  equal  distances  A  B,  A  C, 
but  eacii  about  only  one  third  of  the  chain.  Fasten 
the  ends  of  the  chain  with  two  pios  at  B  and  C. 
Stretch  it  out  on  one  side  of  the  line  and  put  a  pin 
at  the  middle  of  it,  D.  Do  the  same  on  the  other 
side  of  the  line,  and  set  a  pin  at  E.  Then  is  D  E  a 
perpendicular  to  B  C.  If  it  is  impossible  to  perform 
the  operation  on  both  sities  of  the  line,  repeat  it 
on  the  same  side  with  a  different  length  of  chain, 
as  shown  by  the  lines  BF  and  CF  in   the   figure, 

so  as  to  get  a  second  point. 

108.  Other  Methods,     All  the  methods  to  be  given  for  the  next  prob- 
lem may  be  applied  to  this. 


Problem  2.     To  erect  a  perpendicular  to  a  line  at  a  given 
pointy  when  the  point  is  at  or  near  the  end  of  the  line. 
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109.  First  Method.  Measure  40  links  along  the  line.  Let  one 
assistant  hold  one  end  of  the  chain  at 
that  point ;  let  a  second  hold  the  20- 
link  mark  which  is  nearest  the  other 
end,  at  the  given  point  A,  and  let  a 
third  take  the  60-link  mark,  and 
tighten  the  chain,  drawing  equally  on 
both  portions  of  it.  Then  will  the 
60  link  mark  be  in  the  perpendicu- 
lar desired.  Repeat  the  operation  on 
the  other  side  of  the  line  so  as  to  test  the  work. 

The  above  numbers  are  the  most  easily  remembered,  but  the 
longer  the  lines  measured  the  better ;  and  nearly  the  whole  chain 
may  be- used  ;  thus  :  Fix  down  the  36th  link  from  one  end  at  A, 
and  the  4th  link  from  the  same  end  on  the  line  at  B.  Fix  the 
other  end  of  the  chain  also  at  B.  Take  the  40th-link  mark  from 
this  last  end,  and  draw  the  chain  tight,  and  this  mark  will  be  in 
the  perpendicular  desired.  The  sides  of  the  triangle  formed  by 
the  chain  will  be  24,  32,  and  40. 
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110.  Otherwise  :  using  a  50-feet 
tape,  hold  the  16-feet  mark  at  A; 
hold  the  48-feet  mark  and*  the  ring- 
end  of  the  tape  together  on  the  line ; 
take  the  28-feet  mark  of  the  tape,  and 
draw  it  tight;  then  will  the  28-feet 
mark  be  in  the  perpendicular  desired. 


Fio.  87. 


111. 
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Second  Method,  Hold  one  end  of  the  chain  at  A  and  fix 
the  other  end  at  a  point  B,  taken  at  will. 
Swing  the  chain  around  B  as  a  center,  till  it 
again  meets  the  line  at  G.  Then  carry  the 
same  end  around  (the  other  end  remaining 
at  B)  till  it  comes  in  the  line  of  G  B  at  D. 
AD  is  the  perpendicular  required. 


C  -- -A 


Problem  3.     To  erect  a  perpendicular  to 


an  inaccessible  line,  at  a  given  point  of  it. 
S 

112.  First  Method.  Get  points  in  the  direction  of  the  inacces- 
sible line  prolonged,  and  from  them  set  out  a  parallel  to  the  line, 
by  methods  which  are  given  in  Art.  121,  etc.  Find  by  trial  the 
point  in  which  a  perpendicular  to  this  second  line  (and  therefore 
to  the  first  line)  will  pass  through  the  required  point. 

Problem  4.  To  let  fall  a  perpendicular  from  a  given  point  to 
a  given  line. 


113.  First  Method,  Let  P  be  the  given  point,  and  AB  the 
given  line.  Measure  some  distance,  a 
chain  or  less,  from  G  to  P,  and  then 
fix  one  end  of  the  chain  at  P,  and 
swing  it  around  till  the  same  distance 
meets  the  line  at  some  point  D.  The 
middle  point  E  of  the  distance  GD 
will  be  the  required  point,  at  which 
the  perpendicular  from  P  would  meet  the  line. 
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114.  Socond  Metliod,  Stretch  a  chain,  or  a  portion  of  it, 
from  the  given  point  P,  to  some  point,  as  A, 
of  the  given  line.  Hold  the  end  of  the  dis- 
tance at  A,  and  swing  round  the  other  end  of 
the  chain  from  P,  so  as  to  set  off  the  same 
distance  along  the  given  line  from  A  to  some 
point  B.  Measure  BP,  Then  will  the  dis- 
tance BC  from  B  to  the  foot  of  the  desired  perpendicular 
_  BP\ 
""2  AB 

Problem  5.     To  let  fall  a  perpendicular  to  a  line  from  a  point 
nearly  opposite  to  the  end  of  the  line. 


116.  First  Method.  Stretch  a  chain 
from  the  given  point  P,  to  some  point, 
as  A,  of  the  given  line.  Fix  to  the  ground 
the  middle  point  B  of  the  chain  A  P,  and 
swing  around  the  end  which  was  at  P,  or 
at  A,  till  it  meets  the  given  line  in  a  point 
vC,  which  will  be  the  foot  of  the  required 
j>erpendicular. 


Fig;  91. 
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116.  Second  Method.  At  any  convenient 
point,  as  A  of  the  given  line,  erect  a  perpen- 
dicular of  any  convenient  length,  as  AB,  and 
mark  a  point  C  on  the  given  line  in  the  line 
of  P  and  B.  Measure  C  A,  C  B,  and  C  P. 
Then  the  distance  from  C  to  the  foot  of  the 

CAX  CP 


perpendicular,  i.  e.,  CD  = 


CB 


Problem  6.  To  let  fall  a  perpendicular  to 
a  line  from,  an  inaccessible  point. 

117.  First  Method.  Let  P  be  the  given 
point.  At  any  point  A,  on  the  given  line, 
set  out  a  perpendicular,  AB,  of  any  conven- 
ient length.     Prolong  it  on  the  other  side  of 
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the  line  the  same  distance.  Mark  on  the  given  line  a  point  D  in 
the  line  of  PB^  and  a  point  E  in  the  line  of  PC.  Mark  the 
point  F  at  the  intersection  of  D  C  and  B  E  prolonged.  The  line 
F  P  is  the  line  required,  being  perpen- 
dicular to  the  given  line  at  the  point  G. 


Fio.  94. 


118.  Second  Method.  Let  A  and  B  be 
two  points  of  the  given  line.  From  A 
let  fall  a  perpendicular,  A  C,  to  the  vis- 
ual line,  B  P ;  and  from  B  let  fall  a  per- 
pendicular, B  D,  to  the  visual  line,  A  P. 
Find  the  point  at  which  these  perpendicu- 
lars intersect,  as  at  E,  and  the  line  P  E,  prolonged  to  F,  will  give 
the  i)erpendicular  required. 

Problem  7.     To  let  fall  a  perpendicular  from  a  given  point  to 
an  inaccessible  line, 

119.  First  Method. 


Fig.  95. 


Let  P  be  the  given  point,  and  A  B  the 
given  line.  By  the  preceding  prob- 
lem let  fall  perpendiculars  from  A  to 
B  P  at  C  ;  and  from  B  to  A  P  at  D  ; 
the  line  PE,  passing  from  the  given 
point  to  the  intersection  of  these 
perpendiculars,  is  the  desired  perpen- 
dicular to  the  inaccessible  line  A  B. 
This  method  will  apply  when  only  two  points  of  the  line  are 
visible. 

The  proof  of  118  and  119  is  found  in  the  "  Theory  of  Trans- 
versals," Corollary  3. 

120.  Second  Method.  Through  the  given  point  set  out  a  line 
parallel  to  the  inaccessible  line.  At  the  given  point  erect  a  per- 
pendicular to  the  parallel  line,  and  it  will  be  the  required  perpen- 
dicular to  the  inaccessible  line. 

Problems  on  Parallels. 
Problem  1.     To  run  a  line  from  a  given  point  parallel  to  a  given 
line. 
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121.  First  Method.  Let  fall  a  perpendicular  from  the  point  to 
the  line.  At  another  point  of  the  line^  as  far  off  as  possible^  erect 
a  perpendicular  equal  in  length  to  the  x)ne  just  let  fall.  The  line 
joining  the  end  of  this  line  to  the  given  point  will  be  the  parallel 
required. 

122.  Second  Method.  Measure  from 
P  to  any  point,  aa  C  of  the  given  line, 
and  put  a  mark  at  the  middle  point  D  of 
that  line.  From  any  point,  as  E  of  the 
given  line,  measure  a  line  to  the  point  D, 
and  continue  it  till  DF  =  DE.  Then 
will  the  line  P  F  be  parallel  to  A  B. 


Fig.  96. 


B 


123.  Third  Method.     From  any  point,  as  C  of  the  line,  set  off 
equal  distances  along  the  line  to  D  and 
E.      Take  a  point  F,  in  the  line  of 
PD.     Stake  out  the  lines  F  C  and     '*^- 
FE,  and  also  the  line  EP,  crossing 
the  line  C  F  in  the  point  G.     Last- 
ly, prolong  the  line  D  G  till  it  meets  '\.  i  /'' 
the  line  E  F  in  the  point  H.     P  H  is  p 
the  parallel  required. 

The  proof  is  found  in  Corollary  4  of  "Transversals." 


Fig.  97. 
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Problem  2. 

accessible  line. 


To  run  a  line  from  a  given  point  parallel  to  an  in" 


124.  First  Method. 


Fig.  98. 


r^ 


and  set  a  stake  at  the 

B  C  prolonged.     P  F  is  the  parallel  required. 


Let  A  B  be  the  given  line,  and  P  the 
given  point.  Set  a  stake  at  G,  in 
the  line  of  P  A,  and  another  at  any 
convenient  point,  D.  Through  P 
set  out,  by  the  preceding  problem, 
a  parallel  to  D  A,  and  set  a  stake 
at  the  point,  as  E,  where  this  par- 
allel intersects  D  C  prolonged. 
Through  E  set  out  a  parallel  to  B  D, 

point  F,  where  this  parallel  intersects 


-•D 
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126.  Second  Method.  Set  a  stake  at 
any  point  C  in  the  line  of  A  P,  and  an- 
other at  any  convenient  place^  as  at  D. 
Through  P  set  out  a  parallel  to  A  D,  in- 
tersecting C  D  in  E.  Through  E  set  out 
a  parallel  to  DB,  intersecting  CB  in  F.  *^  '  B 
The  line  PF  will  be  the  parallel  required. 

128.  Alinement  and  Measurement.  We  are  now  prepared,  hav- 
ing secured  a  variety  of  methods  for  setting  out  Perpendiculars  and 
Parallels  in  every  probable  case,  to  take  up  the  general  subject  of 
overcoming  Obstacles  to  Measurement. 

Before  a  line  can  be  measured  its  direction  must  be  determined. 
This  operation  is  called  Ranging  the  line,  or  Alining  it,  or  Boning 
it*  The  word  alinement  \  will  be  found  very  convenient  for  ex- 
pressing the  direction  of  a  line  on  the  ground,  whether  between 
two  points  or  in  their  direction  prolonged. 

This  branch  of  our  subject  naturally  divides  itself  into  two 
parts,  the  first  of  which  is  preliminary  to  the  second,  viz.  : 

L  Of  Obstacles  to  Alinement ;  or  how  to  establish  the  direction 
of  a  line  in  any  situation. 

XL  Of  Obstacles  to  Measurement;  or  how  to  find  the  length  of  a 
line  which  can  not  he  actually  measured. 

1.  Obstacles  to  Alinement. 

127.  All  the  cases  which  can  occur  under  this  head  may  be 
rednced  to  two,  viz.  : 

A.  To  find  points  in  a  line  beyond  the  given  points,  i.  e.,  to 
prolong  the  line. 

B.  To  find  points  in  a  line  between  two  given  points  of  it,  i.  e., 
to  interpolate  points  in  the  line. 

A.  To  Pbolong  a  Line. 

128.  By  ranging  with  Bods.  When  two  points  in  a  line  are 
given,  and  it  is  desired  to  prolong  the  line  by  ranging  it  out  with 

*This  word,  like  many  others  used  In  engineering,  is  derived  from  a  French  word, 
hmnMTj  to  work  out  or  limit,  indicating  that  the  Norraans  introduced  the  art  of  sur- 
▼eying  into  England.  f  Slightly  modified  from  the  French  aligncment. 
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rods^  three  persons  are  required,  each  furnished  with  a  straight, 
slender  rod,  and  with  a  plumb-line,  or  other  means  of  keeping 

their  rods  vertical.    One  holds 
^^'  his  rod  at  one  of  the  given 


%a.-^* 


'7@^^^^^^^^^^'     V^^^^^i  A  in  the  figure,  and 
"^^[^^^^{^i^  another  at  B.     A  third,  C, 

goes  forward  as  far  as  he  can 
without  losing  sight  of  the  first  two  rods,  and  then,  looking  back, 
puts  himself  ^*in  lin^"  with  A  and  B — i.  e.,  so  that  when  his 
eye  is  placed  at  C  the  rod  at  B  hides  or  covers  the  rod  at  A. 
This  he  can  do  most  accurately  by  holding  a  plumb-line  before 
his  eye,  so  that  it  shall  cover  the  first  two  rods.  The  lower  end  of 
the  plumb-bob  will  then  indicate  the  point  where  the  third  rod 
should  be  placed,  and  so  with  the  rest.  The  first  man,  at  A,  is 
then  signaled  and  comes  forward,  passes  both  the  others,  and  puts 
himself  at  D,  "  in  line"  with  C  and  B.  The  man  at  B  then  goes 
on  to  E,  and  "  lines"  himself  with  D  and  C  ;  and  so  they  proceed, 
in  this  "hand-over-hand"  operation,  as  far  as  is  desired.  Stakes 
are  driven  at  each  point  in  the  line  as  soon  as  it  is  determined. 

129.  The  rods  should  be  perfectly  straight,  either  cylindrical 
or  polygonal,  and  as  slender  as  they  can  be  without  bending. 
They  should  be  painted  in  alternate  bands  of  red  and  white,  each 
a  foot  or  link  in  length.  Their  lower  ends  should  be  pointed  with 
iron,  and  a  projecting  bolt  of  iron  will  enable  them  to  be  pressed 
down  by  the  foot  into  the  earth,  so  that  they  can  stand  alone. 
When  this  is  done,  one  man  can  range  out  a  line.  A  rod  can  be  set 
perfectly  vertical  by  holding  a  plumb-line  before  the  eye  at  some 
distance  from  the  rod,  and  adjusting  the  rod  so  that  the  plumb- 
line  covers  it  from  top  to  bottom,  and  then  repeating  the  operation 
in  a  direction  at  right  angles  to  the  former.  A  stone  dropped 
from  top  to  bottom  of  the  rods  will  approximately  attain  ^^  ^^^ 
the  same  end. 

When  the  lines  to  be  ranged  are  long,  and  great  ac- 
curacy is  required,  the  roils  may  have  attached  to  them 
plates  of  tin  with  openings  cut  out  of  them,  and  black 
hor?e-hairs  stretched  from  top  to  bottom  of  the  openings. 
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A  small  telescope  must  then  be  used  for  ranging  these  hairs  in 
line.  In  a  hasty  survey,  straight  twigs,  with  their  tops  split  to 
receive  a  paper  folded  as  in  the  figure,  may  be  used, 

ISO.  By  Perpendiculara    The  straight  line,  A  B  in  the  figure,  is 
supposed  to  be  stopped  by  a  tree,  a  house,  or  other  obstacle,  and  it 
is  desired  to  prolong  the  line 
beyond    this    obstacle.      From  ^®'  ^^^' 

any  two  points,  as  A  and  B  of     .^- S  ^^^ S- 

the  line,   set  off  (by  some  of  ^j  ^         g* j. 

the   methods  which  have  been 

given)  equal  perpendiculars,  AC  and  BD,  long  enough  to  pass 
the  obstacle.  Prolong  this  line  beyond  the  obstacle,  and  from 
any  two  points  in  it,  as  E  and  F,  meaaure  the  perpendiculars 
E  G  and  F  H  equal  to  the  first  two,  but  in  a  contrary  direction. 
Then  will  G  and  H  be  two  points  in  the  line  A  B  prolonged  which 
can  be  continued  by  the  method  of  the  lust  article.  The  points 
A  and  B  should  be  taken  as  far  apart  as  possible,  as  should  also 
the  points  E  and  F.  Three  or  more  perpendiculars  on  each  side 
of  the  obstacle  may  be  set  off,  in  order  to  increase  the  accuracy 
of  the  operation.  The  same  thing  may  also  be  done  on  the  other 
side  of  the  line,  as  another  confirmation  or  test  of  the  accuracy 
of  the  prolonged  line. 


181.  By  Equilateral  Trianglet.  The  obstacles  noticed  in  the  last 
article  may  also  be  overcome  by  means  of  three  equilateral  trian- 
gles formed  by  the  chain.  Fix  one  end 
of  the  chain,  and  also  the  end  of  the 
first  link  from  its  other  end,  at  B  ;  fix 
the  end  of  the  33d  link  at  A ;  take 
hold  of  the  66th  link  and  draw  the 
chain  tight,  pulling  equally  on  each 
part,  and  put  a  pin  at  the  point  thus 
found,  C  in  the  figure.  An  equilateral 
triangle  will  thus  be  formed,  each  side 
being  33  links.     Prolong  the  line  AG  past  the  obstacle  to  some 
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point,  as  D.  Make  another  equilateral  triangle,  DEF,  as  be- 
fore, and  thus  fix  the  point  F.  Prolong  D  F  to  a  length  equal 
to  that  of  AD,  and  thus  fix  a  point,  G.  At  G  form  a  third 
equilateral  triangle,  G  H  K,  and  thus  fix  a  point,  K.  Then  will 
K  G  give  the  direction  of  A  B  prolonged. 

132.  By  Symmetrical  Triangleib 


Fio.  104. 


Let  A  B  be  the  line  to  be  pro- 
longed. Take  any  conyenient 
point,  as  C.  Kange  out  the 
line,  AC,  to  a  point  A',  such 
that  C  A'  =  C  A.  Range  out 
C  B,  so  that  C  B'  =  C  B. 
Range  backward  A'  B'  to  some 
point  D,  such  that  D  C  pro- 
longed will  pass  the  obstacle. 
Find,  by  ranging,  the  inter- 
section at  E  of  D  B  and  A  C.  From  C  measure,  on  C  A',  the  dis- 
tance G  E'  =  C  E.  Then  range  out  D  C  and  B'  E'  to  their  intersec- 
tion in  P,  which  will  be  a  required  point  in  the  direction  of  A  B 
prolonged.  The  symmetrical  points  are  marked  by  corresponding 
letters.  Several  other  points  should  be  obtained  in  the  same 
manner. 

In  this,  as  in  all  similar  operations,  very  acute  intersections 
should  be  avoided  as  far  as  possible. 


133.  By  Transversals.     Let  A  B  be 

the  given  line.  Take  any  two  points 
C  and  D,  such  that  the  line  C  D  will 
pass  the  obstacle.  Take  another  point, 
E,  in  the  intersection  of  C  A  and  D  B. 
Measure  A  E,  A  C,  C  D,  B  D,  and  B  E. 
Then  the  distance  from  D  to  P,  a 
point  in  the  required  prolongation,  will 

beT)p_       CDXBDXAE_ 
BExAC-BDxAE' 

Other  i)oints  in  the  prolongation 
may  be  obtained  in  the  same  manner, 
by  merely  moving  the  single  point  C  in 


Fig.  105. 
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the  line  of  E  A  ;  in  which  case  the  new  distances,  G  A  and  G  D, 
will  alone  require  to  be  measured. 

If  A E  be  made  equal  to  AG,  then  is  DP  =  jr-^-^^  y^. 

G  D  X  A  E 
If  B  E  be  made  equal  to  B  D,  then  is  D  P  =  -.  nr-—\  pi- 

The  minus  sign  in  the  denominators  must  be  understood  as 
only  meaning  that  the  difference  of  the  two  terms  is  to  be  taken, 
without  regard  to  which  is  the  greater. 

134.  By  Hannonio  Coiqugateib     Let  AB  be  the  given  line.     Set 
a  stake  at  any  point  G.     Set  stakes 
at  points  D,  on  the  line  G  A,  and  ^^''''  ^^^'  ^  ^ 

at  E,  on  the  line  G  B  ;  these  points,      A '^ 

D  and  E,  being  so  chosen  that  the        X^^^--.  „.    v  w 

line  DE  will  pass  beyond  the  ob-  \        ^^y':-^}.^'' 

stacle-      Set  a  fourth  stake,  F,  at  '\     /.-V' ;■       / 

the  intersection  of   the   lines  AE  ^V  •..  \l\  / 

and  DB.      Set  a  fifth  stake,    G,  \  C^V/li 

anywhere  in  the  line  GF;  a  sixth  H^ \ \: 

stake,  H,  at  the  intersection  of  G  B  '^ 

and  D  G  prolonged  ;  and  a  seventh, 

K,  at  the  intersection  of  GA  and  EG  prolonged.  Finally,  range 
out  the  lines  DE  and  KH,  and  their  intersection  at  P  will  be  in 
the  line  A  B  prolonged. 

186.  By  the  Complete  ftnadrilateraL    Let  A  B  be  the  given  line. 

Take  any  convenient  point 

FlQ,  107.  ni  ^  -x    i^       Tk 

^  n         '  measure  from  it  to  B, 

•^^;^C" "y^" "^       and  onward,  in  the  same 

^^^^^^K::---.-J^yM  ^^°®    prolonged,  an   equal 

\v    "vy^'5^^P>^  distance  to  D.     Take  any 

n/  /E/'^  other  convenient  point,  E, 

H  such   that   G  E  and   D  E 

produced  will  clear  the  ob- 
stacle. Measure  from  E  to  A,  and  onward,  an  equal  distance,  to 
F.     Range  out  the  lines  F  G  and  D  E  to  their  intersection  in  G. 
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Frwd  View, 


Fio.  108. 
Side  View. 


4 


Range  out  FD  and  CE  to  intersect  in  H.  Measure  G  H.  Its 
middle  point,  P,  is  the  required  point  in  the  line  of  AB  prolonged. 
The  unavoidable  acute  intersections  in  this  construction  are  ob- 
jectionable. 

B.    To   INTKBPOLATE  PoiNTS   IN   A   LiNB. 

136.  The  most  distant  given  point  of  the  line  must  be  made 

as  conspicuous  as 

Back  View.  possible     by    any 

efficient  means, 
such  as  placing 
there  a  staff  bear- 
ing a  flag:  red  and 
white,  if  seen 
against  woods  or 
other  dark  back- 
ground ;  and  red 
and  green,  if  seen 
against  the  sky. 
A  convenient 
and    portable    signal    is    shown    in    the    figure. 

The  figure  represents  a  disk  of  tin  about  six  inches  in  diameter, 
painted  white  and  hinged  in  the  middle,  to  make  it  more  portable. 
It  is  kept  open  by  the  bar,  B,  being  turned  into  the  catch,  C.  A 
screw,  S,  holds  the  disk  in  a  slit  in  the  top  of  the  pole. 

Another  contrivance  is  a  strip  of  tin,  which  has  its  ends  bent 
horizontally  in  contrary  directions.  As  the  wind  will  take  strong- 
est hold  of  the  side  which  is  concave  toward  it,  the  bent  strip  will 
continually  revolve,  and  thus  be  very  conspicuous.  Its  upper  half 
should  be  painted  red,  and  its  lower  half  white. 

A  bright  tin  cone  set  on  the  staff  can  be  seen  at  a  great  distance 
when  the  sun  is  shining. 

137.  Banging  to  a  point  thus  made  conspicuous  is  very  simple 
when  the  ground  is  level.  The  surveyor  places  his  eye  at  the  near- 
est end  of  the  line,  or  stands  a  little  behind  a  rod  placed  on  it,  and 
by  signs  moves  an  assistant,  holding  a  rod  at  some  point  as  nearly 


fsfW 
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in  the  desired  line  as  he  can  guess,  to  the  right  or  left,  till  his  rod 
appears  to  cover  the  distant  point. 

138.  Across  a  Valley.     When  a  valley  or  low  spot  intervenes  be* 
tween  the  two  ends  of  the 

line,  A  and  Z  in  the  figure,  *^«- 1^»- 

a  rod  held  in  the  low  place, 
as  at  B,  would  seldom  be 
high  enough  to  be  seen 
from  A,  to  cover  the  dis- 
tant rod  at  Z.  In  such  a 
case,   the    surveyor   at  A 

should  hold  up  a  plumb-line  over  the  point,  at  arm's  length,  and 
place  his  eye  so  that  the  plumb-line  covers  the  rod  at  Z.  He 
should  then  direct  the  rod  held  at  B  to  be  moved  till  it,  too, 
is  covered  by  the  plumb-line.  The  point  B  is  then  said  to  be 
"in  line"  between  A  apd  Z.  In  geometrical  language,  B  has  now 
been  placed  in  the  vertical  plane  determined  by  the  vertical  plumb- 
hne  and  the  point  Z.  Any  number  of  intermediate  points  can  thus 
be  "interpolated,"  or  placed  in  line  between  A  and  Z. 

189.  Over  a  Hill.     When  a  hill  rises  between  two  points  and 

prevents  one  being  seen  from  the  other,  as  in  the  figure  (the  upper 

_     ,,^  part    of    which 

Fio.  110.  * 


shows  the  hill  in 
"elevation,  "and 
the  lower  part 
in  "  plan  "),  two 
observers,  B  and 
C,  each  holding 
a  rod,  may  place 
themselves  on 
the  ridge,  in  the 
line  between  the 
two  points,  as 
nearly  as  they 
can  guess,  and  so  that  each  can  at  once  see  the  other  and  the  point 
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beyond  him.  B  looks  to  Z,  and  by  signals  puts  C  **in  line/' 
C  then  looks  to  A^  and  puts  B  in  line  at  B'.  B  repeats  his  oper- 
ation from  B'y  putting  C  at  C\  and  is  then  himself  moved  to  B", 
and  so  they  alternately  "  line "  each  other,  continually  approxi- 
mating to  the  straight  line  between  A  and  Z,  till  they  at  last  find 
themselves  both  exactly  in  it,  at  B'"  and  C". 

140,  A  single  j>erson  may  put  himself  in  line  between  two 
points,  on  the  same  principle,  by  laying  a  straight  stick  on  some 
support,  going  to  each  end  of  it  in  turn,  and  making  it  point  suc- 
cessively to  each  end  of  the  line.  The  "  Surveyor's  Cross,''  Art 
93,  is  convenient  for  this  purpose,  when  set  up  between  the  two 
given  points  and  moved  again  and  again,  until,  by  repeated  trials, 
one  of  its  slits  sights  to  the  given  points  when  looked  through  in 
either  direction. 


Fio.  Ill 
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141.  On  Water.  A  simple  instrument  for  the  same  object  is 
represented  in  the  figure.  A  B  and  C  D 
are  two  tubes,  about  IJ  inch  in  diame- 
ter, connected  by  a  smaller  tube,  EF. 
A  piece  of  looking-glass,  G  H,  is  placed 
in  the  lower  part  of  the  tube  A  B,  and 
another,  KL,  in  the  tube  CD.  The 
planes  of  the  two  mirrors  are  at  right 
augles  to  each  other.  The  eye  is  placed 
at  A,  and  the  tube  A  B  is  directed  to 
any  distant  object,  as  X,  and  any  other 
object  behind  the  observer,  as  Z,  will  be 
seen,  apparently  under  the  first  object 
in  the  mirror  G  H,  by  reflection  from 
the  mirror  K  L,  when  the  observer  has 
succeeded  in  getting  in  line  between  the  two  objects.  MN  are 
screws  by  which  the  mirror  K  L  may  be  adjusted.  The  distance 
between  the  two  tubes  will  cause  a  small  parallax,  which  will, 
however,  be  insensible  except  when  the  two  objects  are  near  to- 
gether. 
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142.  Throngh  a  Wood.    When  a  wood  intervenes  between  any 

two  given  points,  preventing  one  from  being  seen  from  the  other, 

as  in  the  figure,  in  which  A  and  Z  are  the  given  points,  proceed 

thus:  Hold  a  rod 

Fig.  112. 

_  Z 

D 

B: 


..C^D^ 


"C  «^        D'  ^^  ^^^^^ 


at    some    point 

B'  as  nearly  in 

the  desired  line 

from  A  as  can     j 

be    guessed    at, 

and  as  far  from  A  as  possible.  To  approximate  to  the  proper 
direction,  an  assistant  may  be  sent  to  the  other  end  of  the  line, 
and  his  shouts  will  indicate  the  direction  ;  or  a  gun  may  be 
fired  there ;  or,  if  very  distant,  a  rocket  may  be  sent  up  after 
dark.  Then  range  out  the  "random  line'*  AB',  by  the  method 
given  in  Art.  128,  noting  also  the  distance  from  A  to  each  point 
found,  till  you  arrive  at  a  point  Z',  opposite  to  the  point  Z — i.  e., 
at  that  point  of  the  line  from  which  a  perpendicular  there  erected 
would  strike  the  point  Z.  Measure  Z'  Z.  Then  move  each  of  the 
stakes,  perpendicularly  from  the  line  A  Z\  a  distance  proportional 
to  their  distances  from  A.  Thus,  if  A  Z'  be  1,000  links,  and  Z'Z 
be  10  links,  then  a  stake  B',  200  links  from  A,  should  be  moved  2 
links  to  a  point  B,  which  will  be  in  the  desired  straight  line  A  Z ; 
if  C  be  400  links  from  A,  it  should  be  moved  4  links  to  C,  and 
so  with  the  rest.  The  line  should  then  be  cleared,  and  the  accu- 
racy of  the  position  of  these  stakes  tested  by  ranging  from  A  to  Z. 


143.  To  an  Invisible  Intersection. 


Fio.  113. 


^v#j^^^^^^'^^*'^  either  of 


j^ 


given  points.  A,  B,  C,  D,  P. 

7 


Let  A B  and  CD  be  two 
lines,  which,  if  pro- 
longed, would  meet  in  a 
invisible  from 
them;  and  let 
P  be  a  point  from  which 
a  line  is  required  to  be 
set  out  tending  to  this 
invisible  intersection. 
Set  stakes  at  the  five 
Set  a  sixth  stake  at  E,   in  the 
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alinements  of  AD  and  GP;  and  a  seveDth  stake  at  F,  iu  the 
alinements  of  B  G  and  A  P.  Then  get  an  eighth  stake  at  G,  in  the 
alinements  of  BE  and  D F.  PG  will  be  the  required  line.  This 
is  an  application  of  the  **  Theory  of  Transversals." 

Otherwise:  Through  P  range  out  a  parallel  to  the  line  BD. 
Note  the  points  where  this  parallel  meets  A  B  and  G  D,  and  call 
these  points  Q  and  R.  Then  the  distance  from  B,  on  the  line  B  D, 
to  a  point  which  shall  be  in  tho  required  line  running  from  P  to 

the  invisible  point,  will  be  =  —    v.  ^ — . 

n.  Obstacles  to  Measurement 

144  The  cases  in  which  the  direct  measurement  of  a  line  is 
prevented  by  various  obstacles  may  be  reduced  to  three : 

A.  When  both  ends  of  the  line  are  accessible. 

B.  When  one  end  of  it  is  inaccessible. 

C.  When  both  ends  of  it  are  inaccessible. 

A.  When  Both  Ends  of  the  Line  abe  aooessible. 


145.  By  Perpendiculars. 


Fig.  114. 


B ^— ^C 


On  reaching  the  obstacle,  as  at  A  in 
the  figure,  set  off  a  perpendicular, 
A  B ;  turn  a  second  right  angle  at 
B,  and  measure  past  the  obstacle ; 
turn  a  third  right  angle  at  G,  and 
measure  to  the  original  line  at  D. 
Then   will    the   measured   distance. 


B  G,  be  equal  to  the  desired  distance,  A  D. 

If  the  direction  of  the  line  is  also 
unknown,  it  will  be  most  easily  obtained 
by  the  additional  perpendiculars  shown 
in  Fig.  102  of  Art.  130. 


FiQ.  116. 


146.  By  Equilateral  Trianglei.    The 

method  given  in  Art.  131  for  determin- 
ing the  direction  of  a  line  through  an 
obstacle  will  also  give  its  length  ;  for 
in  Fig.  115  the  desired  distance  A  G  is 
equal  to  the  measured  distances  AD  or  DG. 
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Let  AB  be  the  distance  re- 


Fio.  116. 


147.  By  Symmetrical  Trianglea 
quired.  Measure  from  A  obliquely 
to  some  point  C  past  the  obstacle. 
Measure  onward^  in  the  same  line^ 
till  CD  is  as  long  as  AG.  Place 
stakes  at  0  and  D.  From  B  meas- 
ure to  G,  and  from  0  measure  on- 
ward, in  the  same  line,  till  OE  is 
equal  to  CB.  Measure  E  D,  and 
it  will  be  equal  to  A  B^  the  distance 

required.  If  more  conyenient,  make  CD  and  CE  equal,  respec- 
tively, to  half  of  A  C  and  C  B ;  then  will  A  B  be  equal  to  twice 
DE. 


148.  By  TransverBala. 


Fia.  117. 


Measure  A  C,  A  F,  and  F  E. 


Let  A  B  be  the  required  distance.  Set 
a  stake^  0,  in  the  line  prolonged  ; 
set  another  stake^  D,  so  that  G 
and  B  can  be  seen  from  it ;  and  a 
third  stake,  E,  in  the  line  of  B  D 
prolonged,  and  at  a  distance  from 
D  equal  to  the  distance  from  D 
to  B.  Set  a  fourth  stake,  F,  at 
the  intersection  of  EA  and  CD. 
AC 


Then  is  AB  =  ^(FE-AF). 


¥iQ.  118. 


B.  When  One  End  of  the  Line  is  inaccessible. 
149.  By  Perpendiculari.  This  principle  may  be  applied  in  a 
variety  of  ways.  In  Fig.  118  let  AB  be  the 
required  distance.  At  the  point  A  set  off  AG 
perpendicular  to  AB,  and  of  any  convenient 
length.  At  C  set  off  a  perpendicular  to  C  B. 
and  continue  it  to  a  point,  D,  in  the  line  of  A 

AC» 


and  B.     Measure  D  A.     Then  is  A  B  = 


AD. 


160.  Otherwise:  At  the  point  A,  in  Fig.  119, 
set  off  a  perpendicular,  AG.     At  G  set  off  another  perpendicu- 


Digitized  by  VjOOQIC 


94 


LAND-SUB  y EYING. 


Fio.  119.  lar,  C  D.     Find  a  point,  E,  in  the  line  of 

A  C  and  B  D.     Measure  A  E  and  E  C.    Then 
AExCD 


C^      i8AB  = 


CE 


If  E  0  be  made  equal  to  A  E,  and  D  be 
set  in  the  line  of  BE,  and  also  in  the  per- 
pendicular from  C,  then  will  0  D  be  equal 
to  AB. 


If  EC  =  JAE,  then  CD  =  JAB. 

161.  Otherwise :  At  A,  in  Fig.  120,  measure 
a  perpendicular,  A  C,  to  the  line  A  B ;  and  at 
any  point,  as  D  in  this  line,  set  off  a  perpen- 
dicular to  D  B,  and  continue  it  to  a  point  E,  in 
the  line  of  CB.  Measure  DE  and  also  DA, 
ACX  AD 


Fio.  120. 


Then  is  A  B  = 


Fig.  121. 


DE-AC 


152.   By    Parallels.     From   A   measure 

AC  in  any  convenient  direction.     From  a 

point  D,   in   the  line  of  B  C,   measure   a 

line  parallel  to  CA,  to  a  point  E  in  the 

line  of  A  B.     Measure  also  A  E. 

^,        .     .„      ACxAE 
Thenis  AB  =  p^_-^(S. 


Fig.  122. 


153.  By  a  Parallelogram.  Set  a  stake,  C,  in  the  line  of  A  and 
B,  and  set  another  stake,  D,  wherever  conven- 
ient. With  a  distance  equal  to  CD,  describe 
from  A  an  arc  on  the  ground ;  and,  with  a  dis- 
tance equal  to  A  C,  describe  another  arc  from 
D  intersecting  the  first  arc  in  E.  Or,  take  A  C 
and  C  D  so  that  together  they  make  one  chain  ; 
fix  the  ends  of  the  chain  at  A  and  D  ;  take 
hold  of  the  chain  at  such  a  link  that  one  part 
of  it  equals  A  C  and  the  other  C  D,  and  draw 
it  tight  to  fix  the  point  E.     Set  a  stake  at  F  in  the  intersection 
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of  A  E  and  D  B, 
ACX  AF 
EF 


or  CB  = 


Measure  A  F  and  E  F. 
ACxCD 


Then    is    A  B  = 


EF 


FiQ.  128. 


154.  By  Symmetrioal  Trianglea.  Let  A  B  be  the  required  dis- 
UiDce.  From  A  measure  a  line  in  any 
e jnvenient  direction^  as  A  0^  and  meas- 
ure onward,  in  the  same  direction,  till 
C D  =  AC.  Take  any  point  E  in  the 
line  of  A  and  B.  Measure  from  E  to 
C,  and  onward  in  the  same  line,  till  C  P 
=  C  E,  Then  find  by  trial  a  point  G, 
which  shall  be  at  the  same  time  in  the 
line  of  C  and  B,  and  in  the  line  of  D 
and  F.  Measure  the  distance  from  G 
to  D,  and  it  will  be  equal  to  the  re- 
quired distance  from  A  to  B.  If  more  convenient,  make  C  D  = 
i  A  C,  and  C  F  =  J  0  E,  as  shown  by  the  finely  dotted  lines  in 
the  figure.     Then  will  D  G  =  J  A  B. 


155.  Otherwise: 


CE. 
OA'. 


Fio.  124. 


Prolong  B  A  to  some  point'  C.  Eange  out 
any  convenient  line  C  A',  and  measure 
C  A '  =  C  A.  The  triangle  C  A'  B  is 
now  to  be  reproduced  in  a  symmetrical 
triangle  situated  on  the  accessible 
ground.  For  this  object  take,  on  A  0, 
some  point  D  and  measure  0  D'  = 
C  D.  Find  the  point  E  at  the  inter- 
section of  A  D'  and  A'  D.  Find  the 
point  F  at  the  intersection  of  A'  B  and 
Lastly,  find  the  point  B'  at  the  intersection  of  A  F  and 
Then  will  A'  B'  =  A  B.     The  symmetrical  points  have  cor- 


responding letters  affixed  to  them. 

156.  By  Transvenala.  Set  a  stake,  G,  in  the  alinement  of 
B  A ;  a  second,  D,  at  any  convenient  point  ;  a  third,  E,  in 
the  line  C  D ;  and  a  fourth,  F,  at  the  intersection  of  the  aline- 
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Fio.  125.  ments    of    D  A  and  E  B.      Measure    A  C, 

C  E,  E  D,  D  F,  and  F  A.      Then  is  A  B  = 

AC  X  AJ^XDE 
CEX  DF- AF  X  DE' 

If  the  point  E  be  taken  in  the  middle 
of  C  D  (as  it  is  in  the  figure),  then  A  B  = 
ACX  AF 
^       *""-^0    DF  — AF' 

If  the  point  F  be  taken  in  the  middle  of  A  D,  then  A  B  = 
ACxDE 
0  E  -  D  E' 

The  minus  signs  must  be  interpreted  as  in  Art.  121. 

157.  By  Harmonio  Diyiaion.  Set  stakes,  C  and  D,  on  each  side 
of  Ay  and  so  that  the  three  are  in  the 
same  straight  line.  Set  a  third  stake 
at  any  point,  E,  of  the  line  A  B.  Set 
a  fourth,  F,  at  the  intersection  of  C  B 
and  D  E  ;  and  a  fifth,  G,  at  the  inter- 
section  of  D  B  and  C  E.  Set  a  sixth 
stake,  H,  at  the  intersection  of  A  B  and 
F  G.  Measure  A  E  and  E  H.  Then  is 
AEx  AH 


Fio.  126. 


AB  = 


A  E  -  E  11' 


II^HH 

9^ 

" 

„-■"  ""^^i- 

"''"Is^k-'- 

F,4-. 

- — fa 

/  . 
/ 

->p 

\ 

/,.--' 

'  /  '^ 

'^"^^          \ 

<i.'S. 

A 

■^vX 

D 

Fio.  127. 


158.  To  an  Inaocesaible  Line.  The  shortest  distance,  G  D,  from 
a  given  point,  0,  to  an  inaccessible 
straight  line  A  B,  is  required.  From 
C  let  fall  a  perpendicular  to  A  B,  by 
the  method  of  Art  119.  Then  set  a 
stake  at  any  point,  E,  on  the  line  A  C  ; 
set  a  second,  F,  at  the  intersection  of 
E  B  and  C  D  ;  a  third,  G,  at  the  inter- 
section of  A  F  and  C  B  ;  and  a  fourth, 
n,  at  the  intersection  of  E  G  and  C  D. 


Measure  0  H   and    H  F.      Then    is 


r^  T\      CHxCF  riTk 


_  CH+HF  CHXCF 

-'^"•CH-HF'°'^^^~2"CH-CF 
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When  two  lines  (as  A  B, 


Fig.  128. 


159.  To  an  Inaooesaible  Intersection. 
CD,  in  the  figure)  meet  in  a 
river,  a  building,  or  any  other 
inaccessible  point,  the  distance 
from  any  point  of  either  to 
their  intersection,  D  E,  for  ex- 
ample, may  be  found  thus  : 
From  any  point  B,  on  one  line, 
measure  BD,  and  continue  it 
till    DF  =  DB.       From    any 

other  point  Q  of  the  former  line  measure  G  D,  and  continue  the 
line  till  D  H  =  G  D.  Continue  H  F  to  meet  D  C  in  some  point 
K.    Measure  K D.     ED  will  be  equal  to  the  desired  distance  D E. 

B  E  can  be  found  by  measuring  F  E,  which  is  equal  to  it. 

If  D  F  and  D  H  be  made  respectiyely  equal  to  one  half  or  one 
third,  etc.,  of  D  B  and  D  G,  then  will  E  D  and  E  F  be  respectively 
equal  to  one  half  or  one  third,  etc.,  of  D  E  and  B  E. 

0.  When  Both  Ends  of  the  Line  are  inaooessible. 

160.  By  Similar  Triangles.    Let  AB  be  the  inaccessible  dis- 

tance.    Set  a  stake  at  any  convenient  point 
Fig.  129.  C,  and  find  the  distances  C  A  and  C  B  by 

any  of  the  methods  just  given.     Set  a  sec- 
ond stake  at  any  point,  D,  on  the  line  C  A. 

CBx  CD 


Measure  a    distance    equal  to 


CA 


from  C,  on  the  line  C  B,  to  some  point  E. 

ACxDE 


Measure  D  E.    Then  is  A  B  = 


CD 


If  more  convenient,  measure  C  D  in  the  contrary  direction  from 
the  river,  as  in  Fig.  130,  instead  of  toward  it,  and  in  other  respecU' 
proceed  as  before. 


161.  By  ParalleU  Let  A  B  be  the  in- 
accessible distance.  From  any  point,  as  C, 
range  out  a  parallel  to  A  B,  as  in  Art. 
124,  etc.  Find  the  distance  C  A  by  Art. 
149,  etc.     Set  a  stake  at  the  point  E,  the 


Fig.  180. 
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Fio.  131. 


intersection  of  0  A  and  D  B,  and  measure 
CE. 


rru       •    A  TJ       ODX(AC-CE) 
Then  is  A  B  = c^ 


Fio.  182. 


168.  By  a  Parallelograin.  Set  a  stake  at 
^  any  conyenient  point  G.  Set  stakes  D  and 
E  anywhere  in  the  alinements  C  A  and  C  B. 
With  D  as  a  center,  and  a  length 
of  the  chain  equal  to  C  E,  describe 
an  arc ;  and  with  E  as  a  center,  and 
a  length  of  the  chain  equal  to  C  D, 
describe  another  arc,  intersecting  the 
former  one  at  F.  A  parallelogram, 
C  D  E  F,  will  thus  be  formed.  Set 
stakes  at  G  and  H,  where  the  aline- 
ments D  B  and  E  A  intersect  the  sides  of  this  parallelogram. 
Measure  CD,  DF,  GF,  FH,  and  HG.  The  inaccessible  dis- 
CD  X  DF  X  GH 


tance  A  B  = 


F  G  X  F  H 


If  CD  =  CE,  then  AB  =  ^^^^^. 


163.  By  Symmetrioal  Triangles. 


Fio.  138. 


Take  any  conyenient  point,  as 
C.  Set  stakes  at  two  other 
points,  D  and  D',  in  the  same 
line,  and  at  equal  distances 
from  C.  Take  a  point  E,  in 
the  line  of  A  D  ;  measure 
from  it  to  C,  and  onward  till 
C  E'  =  C  E.  Take  a  point 
F  in  the  line  of  B  D  ;  meas- 
ure from  it  to  C,  and  onward 
till  C  F'  =  C  F.  Bange  out 
the  lines  AC  and  E'D',  and 
set  a  stake  at  their  intersec- 
tion,   A'.      Bange    out    the 

lines  B  C  and  F'D',  and  set  a  stake  at  their  intersection,  B'. 

Measure  A'  B'.     It  will  be  equal  to  the  desired  distance  A  B. 
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Fio.  184. 


At 


164.  Otherwise :  Take  any  conyenient  point,  as  C,  and  set  off 
equal  distances  on  each  side 
of  it,  in  the  line  of  C  A,  to 
D  and  D'.  Set  off  the  same 
distances  from  G,  in  the 
line  of  C  B,  to  E  and  E'. 
Through  0  set  out  a  parallel 
to  DE  or  D'E',  and  set 
stakes  at  the  points  F  and 
F'  where  this  parallel  in- 
tersects A  E'  and  B  D'. 
Range  out  the  lines  AD' 
and  EF',  and  set  a  stake 
at    their     intersection    A'. 

Range  out  the  lines  B  E'  and  D  F,  and  set  a  stake  at  their  inter- 
section  B'.  Measure  A'B',  and  it  will  be  equal  to  the  desired 
distance  A  B. 


Digitized  by  VjOOQ IC 


CHAPTEK  IIL 

COMPASS-SXTRVEYTNG ;     OB  BY  THE  THTBD  METHOD. 

166.  Angular  Surveying  determines  the  relative  positions  of 
points,  and  therefore  of  lines,  on  the  Third  Pkinciple,  as  ex- 
plained in  Art.  6. 

Either  the  compass  or  the  transit  may  be  employed  in  angular 
surveying. 

168.  Surveying  with  the  compass  is  a  less  direct  operation 
than  surveying  with  the  transit.  But  as  the  use  of  the  com- 
pass is  much  more  rapid  and  easy,  for  this  reason,  as  well  as 
for  its  smaller  cost,  it  is  the  instrument  most  commonly  em- 
ployed in  land-surveying  in  spite  of  its  imperfections  and  in- 
accuracies. 

The  method  of  Polar  Surveying  (or  surveying  by  the  third 
method)  embraces  two  minor  methods.  The  most  usual  one 
consists  in  going  around  the  field  with  the  instrument,  setting  it 
at  each  comer,  and  measuring  there  the  angle  which  each  side 
makes  with  its  neighbor,  as  well  as  the  length  of  each  side.  This 
method  is  called  by  the  French  the  method  of  CheminemenL  It 
has  no  special  name  in  English,  but  may  be  called  (from  the 
American  verb,  to  progress)  the  Method  of  Progression.  The 
other  system,  the  Method  of  Radiation,  consists  in  setting  the  in- 
strument at  one  point  and  thence  measuring  the  direction  and 
distance  of  each  corner  of  the  field  or  other  object.  The  corre- 
sponding name  of  what  we  have  called  triangular  surveying  is  the 
Method  of  IntersectionSy  since  it  determines  points  by  the  intersec- 
tions of  straight  lines. 
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187.  When  the  two  lines  which  form  an  angle  lie  in  the  same 
horizontal  or  level  plain,  the  angle  is  called  a  horizontal  angle,* 

When  these  lines  lie  in  a  plane  perpendicular  to  the  former,  the 
angle  is  called  a  vertical  angle. 

When  one  of  the  lines  is  horizontal,  and  the  other  line  from  the 
eye  of  the  observer  passes  above  the  former,  and  in  the  same  verti- 
cal plane,  the  angle  is  called  an  angle  of  elevation. 

When  the  latter  line  passes  below  the  horizontal  line, 

and  in  the  same  vurtical  pliine,  the  iititrle  is  called  an  amjle 

of  depression. 

When   the  two   linea    which   form  an  angle  lie  in  other 

planes  which  make  oblique  angles  with  each  of  the  former 

planes,  the  angle  is  called  an  oblique  anyh^ 

Horizontal  angles  are  the  only  angles  employed  in  com- 

mon  land-surveying. 


.r--^wr 


^?«^r^^^ 


¥'f^^- 


m 


THE  COMPASS. 

168.  The  Heedle.  The  most  essential  part  of  the  compass  is 
the  magnetic  needle.  It  is  a  slender  bar  of  steel,  usually  five  or 
six  inches  long,  strongly  magnetized,  and  balanced  on  a  pivot,  so 
that  it  may  turn  freely,  and  thus  be  enabled  to  continue  pointing 
in  the  same  direction  (that  of  the  ^^  magnetic  meridiany*  approxi- 
mately north  and  south)  however  much  the  "compass-box,"  to 
which  the  pivot  is  attached,  may  be  turned  around. 

As  it  is  important  that  the  needle  should  move  with  the  least 

*  A  plane  is  said  to  be  Iiorizontal  or  fevel  when  it  is  parallel  to  the  surface  of 
Ftandin^  water,  or  perpendicular  to  a  plumb-line.  A  line  is  horizontal  when  it  lies 
in  a  horizontal  plane. 


Digiti 


zed  by  Google 


102  LAND-SUEVEYINO. 

possible  friction^  the  pivot  should  be  of  the  hardest  steel  groand  to 
a  very  sharp  point ;  and  in  the  center  of  the  needle,  which  is  to 
rest  on  the  piTot,  should  be  inserted  a  cap  of  agate,  or  other  hard 
material.  Iridium  for  the  pivot,  and  ruby  for  the  cap,  are  still 
better. 

If  the  needle  be  balanced  on  its  pivot  before  being  magnetized, 
one  end  will  sink,  or  "  dip,"  after  the  needle  is  magnetized.  To 
bring  it  to  a  level,  several  coils  of  wire  are  wound  around  the 
needle  so  that  they  can  be  slid  along  it,  to  adjust  the  weight  of  its 
two  ends  and  balance  it  more  perfectly. 

The  north  end  of  the  needle  is  usually  cut  into  a  more  orna- 
mental form  than  the  south  end  for  the  sake  of  distinction. 

The  principal  requisites  of  a  compass-needle  are  intensity  of 
directive  force  and  susceptibility.  Beyond  a  certain  limit,  say  five 
inches,  no  additional  power  is  gained  by  increasing  the  length  of 
the  needle.  On  the  contrary,  longer  ones  are  apt  to  have  their 
strength  diminished  by  several  consecutive  poles  being  formed. 
Short  needles,  made  very  hard,  are  therefore  to  be  preferred. 

The  needle  should  not  come  to  rest  very  quickly*  If  it  does,  it 
indicates  either  that  it  is  weakly  magnetized,  or  that  the  friction 
on  the  pivot  is  great.  Its  sensitiveness  is  indicated  by  the  num- 
ber of  vibrations  which  it  makes  in  a  small  space  before  coming 
to  rest. 

A  screw,  with  a  milled  head,  on  the  under  side  of  the  plate 
which  supports  the  pivot,  is  used  to  raise  the  needle  off  this  pivot 
when  the  instrument  is  carried  about,  to  prevent  the  point  being 
dulled  by  unnecessary  friction. 

169.  The  Sights  Next  after  the  needle,  which  gives  the  direc- 
tion of  the  fixed  line  whose  angles  with  the  lines  to  be  surveyed  are 
to  be  measured,  should  be  noticed  the  sights,  which  show  the  direc- 
tions of  these  last  lines.  At  each  end  of  a  line  passing  through  the 
pivot  is  placed  a  "sight,"  consisting  of  an  upright  bar  of  brass, 
with  openings  in  it  of  various  forms — usually  slits,  with  a  circular 
aperture  at  their  top  and  bottom  ;  all  these  arrangements  being 
intended  to  enable  the  line  of  sight  to  be  directed  to  any  desired 
object  with  precision. 
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A  telescope  which  can  move  up  and  down  in  a  vertical  plane, 
i.  e.>  a  plunging  telescope,  or  one  which  can  turn  completely  oyer, 
is  sometimes  substituted  for  the  sights.  It  has  the  great  advantage 
of  giving  more  distinct  vision  at  long  distances,  and  of  admitting 
of  sights  up  find  down  very  steep  slopes.  Its  accuracy  of  vision  is, 
however,  rendered  nugatory  by  the  want  of  precision  in  the  read- 
ings of  the  needle.  If  a  telescope  be  applied  to  the  compass,  a 
graduated  circle  with  vernier  should  be  added,  thus  converting  the 
compass  into  a  '' transit." 

170.  The  Divided  Circle.  We  now  have  the  means  of  indicating 
the  directions  of  the  two  lines  whose  angle  is  to  be  measured.  The 
number  of  degrees  contained  in  it  is  to  be  read  from  a  circle  divided 
into  degrees,  in  the  center  of  which  is  fixed  the  pivot  bearing  the 
needle.  The  graduations  are  usually  made  to  half  a  degree,  and  a 
quarter  of  a  degree  or  less  can  then  be  "estimated."  The  pivot 
and  needle  are  sunk  in  a  circular  box,  so  that  its  top  may  be  on  a 
level  with  the  needle.  The  graduations  are  usually  made  on  the 
top  of  the  surrounding  rim  of  the  box,  but  should  also  be  con- 
tinned  down  its  inside  circumference  so  that  it  may  be  easier  to 
see  with  what  division  the  ends  of  the  needle  coincide. 

The  degrees  are  not  numbered  consecutively  from  0°  around  to 
360**,  but  run  from  0°  to  90^  both  ways  from  the  two  diametrically 
opposite  points  at  which  a  line,  passing  through  the  slits  in  the 
middle  of  the  sights,  would  meet  the  divided  circle. 

The  lettering  of  the  surveyor's  compass  has  one  important  dif- 
ference from  that  of  the  mariner's  compass. 

When  we  stand  facing  the  north,  the  q^t  is  on  our  right  hand, 
and  the  west  on  our  left.  The  graduated  card  of  the  mariner's 
compass,  which  is  fastened  to  the  needle  and  turns  with  it,  is 
marked  accordingly.  But,  in  the  surveyor's  compass,  one  of  the 
0  points  being  marked  N.  or  north  (or  indicated  by  2k  fleur-de-lis), 
and  the  opposite  one  S.  or  south,  the  GO-degrees-point  on  the  right 
of  this  line,  as  you  stand  at  the  S.  end  and  look  toward  the  N.,  is 
marked  W.  or  west ;  and  the  left  hand  GO-degrees-point  is  marked 
E.  or  east.  The  reason  of  this  will  be  seen  when  the  method  of 
using  the  compass  comes  to  be  explained. 
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171.  The  Points  In  ordinary  land-surveying  only  four  points 
of   the  compass  have  names^  viz.,  norths  south,  east,  and  west ; 

the  direction  of  a  line  being  de- 
scribed by  the  angle  which  it 
makes  with  a  north  and  south 
line  to  its  east  or  to  its  west. 
But,  for  nautical  purposes,  the 
circle  of  the  compass  is  divided 
into  thirty-two  points,  the  names 
of  which  are  shown  in  the  figure. 
Two  rules  embrace  all  the  cases  : 
1.  When  the  letters  indicating 
two  points  a^  joined  together, 
the  point  half-way  between  the 
two  meant;  thus,  N.  E.  is 
half-way  between  north  and  east ;  and  N.  N.  E.  is  half-way  be- 
tween north  and  northeast.  2.  When  the  letters  of  two  points 
are  joined  together  with  the  intermediate  word  Jy,  it  indicates 
the  point  which  comes  next  after  the  first  in  going  toward  the 
second ;  thus,  N.  by  E.  is  the  point  which  follows  north  in  going 
toward  the  east ;  S.  E.  }y  S.  is  the  next  point  from  southeast 
going  toward  the  south. 

172.  Eocentrioity.  The  center-pin,  or  pivot  of  the  needle, 
ought  to  be  exactly  in  the  center  of  the  graduated  circle;  the 
needle  ought  to  be  straight,  and  the  line  of  the  sights  ought  to 
pa^s  exactly  through  this  center  and  through  the  0  iM)ints  of  the 
circle.  If  this  is  not  the  case,  there  will  be  an  error  in  every  ob- 
servation.    This  is  called  the  error  of  eccentricity. 

When  the  maker  of  a  compass  is  about  to  fix  the  pivot  in  place, 
he  is  in  doubt  of  two  things  :  whether  the  needle  is  perfectly 
straight,  and  whether  the  pivot  is  exactly  in  the  center.  In  Figs. 
137  and  138  both  of  these  are  represented  as  being  excessively  in 
error. 

First,  to  examine  if  the  needle  be  straight.  Fix  the  pivot 
temporarily  so  that  the  ends  of  the  needle  may  cut  opposite  de- 
grees— i.  e.,  degrees  differing  by  180°.     The  condition  of  things  at 
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this  stage  of  progress  will  be  represented  by  Fig.  137.     Then  turn 
the  compass-box  half-way  around.     The  error  will  now  be  doubled. 


Fig.  187. 


Fig.  188. 


as  is  shown  by  Fig.  138,  in  which  the  former  position  of  the  needle 
is  indicated  by  a  dotted  line.*  Now  bend  the  needle,  as  in  Fig. 
139,  till  it  cuts  divisions  midway  betwen  those  cut  by  it  in  its 
present  and  in  its  former  position.  This  makes  it  certain  that  the 
needle  is  straight,  or  that  its  two  ends  and  its  center  lie  in  the  same 
straight  line. 

Second,  to  put  the  pivot  in  the  center.  Move  it  till  the 
straightened  needle  cuts  opposite  divisions.  It  is  then  certain  that 
Ihe  direction  of  the  needle  passes  through  the  center.  Turn  the 
compass-box  one  quarter  around,  and,  if  the  needle  does  not  then 
cut  opposite  divisions,  move  the  pivot  till  it  does.  Kepeat  the 
operation  in  various  positions  of  the  box.  It  will  be  a  sufficient 
test  if  it  cuts  the  opposite  divisions  of  0°,  45°,  and  90°. 

To  fix  the  sights  precisely  in  line,  draw  a  hair  through  their 
slits  and  move  them  till  the  hair  passes  over  the  0  points  on  the 
circle. 

The  surveyor  can  also  examine  for  himself,  by  the  principle  of 
reversion,  whether  the  line  of  the  sights  passes  through  the  center 
or  not.  Sight  to  any  very  near  object.  Head  off  the  number  of 
degrees  indicated  by  one  end  of  the  needle.  Then  turn  the  com- 
pass half  around,  and  sight  to  the  same  object.  If  the  two  read- 
ings do  not  agree,  there  is  an  error  of  eccentricity,  and  the  arith- 
metical mean,  or  half  sum  of  the  two  readings,  is  the  correct  one. 

In  Fig.  140  the  line  of  sight  A  B  is  represented  as  passing  to 

*  This  is  another  example  of  the  fruitful  principle  of  reversion. 
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one  side  of  the  center,  and  the  needle  as  pointing  to  46°.    In  Fig. 
141  the  compass  is  supposed  to  have  been  turned  half  around,  and 


Fig.  140. 


Fig.  141. 


the  other  end  of  the  sights  to  be  directed  to  the  same  object. 
Suppose  that  the  needle  would  have  pointed  to  45°  if  the  line  of 
sight  had  passed  through  the  center ;  the  needle  will  now  point 
to  44°,  the  error  being  doubled  by  the  reyersion,  and  the  true 
reading  being  the  mean. 

This  does  not,  however,  make  it  certain  that  the  line  of  the 
sights  passes  through  the  0  points,  which  can  only  be  tested  by  the 
hair,  as  mentioned  above. 

178.  LevelB.  On  the  compass-plate  are  two  small  spirit-levels. 
They  consist  of  glass  tubes  slightly  curved  upward,  and  nearly 
filled  with  alcohol,  leaving  a  bubble  of  air  within  them.  One  of 
them  lies  in  the  direction  of  the  sights,  and  the  other  at  right 
angles  to  this  direction.  To  adjust  them,  move  the  plate  until 
the  bubbles  are  brought  to  the  centers  of  the  tubes,  and  then  turn 
the  plate  half  way  around.  If  the  bubbles  remain  in  the  center, 
no  adjustment  is  necessary.  If  they  do  not,  bring  the  bubbles 
half  way  back  to  the  center  by  the  screws  which  move  the  bubble 
tubes,  and  repeat  the  operation. 

174.  Tangent  Scale.  This  is  a  convenient,  though  not  essen- 
tial, addition  to  the  compass,  for  the  purpose  of  measuring  the 
slopes  of  ground,  so  that  the  proper  allowance  in  chaining  may  be 
made.     In  the  figure  of  the  compass  may  be  seen,  on  the  edge  of 
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the  left-haDd  sights  a  small  projection  of  brass  with  a  hole  through 
it.  On  the  edge  of  the  other  sight  are  engraved  lines  numbered 
from  0°  to  20°,  the  0°  being  of  the  same  height  above  the  compass- 
plate  that  the  eye-hole  is.  To  use  this,  set  the  compass  at  the  bot- 
tom of  a  slope,  and  at  the  top  set  a  signal  of  exactly  the  height  of 
the  eye-hole  from  the  ground.  Level  the  compass  very  carefully, 
particularly  by  the  level  which  lies  lengthwise,  and,  with  the  eye 
at  the  eye-hole,  look  to  the  signal  and  note  the  number  of  the 
division  on  the  farther  sight  which  is  cut  by  the  visual  ray.  That 
will  be  the  angle  of  the  slope ;  the  distances  of  the  engraved  lines 
from  the  0°  line  being  tangents  (for  the  radius  equal  to  the  dis- 
tance between  the  sights)  of  the  angles  corresponding  to  the  num- 
bers of  the  lines. 

176.  Vernier.  The  compass-box  is  connected  with  the  plate 
which  carries  it  and  the  sights,  so  that  it  can  turn  around  on  this 
plate.  This  motion  is  given  to  it  by  a  slow  motion  or  tangent 
screw,  shown  on  the  left  of  the  compass-box  in  the  figure.  The 
space  through  which  the  compass-box  is  moved  is  indicated  by  a 
vernier.  For  description  of  a  vernier,  and  method  of  reading  it, 
see  subject  Verniers  under  Transit-Surveying. 


176.  Tripod.  The  compass,  like 
most  surveying  instruments,  is  usually 
supported  on  a  tripod,  consisting  of 
three  legs,  shod  with  iron,  and  so  con- 
nected at  top  as  to  be  movable  in  any 
direction.  There  are  many  forms  of 
these.  Lightness  and  stiffness  are  the 
qualities  desired.  The  most  usual  form 
is  shown  in  the  figures  of  the  transit 
and  the  leveL  Of  the  two  represented 
in  Figs.  142  and  143  the  first  has  the 
advantage  of  being  very  easily  and 
cheaply  made ;  and  the  second  that  of 
being  light  and  yet  capable  of  very 
firmly  resisting  horizontal  torsion. 


Fio.  142. 


Fio.  148. 
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The  joints  by  which  the  instrumeut  is  connected  with  the 
tripod  are  also  -various.  Fig.  144  is  the  "ball-and-socket  joint," 
most  usual  in  this  country.  It  takes  its  name  from  the  ball  in 
which  terminates  the  covered  spindle  which  enters  a  corresponding 
cavity  under  the  compass-plate  and  the  socket  in  which  this  ball 
turns.  It  admits  of  motion  in  any  direction,  and  can  be  tightened 
or  loosened  by  turfling  the  upper  half  of  the  hollow  piece  inclosing 


Fig.  144. 


Fig.  145. 


Fig.  146. 


■) / 


it,  which  is  screwed  on  the  lower  half.  Fig.  145  is  called  the 
"shell- joint."  In  it  the  two  shell-shaped  pieces  inclosing  the  ball 
are  tightened  by  a  thumb-screw.  Fig.  146  is  "  Cugnot's  joint." 
It  consists  of  two  cylinders  placed  at  right  angles  to  each  other, 
and  through  the  axes  of  which  pass  bolts,  which  turn  freely  in  the 
cylinder,  and  can  be  tightened  or  loosened  by  thumb-screws  at 
their  ends.  The  combination  of  the  two  motions  which  this  joint 
permits  enables  the  instrument  which  it  carries  to  be  placed  in  any 
desired  direction.  This  joint  is  much  the  most  stable  of  the 
three. 

177.  Jacob's  Staff  A  single  leg,  called  a  "Jacob's  staff,"  has 
some  advantages,  as  it  is  lighter  to  carry  in  the  field,  and  can  be 
made  of  any  wood  on  the  spot  where  it  is  to  be  used,  thus  saving 
the  exj)ense  of  a  tripod  and  the  trouble  of  its  transportation.  Its 
upper  end  is  fitted  into  the  lower  end  of  a  brass  head  which  has  a 
ball-aud-socket  joint  and  axis  above.     Its  lower  end  should  be  shod 
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with  iron,  and  a  spike  running  through  it  is  useful  for  pressing  it 
into  the  ground  with  the  foot.  Of  course,  it  can  not  be  conven- 
iently used  on  frozen  ground  or  on  pavements.  It  may,  however, 
be  set  before  or  behind  the  spot  at  which  the  angle  is  to  be  meas- 
ured, provided  that  it  is  placed  very  precisely  in  the  line  of  direc- 
tion from  that  station  to  the  one  to  which  a  sight  is  to  be  taken. 

178.  The  Pritmatio  Compass.  The  peculiarity  of  this  insfcru- 
ment  (often  called  Schmalcalder's)  is  that  a  glass  triangular  prism 
is  substituted  for  one  of  the  sights.  Such  a  prism  has  this  peculiar 
property  that  at  the  same  time  it  can  be  seen  through,  so  that  a 
sight  can  be  taken  through  it,  and  that  its  upper  surface  reflects 
like  a  mirror,  so  that  the  numbers  of  the  degrees  immediately 
under  it  can  be  read  off  at  the  same  time  fchat  a  sight  to  any  object 
is  taken.  Another  peculiarity  necessary  for  profiting  by  the  last 
one    is    that    the    divided  „      ^ 

circle  is  not  fixed,  but  is 
a  card  fastened  to  the  nee- 
dle and  moving  around 
with  it,  as  in  the  « mari- 
ner's compass.  The  mi- 
nute description  which  fol- 
lows is  condensed  from 
Simms. 

In  the  figure,  A  repre- 
sents the  compass-box  and 
B  the  card,  which,  being 
attached  to  the  magnetic 
needle,  moves  as  it  moves 
around  the  agate  center  a,  on  which  it  is  suspended.  The  circum- 
ference of  the  card  is  usually  divided  to  J  or  J  of  a  degree.  C  is 
a  prism  which  the  observer  looks  through.  The  perpendicular 
thread  of  the  sight-vane,  E,  and  the  divisions  on  the  card  appear 
together  on  looking  through  the  prism,  and  the  division  with  which 
the  thread  coincides  when  the  needle  is  at  rest,  is  the  "  bearing  '* 
of  whatever  object  the  thread  may  bisect — i.  e.,  is  the  angle  which 
the  line  of  sight  makes  with  the  direction  of  the  needle.     The 
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prism  is  mounted  with  a  hinge-joint,  D.  The  sight-vane  has  a 
fine  thread  stretched  along  its  opening  in  the  direction  of  its 
length,  which  is  brought  to  hisect  any  object  by  turning  the  box 
around  horizontally.  F  is  a  mirror  made  to  slide  on  or  off  the 
sight-vane,  E  ;  and  it  may  be  reversed  at  pleasure — ^that  is,  turned 
face  downward ;  it  can  also  be  inclined  at  any  angle  by  means  of 
its  joint,  d;  and  it  will  remain  stationary  on  any  part  of  the  vane 
by  the  friction  of  its  slides.  Its  use  is  to  reflect  the  image  of  an 
object  to  the  eye  of  an  observer  when  the  object  is  much  above  or 
below  the  horizontal  plane.  The  colored  glasses  represented  at  G 
are  intended  for  observing  the  sun.  At  e  is  shown  a  spring,  which, 
being  pressed  by  the  finger  at  the  time  of  observation  and  then  re- 
leased, checks  the  vibrations  of  the  card,  and  brings  it  more  speed- 
ily to  rest.  A  stop  is  likewiee  fixed  to  the  other  side  of  the  box, 
by  which  the  needle  may  be  thrown  off  its  center. 

The  method  of  using  this  instrument  is  very  simple :  First 
raise  the  prism  in  its  socket,  i,  until  you  obtain  a  distinct  view  of 
the  divisions  on  the  card.  Then,  standing  over  the  point  where 
the  angles  are  to  be  taken,  hold  the  instrument  to  the  eye,  and, 
looking  through  the  slit,  C^  turn  around  till  the  thread  in  the 
sight-vane  bisects  one  of  the  objects  whose  bearing  is  required  ; 
then,  by  touching  the  spring,  ^,  bring  the  needle  to  rest,  and  the 
division  on  the  card  which  coincides  with  the  thread  on  the  vane 
will  be  the  bearing  of  the  object  from  the  north  or  south  points  of 
the  magnetic  meridian.  Then  turn  to  any  other  object  and  repeat 
the  operation  ;  the  difference  between  the  bearing  of  this  object 

and  that  of  the  former  will  be  the 
angular  distance  of  the  objects  in 
question.  Thus,  suppose  the 
former  bearing  to  be  40°  30',  and 
the  latter  10°  15',  both  east  or 
both  west,  from  the  north  or 
south,  the  angle  will  be  30°  15, 
The  divisions  are  generally  num- 
bered 5°,  10°,  15°,  etc.,  around  the 
circle  to  360°. 

The    figures    on    the  compass- 


Fio.  148. 
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card  are  reversed  or  written  upside  down,  as  in  the  figure  (in 
which  only  every  fifteenth  degree  is  marked),  because  they  are 
again  reversed  by  the  prism. 

The  prismatic  compass  is  generally  held  in  the  hand,  the  bear- 
jng  being  caught,  as  it  were,  in  passing;  but  more  accurate  read- 
ings would,  of  coarse,  be  obtained  if  it  rested  on  a  support,  such  as 
a  stake  cut  flat  on  its  top. 

In  the  former  mode,  the  needle  never  comes  completely  to  rest, 
particularly  in  the  wind.  In  such  cases,  observe  the  extreme  divis- 
ions between  which  the  needle  vibrates,  and  take  their  arithmeti- 
cal mean. 

179.  Befects  of  the  Compasfl.  The  compass  is  deficient  in  both 
precision  and  correctness.* 

The  former  defect  arises  from  the  indefiniteness  of  its  mode  of 
indicating  the  part  of  the  circle  to  which  it  points.  The  point  of 
the  needle  has  considerable  thickness;  it  can  not  quite  touch  the 
divided  circle  ;  and  these  divisions  are  made  only  to  whole  or  half 
degrees,  though  a  fraction  of  a  division  may  be  estimated  or 
guessed  at.  The  vernier  does  not  much  better  this,  as  we  shall  see 
when  explaining  its  use.  Now,  an  inaccuracy  of  one  quarter  of  a 
degree  in  an  angle — i.  e.,  in  the  difference  of  the  directions  of  two 
lines — causes  them  to  separate  from  each  other  b\  inches  at  the  end 
of  100  feet ;  at  the  end  of  1,000  feet,  nearly  4J  feet ;  and,  at  the 
end  of  a  mile,  23  feet.  A  difference  of  only  one  tenth  of  a  degree, 
or  six  minutes,  would  produce  a  difference  of  IJ  foot  at  the  end 
of  1,000  feet ;  and  ^{  feet  at  the  distance  of  a  mile.  Such  are 
the  differences  which  may  result  from  the  want  of  precision  in 
the  indications  of  the  compass. 

But  a  more  serious  defect  is  the  want  of  correctness  in  the  com- 
pass. Its  not  pointing  exactly  to  the  true  north  does  not,  indeed, 
affect  the  correctness  of  the  angles  measured  by  it.  But  it  does 
not  point  in  the  same  or  in  a  parallel  direction  during  even  the 

*  The  student  must  not  confound  these  two  qualities.  To  say  that  the  sun  ap- 
pears to  rise  in  the  eastern  quarter  of  the  heavens  and  to  set  in  the  western  is  corredj 
but  not,  precise.  A  watch  with  a  second-hand  indicates  the  time  of  d^y  precisely^  but 
not  always  correctly.  The  statement  that  two  and  two  make  five  is  precise,  but  is- not 
Qsoally  regarded  as  correct. 
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same  day,  but  changes  its  direction  between  sunrise  and  noon 
nearly  a  quarter  of  a  degree,  as  will  be  fully  explained  hereafter. 
The  effect  of  such  a  difference  we  have  just  seen.  This  direc- 
tion may  also  be  greatly  altered  in  a  moment,  without  the 
knowledge  of  the  surveyor,  by  a  piece  of  iron  being  brought  near 
to  the  compass,  or  by  some  ofcher  local  attraction^  as  will  be  noticed 
in  Art.  186.     This  is  the  weak  point  in  the  compass. 

Notwithstanding  these  defects,  the  compass  is  a  very  valuable 
instrument,  from  its  simplicity,  rapidity,  and  convenience  in  use ; 
and,  though  never  precise,  and  seldom  correct,  it  is  generally  not 
very  wrong. 

THS  FIELD-WOBK. 

180.  Taking  Bearings.  The  ''  bearing  '*  of  a  line  is  the  angle 
which  it  makes  with  the  direction  of  the  needle.  The  bearing  and 
length  of  a  line  are  named  collectively  the  Course. 

To  take  the  bearing  of  any  line,  set  the  compass  exactly  over 
any  point  of  it  by  a  plumb-line  suspended  from  beneath  the  center 
of  the  compass,  or,  approximately,  by  dropping  a  stone.  Level 
the  compass  by  bringing  the  air-bubbles  to  the  middle  of  the  level 
tubes.  Direct  the  sights  to  a  rod  held  truly  vertical  or  "plumb" 
at  another  point  of  the  line,  the  more  distant  the  better.  The  two 
ends  are  usually  taken.  Sight  to  the  lowest  visible  point  of  the 
rod.  When  the  needle  comes  to  rest,  note  what  division  on  the 
circle  it  points  to  ;  taking  the  one  indicated  by  the  north  end  of 
the  needle,  if  the  north  point  on  the  circle  is  farthest  from  you, 
and  vice  versa. 

In  reading  the  division  to  which  one  end  of  the  needle  points, 
the  eye  should  be  placed  over  the  other  end,  to  avoid  the  error 
which  might  result  from  the  "parallax,"  or  appai*ent  change  of 
place  of  the  end  read  from,  when  looked  at  obliquely. 

The  bearing  is  read  and  recorded  by  noting  between  what  let- 
ters the  end  of  the  nnedle  comes,  and  to  what  number ;  naming, 
or  writing  A^ovniy  first,  that  letter,  N.  or  S.,  which  is  at  the  0** 
point  nearest  to  that  end  of  the  needle  from  which  you  are  read- 
ing ;  second,  the  number  of  degrees  to  which  it  points ;  and, 
third,  the  letter  E.  or  W.  of  the  90°  point  which  is  nearest  to  the 
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same  end  of  the  needle.  Thus,  in 
the  figure,  if  when  the  sights  were 
directed  along  a  line  (the  north 
point  of  the  compass  being  most 
distant  from  the  observer)  the 
north  end  of  the  needle  i^ras  at  the 
point  A,  the  bearing  of  the  line 
sighted  on  would  be  north  45°  east ; 
if  the  end  of  the  needle  was  at  B, 
the  bearing  would  be  east;  if  at 
C,  S.  30°  E.  ;  if  at  D,  south  ;  if  at 
E,  S.  60°  W. ;  if  at  F,  west;  if  at  G,  N.  60°  W.  ;  if  at  H,  north. 


Fig.  150. 


181.  We  can  now  understand  why  W.  is  on  the  right  hand  of 
the  compass-box  and  E.  on  the  left.     Let  the  direction  from  the 

center  of  the  compass  to  the  point 
B  in  the  figure  be  required,  and 
suppose  the  sights  in  the  first  place 
to  be  pointing  in  the  direction  of 
the  needle,  S.  N.,  and  the  north 
sight  to  be  ahead.  When  the  sights 
(and  the  circle  to  which  they  are 
fastened)  have  been  turned  so  as  to 
point  in  the  direction  of  B,  the 
point  of  the  circle  marked  E.  will 
have  come  round  to  the  north  end  of  the  needle  {since  the 
needle  remains  immovable),  and  the  reading  will  therefore  be 
''east,"  as  it  should  be.  The  effect  on  the  reading  is  the  same  as 
if  the  needle  had  moved  to  the  left  the  same  distance  which  the 
sights  have  moved  to  the  right,  and  the  left  side  is  therefore 
proi)erly  marked  ''east,"  and  vice  versa.  So,  too,  if  the  bearing 
of  the  line  to  C  be  desired  half-way  between  north  and  east — i.  e., 
N.  45°  E. ;  when  the  sights  and  the  circle  have  turned  45**  to  the 
right,  the  needle,  really  standing  still,  has  apparently  arrived  at 
the  point  half-way  between  N.  and  E.,  i.  e.,  N.  45°  E. 

Some  surveyors'  compasses  are   marked   the   reverse  of  this, 
the  E.  on  the  right  and  the  W.  on  the  left.     These  letters  must 
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then    be    revei'sed    in    the    mind   before    the    bearing   is  noted 
down. 

182.  Beading  with  Vernier.  When  the  needle  does  not  point 
precisely  to  one  of  the  division-marks  on  the  circle,  the  fractional 
part  of  the  smallest  space  is  usually  estimated  by  the  eye,  as  has 
been  explained.  But  this  fractional  part  may  be  measured  by  the 
vernier  as  follows  :  Suppose  the  needle  to  point  between  N.  31°  E. 
and  N.  31^°  E.  Turn  the  tangent-screw  which  moves  the  com- 
pass-box tiH  the  smaller  division  (in  this  case  31°)  has  come  round 
to  the  needle.  The  vernier  will  then  indicate  through  what  space 
the  compass-box  has  moved,  and  therefore  how  much  must  be 
added  to  the  reading  of  the  needle.  Suppose  it  indicates  ten  min- 
utes of  a  degree.  Then  the  bearing  is  N.  31°  10'  E.  It  is,  how- 
ever, so  difficult  to  move  the  vernier  without  disturbing  the  whole 
instmment,  that  this  is  seldom  resorted  to  in  practice.  The  chief 
use  of  the  vernier  is  to  Bet  the  instrument  for  running  lines  and 
making  an  allowance  for  the  variation  of  the  needle,  as  will  be  ex- 
plained in  the  proper  place.  A  vernier  arc  is  sometimes  attached 
to  one  end  of  the  needle  and  carried  around  by  it. 

183.  Practical  Hinta.  Mark  every  station  or  spot  at  which  the 
compass  is  set  by  driving  a  stake,  or  digging  up  a  sod,  or  piling  up 
stones,  or  otherwise,  so  that  it  can  be  found  if  any  error  or  other 
cause  makes  it  necessary  to  repeat  the  survey. 

Very  often,  when  the  line  of  which  the  bearing  is  required  is  a 
fence,  etc.,  the  compass  can  not  be  set  upon  it.  In  such  cases, 
set  the  compass  so  that  its  center  is  a  foot  or  two  from  the  line, 
and  set  the  flag-staff  at  precisely  the  same  distance  from  the  line  at 
the  other  end  of  it.  The  bearing  of  the  flag-staff  from  the  com- 
pass will  be  the  same  as  that  of  the  fence,  the  two  lines  being 
parallel.  The  distances  should  be  measured  on  the  real  line.  If 
more  convenient,  the  compass  may  be  set  at  some  point  on  the  line 
prolonged,  or  at  some  intermediate  point  of  the  line,  "in  line" 
between  its  extremities. 

In  setting  the  compass  level,  it  is  more  important  to  have  it 
level  crosswise  of  the  sights  than  in  their  direction  ;  since,  if  it  be 
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not  80,  on  looking  up  or  down  hill  through  the  upper  part  of  one 
sight  and  the  lower  part  of  the  other,  the  line  of  sight  will  not  be 
parallel  to  the  N.  and  S.  or  zero  line  on  the  compass,  and  an  incor- 
i-ect  bearing  will  therefore  be  obtained. 

The  compass  should  not  be  leveled  by  the  needle,  as  some  books 
recommend — ^i.  e.,  so  leveled  that  the  ends  of  the  needle  shall  be 
at  equal  distances  below  the  glass.  The  needle  should  be  brought 
so  originally  by  the  maker,  but,  if  so  adjusted  in  the  morning,  it 
will  not  be  so  at  noon,  owing  to  the  daily  variation  in  the  dip.  If, 
tben,  the  compass  be  leveled  by  it,  the  lines  of  sight  will  generally 
be  more  or  less  oblique,  and  therefore  erroneous.  If  the  needle 
touches  the  glass  when  the  compass  is  leveled,  balance  it  by  sliding 
the  coil  of  wire  along  it. 

The  same  end  of  the  compass  should  always  go  ahead.  The 
north  end  is  preferable.  The  south  end  will  then  be  nearest  to 
the  observer.  Attention  to  this  and  to  the  caution  in  the  next 
paragraph  will  prevent  any  confusion  in  the  bearings. 

Always  take  the  readings  from  the  same  end  of  the  needle ; 
from  the  north  end,  if  the  north  end  of  the  compass  goes  ahead, 
and  vice  versa.  This  is  necessary,  because  the  two  ends  will  not 
always  cut  opposite  degrees.  With  this  precaution,  however,  the 
angle  of  two  meeting  lines  can  be  obtained  correctly  from  either 
end,  provided  the  same  one  is  used  in  taking  the  bearings  of  both 
the  lines. 

Guard  against  a  very  frequent  source  of  error  with  beginners 
in  reading  from  the  wrong  number  of 
the  two  between  which  the  needle  points,  ^°' ^"'_ 

such  as  reading  34°  for  26°  in  a  case  like     ^^^Xl^IU^i^ 
that  in  the  figure.  ^^  I 

Check  the  vibrations  of  the  needle  | 

by  gently  raising  it  off  the  pivot  so  as 

to  touch  the  glass,  and  letting  it  down  again  by  the  screw  on 
the  under  side  of  the  box. 

The  compass  should  be  smartly  tapped  after  the  needle  has 
settled,  to  destroy  the  effect  of  any  adhesion  to  the  pivot  or  fric- 
tion  of  dust  upon  it 

AU  iron,  such  as  the  cnam,  etc.,  must  be  Kept  at  a  distance 
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from  the  compass,  or  it  will  attract  the  needle,  and  cause  it  to 
deyiate  from  its  proper  direction. 

The  surveyor  is  sometimes  troubled  by  the  needle  refusing  to 
traverse  and  adhering  to  the  glass  of  the  compass  after  he  has 
briskly  wiped  this  off  with  a  silk  handkerchief^  or  it  has  been  car- 
ried so  as  to  rub  against  his  clothes.  The  cause  is  the  electricity 
excited  by  the  friction.  It  is  at  once  discharged  by  applying  a  wet 
finger  to  the  glass. 

A  compass  should  be  carried  with  its  face  resting  against  the 
side  of  the  surveyor,  and  one  of  the  sights  hooked  over  his  arm. 

In  distant  surveys  an  extra  center-pin  should  be  carried  (as  it 
is  very  liable  to  injury,  and  its  }>erfection  is  most  essential),  and 
also  an  extra  needle.  When  two  such  are  carried  they  should  be 
placed  so  that  the  north  pole  of  one  rests  against  the  south  pole  of 
the  other. 

184.  When  the  magnetism  of  the  needle  is  lessened  or  de- 
stroyed by  time,  it  may  be  renewed  as  follows  :  Obtain  two  bar 
magnets.  Provide  a  board  with  a  hole  to  admit  of  the  axis,  so 
that  its  collar  may  fit  fairly,  and  that  the  needle  may  rest  flat  on  it 
without  bearing  at  the  center.  Place  the  board  before  you  with 
the  north  end  of  the  needle  to  your  right.  Take  a  magnet  in 
each  hand,  the  left  holding  the  north  end  of  the  bar,  or  that  which 
has  the  mark  across,  downward,  and  the  right  holding  the  same 
mark  upward.  Bring  the  bars  over  the  axis,  about  a  foot  above 
it,  without  approaching  each  other  within  two  inches  ;  bring  them 
down  vertically  on  the  needle  (the  marks  as  directed)  about  an 
inch  on  each  side  of  its  axis  ;  slide  them  outward  to  its  ends  with 
slight  pressure  ;  raise  them  up ;  bring  them  to  their  former  posi- 
tion, and  repeat  this  a  number  of  times. 

185.  Baek-Sights.  To  test  the  accuracy  of  tlie  bearing  of  a  line 
taken  at  one  end  of  it,  set  up  the  compass  at  the  other  end  or  point 
sighted  to,  and  look  back  to  a  rod  held  at  the  first  station  or  point 
where  the  compass  had  been  placed  originally.  The  reading  of  the 
needle  should  now  bo  the  same  as  before. 

If  the  position  of  the  sights  had  been  reverned,  the  reading 
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would  be  the  Reverse  Bearing ;  a  former  bearing  of  N.  30®  E. 
would  then  be  8.  30°  W.,  and  so  on. 


186.  Local  AttraetioiL  If  the  back-eigfat  does  not  figree  with 
the  first  or  forward  sight,  this  latter  must  be  taken  over  again.  If 
the  same  difference  is  again  founds  this  shows  that  there  is  heal 
attraction  at  one  of  the  stationsT— i.  e.,  some  influence,  such  as  a 
mass  of  iron-ore,  ferruginous  rocks,  etc.,  under  the  surface,  which 
attracts  the  needle,  and  makes  it  deviate  from  its  usual  direction. 
Any  high  object,  such  as  a  house,  a  tree,  etc.,  has  been  found 
to  produce  a  similar  effect. 

To  discover  at  which  station  the  attraction  exists,  set  the  com- 
pass at  several  intermediate  points  in  the  line  which  joins  the  two 
stations,  and  at  points  in  the  line  prolonged,  and  take  the  bearing 
of  the  line  at  each  of  these  points.  The  agreement  of  several  of 
these  bearings,  taken  at  distant  points,  will  prove  their  correctness. 
Otherwise,  set  the  compass  at  a  third  station,  sight  to  each  of  the 
two  doubtful  ones,  and  then  from  them  back  to  this  third  station. 
This  will  show  which  is  correct. 

When  the  difference  occurs  in  a  series  of  lines,  such  as  around  a 
field  or  along  a  road,  proceed  thus  :  Let  C  be  the  station  at  which 
the  back-sight  to  B  differs 
from  the  fore-sight  from  B  to 
C.  Since  the  back-sight  from 
B  to  A  is  supposed  to  have 
agreed  with  the  fore -sight 
from  A  to  B,  the  local  attrac- 


Fio.  162. 


Fig.  153. 


tion  must  be  at  C,  and  the  forward 
bearing  must  be  corrected  by  the  dif- 
ference just  found  between  the  fore- 
and  back-sights,  adding  or  subtracting 
it,  according  to  circumstances.  An 
easy  method  is  to  draw  a  figure  for  the 
case,  as  in  Fig.  153.  In  it,  suppose 
the  true  bearing  of  B  C,  as  given  by 
a  fore-sight  from  B  to  C,  to  be  N.  40** 
E.,  but  that   there  is  local  attraction 
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at  C,  so  that  the  needle  is  drawn  aside  10®,  and  points  in  the  di- 
rection S'N'  instead  of  S  N.  The  back-sight  from  C  to  B  will 
then  give  a  bearing  of  X.  50°  E.  ;  a  difference  or  correction  for 
the  next  fore-sight  of  10°.  If  the  next  fore-sight,  from  C  to  D, 
be  N.  70®  E.,  this  10°  must  be  subtracted  from  it,  making  the 
true  fore-sight  N.  60°  E. 

A  general  rule  may  also  be  given.  When  the  hack-sight  is 
greater  than  the  fore-sighty  as  in  this  case,  subtract  the  difference 
from  the  next  fore-sight,  if  that  course  and  the  preceding  one 
have  both  their  letters  the  same  (as  in  this  case,  both  being  N.  and 
E.),  or  both  their  letters  different ;  or  add  the  difference  if  either 
the  first  or  last  letters  of  the  two  courses  are  different.  Wher^  the 
backsight  is  less  than  the  fare-sight,  add  the  difference  in  the  case 
in  which  it  has  just  been  directed  to  subtract  it,  and  subtract  it 
where  it  was  before  directed  to  add  it. 

187.  Angles  of  Deflection.  When  the  compass  indicates  much 
local  attraction,  the  difference  between  the  directions  of  two  meet- 
ing lines  (or  the  ''angle  of  deflection"  of  one  from  the  other)  can 
still  be  correctly  mejisured  by  taking  the  difference  of  the  bearings 
of  the  two  lines,  as  observed  at  the  same  point.  For  the  error 
caused  by  the  local  attraction,  whatever  it  may  be,  affects  both 
bearings  equally,  inasmuch  as  a  **  bearing"  is  the  angle  which  a 
line  makes  with  the  direction  of  the  needle,  and  that  here  remains 
fixed  in  some  one  direction,  no  matter  what,  during  the  taking  of 
the  two  bearings.  Thus,  in  Pig.  153,  let  the  true  bearing  of  BC — 
i.  e.,  the  angle  which  it  makes  with  the  line  SN — be,  as  before, 
N.  40°  E.,  and  that  of  C  D,  N.  60°  E.  The  true  "angle  of  deflec- 
tion "  of  these  lines,  or  the  angle  B'  C  D,  is  therefore  20**.  Now, 
if  local  attraction  at  C  causes  the  needle  to  point  in  the  direction 
of  S'  N',  10^  to  the  left  of  its  proper  direction,  B  C  will  bear  N. 
60°  E.,  and  CD  N.  70°  E.,  and  the  difference  of  these  bearings— 
i.  e.,  the  angle  of  deflection — will  be  the  same  as  before. 

188.  Angles  between  Courses.  To  determine  the  angle  of  de- 
flection of  two  courses  meeting  at  any  point,  the  following  simple 
rules,  the  reasons  of  which  will  appear  from  the  accompanying 
figures,  are  sufficient : 
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Fio.  154. 


W- 


^ 


Case  1.  When  the  first  letters  of  the  bearing  are  alike  (i.  e.^ 

both  N.  or  both  S.)>  and  the  last  letters  also  alike  (i.  e.,  both  E.  or 

both  W.),   take   the   difference  of    the 

bearings.      Example:  If    AB  bears  N. 

30**  R,  and  B  C  bears  N.  10°  E.,  the 

angle  of  deflection  C  B  B'  is  20^. 

Case  2.    When   the   first    letters  are 

alike  and  the  last  letters  different,  take 

the  sum  of  the  bearings.     Ex, ;  If  A  B 

bears  N.  40°  E.  and  B  C  bears  N.  20° 

W.,  the  angle  C  B  B'  is  60°. 

Case  3.    When   the  first  letters   are 

different  and  the  last  letters  alike,  sub- 
tract the  sum  of  the  bearings  from  180°. 
Ex.  :  If  AB  bears  N.  30°  E.  and  B  C 
bears  S.  40°  E.,  the  angle  C  B  B'  is  110°. 
Case  4.  When  both  the  first  and  last 
letters  are  different,  subtract  the  differ- 
ence of  the  bearings  from  180°.  Ex. :  If 
A  B  bears  8.  30°  W.  and  B  C  bears  N. 
70°  E.,  the  angle  C  B  B'  is  140°. 

If  the  angles  included  between  the 
courses  are  desired,  they  will  be  at  once 
found  by  reversing  one  bearing  and  then 

applying  the  above  rules ;  or  by  subtracting  the  results  obtained 

as  above  from  180' 

for  them. 


Fio.  16B. 


Vi^ 


or  an  analogous  set  of  rules  could  be  formed 


Fio.  166. 


Fio.  157. 


W- 


Digitized 


by  Google 


120  lAND'SURVMYINQ. 

189.  To  ehAnfe  Bearinga  It  is  conyenient  in  certain  calcula- 
tions to  suppose  one  of  the  lines  of  a  survey  to  change  its  di- 
rection so  as  to  become  due  north  and  south ;  that  is,  to  bo- 
come  a  new  meridian  line.  It  is,  then,  necessary  to  determine 
what  the  bearings  of  the  other  lines  will  be,  supposing  them  to 
change  with  it.  The  subject  may  be  made  plain  by  supposing 
the  surrey  to  be  platted  in  the  usual  way,  with  the  north  up- 
permost, and  the  plat  to  be  then  turned  around  till  the  line  to 
be  changed  is  in  the  desired  direction.  The  effect  of  this  on 
the  other  lines  will  be  readily  seen.  A  general  rule  can  also  be 
formed : 

Take  the  difference  between  the  original  bearing  of  the  side 
which  becomes  a  meridian,  and  each  of  those  bearings  which  have 
both  their  letters  the  same  as  it,  or  both  different  from  it.  The 
changed  bearings  of  these  lines  retain  the  same  letters  as  before,  if 
they  were  originally  greater  than  the  original  bearing  of  the  new 
meridian  line  ;  but,  if  they  were  less,  they  are  thrown  on  the  other 
side  of  the  N.  and  S.  line,  and  their  last  letters  are  changed,  E. 
being  put  for  W.,  and  W.  for  E. 

Take  the  sum  of  the  original  bearing  of  the  new  meridian  line, 
and  each  of  those  bearings  which  have  one  letter  the  same  as  one 
letter  of  the  former  bearing  and  one  different.  If  this  sum  exceeds 
90%  this  shows  that  the  line  is  thrown  on  the  other  side  of  the 
east  or  west  point,  and  the  difference  between  this  sum  and  180° 
will  be  the  new  bearing,  and  the  first  letter  will  be  changed,  N. 
being  put  for  S.  and  S.  for  N. 

Exaynple :  Let  the  bearings  of  the  sides  of  a  field  be  as  follows  : 
N.  32°  E.  ;  N.  80**  E.  ;  S.  48°  E.  ;  S.  18°  W.  ;  N.  73i°  W.  ;  North. 
Suppose  the  first  side  to  become  due  north  ;  the  changed  bearings 
will  then  be  as  follows  :  North  ;  N.  48°  E.  ;  S.  80°  E.  ;  S.  14°  E.  ; 
S.  74i°  W.  ;  N.  32°  W. 

To  apply  the  rule  to  the  "  North  "  course,  as  above,  it  must 
be  called  N.  0°  W,  ;  and  then,  by  the  rule,  32°  must  be  added 
to  it. 

The  true  bearings  can,  of  course,  be  obtained  from  the  changed 
bearings  by  reversing  the  operation,  taking  the  sum  instead  of  the 
difference,  and  vice  versa. 
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190.  Lme-Snnreyiiig.  This  name  may  be  given  to  Buryejs  of 
lines,  such  as  the  windings  of  a  brook,  the  euryes  of  a  road,  etc., 
by  way  of  distinction  from  Farm- Surveying y  in  which  the  lines 
surreyed  inclose  a  space. 

To  survey  a  hrooky  or  any  similar  line,  set  the  compass  at  or 
near  one  end  of  it,  and  take  the  bearing  of  an  imaginary  or  visual 

Fig.  168. 


line  running  in  the  general  average  direction  of  the  brook,  such  as 
A  B  in  the  figure.  Measure  this  line,  taking  offsets  to  the  various 
bends  of  the  brook,  as  explained  in  Art.  97.  Then  set  the  com- 
pass at  B,  and  take  a  back-sight  to  A,  and,  if  they  agree,  take 
a  fore-sight  to  C,  and  proceed  as  before,  noting  particularly  the 
points  where  the  line  crosses  the  brook. 

To  survey  a  road^  take  the  bearings  and  lengths  of  the  lines 


Fig.  169. 


fe^ 


which  can  be  most  conveniently  measured  in  the  road,  and  measure 
offsets  on  each  side  to  the  outside  of  the  road. 

When  the  line  of  a  new  road  is  surveyed,  the  bearings  and 
lengths  of  the  various  portions  of  its  intended  center-line  should  be 
measured,  and  the  distance  which  it  runs  through  each  man's  land 
should  be  noted.  Stones  should  be  set  in  the  ground  at  recorded 
distances  from  each  angle  of  the  line,  or  in  each  line  prolonged 
a  known  distance,  so  as  not  to  be  disturbed  in  making  the 
road. 

In  surveying  a  wide  river,  one  bank  may  be  surveyed  by  the. 
method  just  given,  and  points  on  the  opposite  banks,  as  trees,  etc., 
may  be  fixed  by  the  method  of  intersections  founded  on  the  fourth 
method  of  determining  the  position  of  a  point. 
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191.  ClieokB  by  Intersecting  Bearing!.  At  each  station  at  whicli 
the  compass  is  set  take  bearings  to  some  remarkable  object,  such  as 
a  church-steeple,  a  distant  house,  a  high  tree,  etc.  At  least  three 
bearings  should  be  taken  to  each  object  to  make  it  of  any  use, 
since  two  are  necessary  to  determine  it  (by  our  fourth  method), 
and,  till  thus  determined,  it  can  be  no  check.  When  the  line  is 
platted,  by  the  methods  to  be  explained  hereafter,  plat  also  the 
lines  given  by  these  bearings.  If  those  taken  to  the  same  object 
from  three  different  stations  intersect  in  the  same  point,  this 
proves  that  there  has  been  no  mistake  in  the  survey  or  platting  of 
those  stations. 

If  any  bearing  does  not  intersect  a  point  fixed  by  previous  bear- 
ings, it  shows  that  there  has  been  an  error,  either  between  the  last 
station  and  one  of  those  which  fixed  the  point,  or  in  the  last  bear- 
ing to  the  point.  To  discover  which  it  was,  plat  the  following 
line  of  the  survey,  and,  at  its  extremity,  set  off  the  bearing  from  it 
to  the  point,  and,  if  the  line  thus  platted  passes  through  the  point, 
it  proves  that  there  was  no  error  in  the  line,  but  only  in  the  bearing 
to  the  point.  If  otherwise,  the  error  was  somewhere  in  the  line 
between  the  stations  from  which  the  bearings  to  that  point  were 
taken. 

192.  Keeping  the  Field-lTotea.  The  simplest  and  easiest  method 
for  a  beginner  is  to  make  a  rough  sketch  of  the  survey  by  eye,  and 
write  down  on  the  lines  their  bearings  and  lengths. 

An  improvement  on  this  is  to  actually  lay  down  the  precise 
bearings  and  lengths  of  the  lines  in  the  field-book  in  the  manner  to 
be  explained  in  the  section  on  Platting,  Art,  209. 

193.  A  second  method  is  to  draw  a  straight  line  up  the  page  of 
the  field-book,  and  to  write  on  it  the  bearings  and  lengths  of  the 
lines.  The  only  advantage  of  this  method  is  that  the  line  will  not 
run  off  the  side  of  the  page,  as  it  is  apt  to  do  in  the  preceding 
method. 

194.  A  third  method  is  to  represent  the  line  surveyed  by  a 
double  column,  as  in  Art.  84,  which  should  be  now  referred  to. 
The  bearings  are  written  obliquely  up  the  columns.     At  the  end  of 
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each  coarse  its  length  is  written  in  the  column,  and  a  line  drawn 
across  it.  Dotted  lines  are  drawn  across  the  column  at  any  inter- 
mediate measurement.  Offsets  are  noted  as  explained  in  Art.  97. 
The  intersection  bearings,  described  in  Art.  191,  should  be  en- 
tered in  the  field-book  iefore  the  bearings  of  the  line,  in  order  to 
avoid  mistakes  of  platting  in  setting  off  the  measured  distances  on 
the  wrong  line. 

195.  A  fourth  method  is  to  write  the  stations,  bearings,  and 
distances  in  three  columns.  This  is  compact,  and  has  the  advan- 
t^e,  when  applied  to  faim-surveying,  of  presenting  a  form  suitable 
for  the  subsequent  calculations  of  content,  but  does  not  give  facili- 
ties for  noting  offsets. 

Examples  of  these  four  methods  are  given  in  Art.  199,  which 
contains  the  field-notes  of  the  lines  bounding  a  field. 

196.  Ifew  York  Canal-Haps.  The  following  is  a  description  of 
the  original  maps  of  the  survey  of  the  line  of  the  New  York  Erie 
Canal,  as  published  by  the  Canal  Commissioners.  The  figure 
represents  a  portion  of  such  a  map,  but,  necessarily,  with  all  its 
lines  black,  red  and  blue  lines  being  used  on  the  real  map : 

"The  Red  Line  described  along  the  inner  edge  of  the  towing- 
path  is  the  base-line^  upon  which  all  the  measurements  in  the  di- 

Fio.  160. 
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rection  of  the  length  of  the  canal  were  made.  The  hearings  refer 
to  the  magnetic  meridian  at  the  time  of  the  survey.  The  lengths 
of  the  several  portions  are  inserted  at  the  end  of  each  in  chains  and 
links.  The  offsets  at  each  station  are  represented  by  red  lines 
drawn  across  the  canal  in  such  a  direction  as  to  bisect  the  angles 


Digitized  by  VjOOQIC 


124  Land-surveying. 

formed  by  the  two  contiguous  portions  of  the  red  or  base  line  upon 
the  towing-path.  The  intermediate  offsets  are  set  off  at  right 
angles  to  the  base-line,  and  the  distances  on  both  are  given  from  it 
in  links.  The  intermediate  offsets  are  represented  by  red  dotted 
lines,  and  the  distances  to  them  upon  the  base-line  are  reckoned, 
in  each  case,  from  the  last  preceding  station.  The  same  is  likewise 
done  with  the  other  distances  upon  the  base-line;  those  to  the 
bridges  being  taken  to  the  lines  joining  the  nearest  angles  or  comer 
posts  of  their  abutments  ;  those  to  the  locks  extending  to  the  lines 
passing  through  the  centers  of  the  two  nearest  quoin-posts;  and 
those  to  the  aqueducts  to  the  faces  of  their  abutments.  The  space 
inclosed  by  the  Blub  Lin^es  represents  the  portion  embraced  with- 
in the  limits  of  the  survey  as  belonging  to  the  State  ;  and  the 
names  of  the  adjoining  proprietors  are  given  as  they  stood  at  the 
time  of  executing  the  survey.  The  distances  are  projected  upon  a 
scale  of  two  chains  to  the  inch." 

197.  Farm-Surveying.  A  farm  or  field  or  other  space  included 
within  known  lines  is  usually  surveyed  by  the  compass  thus  :  Begin 
by  walking  around  the  boundary-lines  and  setting  stakes  at  all  the 
comers,  which  the  flag-man  should  specially  note,  so  that  he  may 
readily  find  them  again.  Then  set  the  compaas  at  any  comer,  and 
send  the  fiag-man  to  the  next  comer.  Take  the  bearing  of  the 
bound ing-line  running  from  corner  to  comer,  which  is  usually  a 
fence.  Measure  its  length,  taking  offsets  if  necessary.  Note 
where  any  other  fence,  or  road,  or  other  line  crosses  or  meets  it, 
and  take  their  bearings.  Take  the  compass  to  the  end  of  this  first 
bounding-line ;  sight  back,  and,  if  the  back-sight  agrees,  take  the 
bearing  and  distance  of  the  next  bounding-line  :  and  so  proceed  till 
you  have  got  back  to  the  point  of  starting. 

198.  Where  speed  is  more  important  than  accuracy  in  a  sur- 
vey, whether  of  a  line  or  a  farm,  the  compass  need  be  set  only  at 
every  other  station,  taking  a  forward  sight  from  the  first  station  to 
the  second  :  then,  setting  the  compass  at  the  third  station,  taking 
a  back-sight  to  the  second  station  (but  with  the  north  point  of  the 
compass  always  ahead),  and  a  fore-sight  to  the  fourth  ;  then  going 
to  the  fifth,  and  so  on.     This  is,  however,  not  to  be  recommended. 


Digitized  by  VjOOQIC 


TEE  FIELD-WORK 


125 


199.rield-]rotea. 

The  field-notes  of  a 
farm-survey  may  be 
kept  by  any  of  the 
methods  which  have 
been  described  with 
reference  to  a  line- 
survey.  Below  are 
given  the  field-notes 
of  the  same  field  re- 
corded by  each  of 
the  methods. 


Second  Method, 

o(i) 
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Third  Method^ 
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/bttr^A  Method, 


STATIONS. 

DISTANCES. 

1 

a 

8 
4 
5 

N.  86^    E. 
K  83J*»  E. 
S.  67^    E. 
8.  84i°  W. 
N.  66J°  W. 

2-70 
1-29 
222 
8-66 
8-28 

o-90--ia- 


•-0-70- 


*  In  the  **  third  method  **  the  bearings  should  be  written  obliquely  upward,  as 
directed  in  Art.  194,  but  are  not  so  printed  here,  from  typographical  difficulties. 
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200.  The  field-notes  of  a  field  in  which  offsets  occar  may  he 
most  easily  recorded  hy  the  third  method^  as  in  Fig.  162, 

When  the  field-notes  are  recorded  by  the  fourth  method,  the 
offsets  may  be  kept  in  a  separate  table,  in  which  the  first  column 
will  contain  the  stations  from  which  the  measurements  are  made, 
the  second  column  the  distances  at  which  they  occur,  the  third 
column  the  lengths  of  the  offsets,  and  the  fourth  column  the  side 
of  the  line,  "right"  or  "left,"  on  which  they  lie. 

For  calculation,  four  more  columns  may  be  added  to  the  table, 
containing  the  intervals  between  the  offsets,  the  sums  of  the  ad- 
joining pairs,  and  the  products  of  the  numbers  in  the  two  preced- 
ing columns,  separated  into  right  and  left,  one  being  additive  to 
the  field,  and  the  other  subtractive. 

201.  Tests  of  Aoonraoy.  1.  The  check  of  intersections  de- 
scribed in  Art.  191  may  be  employed  to  great  advantage  when 
some  conspicuous  object  near  the  center  of  the  farm  can  be  seen 
from  most  of  its  corners. 

2.  When  the  survey  is  platted,  if  the  last  course  meets  the 
starting-point,  it  proves  the  work,  and  the  survey  is  then  said  to 
"close." 

3.  Diagonal  lines  running  from  comer  to  corner  of  the  farm, 
like  the  "  proof-lines "  in  chain-surveying,  may  be  measured  and 
their  bearings  taken.  When  these  are  laid  down  on  the  plat,  their 
meeting  the  points  to  which  they  had  been  measured  proves  the 
work. 

4.  The  only  certain  and  precise  test  is,  however,  that  by  "lati- 
tudes and  departures." 

202.  Method  of  Aadiation.  A  field  may  be  surveyed  from  om 
station^  either  within  it  or  without  it,  by  taking  the  bearings  and 
the  distances  from  that  point  to  each  of  the  corners  of  the  field. 
These  corners  are  then  "  determined "  by  the  third  method.  Art. 
5.  This  modification  of  that  method  is  called  the  Method  of 
Radiation,  All  our  preceding  surveys  with  the  compass  have  been 
by  the  Method  of  Progression, 

The  compass  may  be  set  at  one  corner  of  the  field,  or  at  a  point 
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in   one  of  its  sides^   and  the  same    method    of    radiation    em- 
ployed. 

This  method  is  seldom  used,  however,  since,  unlike  the  method 
of  progression,  its  operations  are  not  checks  upon  each  other. 

203.  Method  of  Intersection.  A  field  may  also  be  surveyed  by 
measuring  a  base-line^  either  within  it  or  without  it,  setting  the 
compass  at  each  end  of  the  base-line,  and  taking  from  each  end  the 
bearings  of  each  corner  of  the  field,  which  will  then  be  fixed  and 
determined  by  the  fourth  method.  Art.  6.  This  mode  of  survey- 
ing is  the  Method  of  IntersectionSy  noticed  in  Art.  166. 

204.  Auming  out  Old  Linea.  The  original  surveys  of  lands  in 
the  older  States  of  the  American  Union  were  exceedingly  deficient 
in  precision.  This  arose  from  two  principal  causes :  the  small 
value  of  land  at  the  period  of  these  surveys,  and  the  want  of  skill 
in  Ihe  surveyors.  The  effect  at  the  present  day  is  frequent  dissat- 
isfaction and  litigation.  Lots  sometimes  contain  more  acres  than 
they  were  sold  for,  and  sometimes  less.  *Lines  which  are  straight 
in  the  deed  and  on  the  map  are  found  to  be  crooked  on  the  ground. 
The  recorded  surveys  of  two  adjoining  farms  often  make  one  over- 
lap the  other,  or  leave  a  gore  between  them.  The  most  difficult 
and  delicate  duty  of  the  land-surveyor  is  to  run  out  these  old 
boundary-lines.  In  such  cases,  his  first  business  is  to  find  monu- 
ments, stones,  marked  trees,  stumps,  or  any  other  old  ** corners" 
or  landmarks.  These  are  his  starting-points.  The  owners  whose 
lands  join  at  these  comers  should  agree  on  them.  Old  fences  must 
generally  be  accepted  by  right  of  possession,  though  such  questions 
belong  rather  to  the  lawyer  than  to  the  surveyor.*  His  business  is 
to  mark  out  on  the  ground  the  lines  given  in  the  deed.  When  the 
bounds  are  given  by  compass-bearings,  the  surveyor  must  be  re- 
minded that  these  bearings  are  very  far  from  being  the  same  now 
as  originally,  having  been  changing  every  year.     The  method  of 


*  "  In  the  description  of  land  conveyed,  the  rule  la  that  known  and  fixed  monu- 
ments control  courses  and  distances.  So  the  certainty  of  metes  and  bounds  will  in- 
clude and  pass  all  the  lands  within  them,  though  they  vary  from  the  given  quantity 
expressed  in  the  deed.  In  New  York,  to  remove,  deface,  or  alter  landmarks 
maliciously  is  an  indictable  offense.*' — KenCB  Commentm'icH^  IV,  615. 
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detennining  this  important  change,  and  of  making  the  proper 
allowance,  will  be  found  under  ^'Declination  of  the  Magnetic 
Needle/' 

FLATTINO  THE  8T7BVEY. 

205.  The  platting  of  a  survey  made  with  the  compass  consists 
in  drawing  on  paper  the  lines  and  the  angles  which  have  been 
measured  on  the  ground.  The  angles  are  laid  off  and  the  lines  are 
drawn  '^  to  scale/'  as  has  been  explained  in  Chapter  I. 

206.  Platting  Bearingi.  Since  '' bearings"  taken  with  the 
compass  are  the  angles  which  the  various  lines  make  with  the 
magnetic  meridian,  or  the  direction  of  the  compass-needle,  which, 
as  we  have  seen,  remains  always  (approximately)  parallel  to  itself, 
it  is  necessary  to  draw  these  meridians  through  each  station  before 
laying  off  the  angles  of  the  bearings. 


The  T-sqnare  ifl  the  roost  conyenient  instrument  for  this  purpose.  The 
paper  on  which  the  plat  is  to  be  made  is  fastened  on  the  board  so  that 
the  intended  direction  of  the  north  and  south  line  may  be  parallel  to  one 
of  the  sides  of  the  board.  The  inner  side  of  the  stock  of  the  T-square  being 
pressed  against  one  of  the  other  sides  of  the  board  and  slid  along,  the  edge 
of  the  long  blade  of  the  square  will  always  be  parallel  to  itself  and  to  the 
first-named  side  of  the  board,  and  will  thus  represent  the  meridian  passing 
through  any  station. 

If  a  straight-edged  drawing-board  or  table  can  not  be  procured,  nail 

down  on  a  table  of  any  sliape  a 


Fie.  163. 


straight- edged  ruler,  and  slide  along 
against  it  the  outside  of  tiie  stock 
of  a  T-square,  one  side  of  the  stock 
being  flush  with  the  blade. 

A  parallel  ruler  may  also  be 
used,  one  part  of  it  being  screwed 
down  to  the  board  in  the  proper 
position. 

If  none  of  these  means  are  at 
hand,  approximately  parallel  merid- 
ians may  be  drawn  by  the  edges  of 
a  common  ruler  at  distances  apart 
equal  to  its  width,  and  the  diameter 
of  the  protractor  made  parallel  to 
them  by  mensuring  equal  distances 
between  it  and  them. 
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807.  To  plat  a  suryey  with  these  instruments^  mark  with  a  fine 
point  inclosed  in  a  circle  a  convenient  BX)ot  in  the  paper  to  repre- 
sent the    first  sta- 

. .         ^  .     ii.    «  Fia.  164. 

tion,  1  m  the  figure. 
Its  place  must  be  so 
chosen  that  the  plat 
may  not  "run  off'* 
the  paper.  With 
the  T-square  draw  a 
meridian  through 
it  The  top  of  the 
paper  is  usually^ 
though  not  necessa- 
rily, called  north. 
With  the  protractor 
lay  off  the  angle  of 
the  first  hearing. 
Set  off  the  length  of 
the  first  line  to  the 
desired  scale  from 
1  to  2.     The  line  1 2  represents  the  first  course. 

Through  2  draw  another  meridian,  lay  off  the  angle  of  the  sec- 
ond course,  and  set  off  the  length  of  this  course  from  2  to  3. 

Proceed  in  like  manner  for  each  course.  When  the  last  course 
is  platted,  it  should  end  precisely  at  the  starting-point,  as  the  sur- 
vey did,  if  it  were  a  closed  survey,  as  of  a  field.  If  the  plat  does 
not  "close**  or  "come  together,"  it  shows  some  error  or  inaccu- 
racy either  in  the  original  survey,  if  that  have  not  been  "tested" 
by  latitudes  and  departures,  or  in  the  work  of  platting.  The  plat 
here  given  is  the  same  as  that  of  Fig.  161. 

This  Tnanner  of  laying  down  the  directions  of  lines  by  the  angles  which 
they  make  with  a  meridian  line  has  a  great  advantage,  in  both  accuracy  and 
rapidity,  over  the  method  of  platting  lines  by  the  angles  which  each  makes 
with  the  h'ne  which  comes  before  it.  In  the  latter  method,  any  error  in  the 
direction  of  one  line  makes  all  that  follow  it  also  wrong  in  their  directions. 
Tn  the  former,  the  direction  of  each  line  is  independent  of  the  preceding  line, 
thoncrh  its  po»itian  would  be  changed  by  a  previous  error. 

Instead  of  drawing  a  meridian  through  each  station,  sometimes  only  one 
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is  drawn,  near  the  middle  of  the  sheet,  and  all  the  bearings  of  the  snrvey  are 
laid  off  from  some  one  point  of  it,  as  shown  in  the  figure,  and  numbered  to 
correspond  with  the  stations  from  which  these  bearings  were  taken.  The 
circular  protractor  is  convenient  for  this.  Thej  are  then  transferred  to  the 
places  where  they  are  wanted  by  a  triangle  or  other  parallel  ruler.  Fig. 
165  represents  the  same  field  platted  by  this  method. 

A  semicircular  protractor  is  sometimes  attached  to  the  stock  end  of  the 
T-square  so  that  its  blade  may  be  set  at  any  desired  angle  with  the  meridian, 
and  any  bearing  be  tbus  protracted  without  drawing  a  meridian.  It  has 
some  inconveniences. 

The  compass  itself  may  be  used  to  plat  bearings.  For  this  pur- 
pose it  must  be  at- 
tached to  a  square 
board  so  that  the  N 
and  S  line  of  the 
compass-box  mav  be 
parallel  to  two  oppo- 
site edges  of  the 
board.  This  is  placed 
on  the  paper,  and 
the  box  is  turned  till 
the  needle  points  as 
it  did  when  the  first 
bearing  was  taken. 
Then  a  line  drawn 
by  one  edge  of  the 
board  will    be  in  a 

proper  direction.     Mark  oflf  its  length,  and  plat  the  next  and  the 

succeeding  bearings  in  the  same  manner. 

208.  When  the  plat  of  a  survey  does  not  "close,"  it  may  be 
corrected  as  follows  :  Let  A  B  C  D  E  be  the  boundary-lines  platted 
according  to  the  given  bearings  and  distances,  and  suppose  that  the 
last  course  comes  to  E  instead  of  ending  at  A,  as  it  should.  Sup- 
pose also  that  there  is  no  reason  to  suspect  any  single  great  error, 
and  that  no  one  of  the  lines  was  measured  over  very  rough  ground, 
or  was  specially  uncertain  in  its  direction  when  observed.  The 
inaccuracy  must  then  be  distributed  among  all  the  lines  in  propor- 
tion to  their  length.    Each  point  in  the  figure,  B,  C,  D,  E,  must 
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be  moved  in  a  direction  parallel  to  E  A  by  a  certain  distance  which 

is  obtained  thus  :  Multiply 

the  distance  E  A  by  the 

distance  A  B,  and  divide 

by   the    snm    of    all    the 

courses.    The  quotient  will 

be  the  distance  B  B'.     To 

get  CC,  multiply  E  A  by 

A  B  +  B  C,  and  divide  the 

product  by  the  same  sum  g       "^    ~^"^'^-— ^         ••  / 

of  all  the  courses.     To  get  ^    "^^ 

DD',    multiply    E  A    by 

AB-|-  BC  +  CD,   and  divide  as  before.      So  for  any  course^ 

multiply  by  the  sum  of  the  lengths  of  that  course  and  of  all 

those  preceding  it,  and  divide  as  before.      Join   the  points  thus 

obtained,  and  the  closed  polygon  A  B'  C  D'  A  will  thus  be  formed, 

and  will  be  the  most  probable  plat  of  the  given  survey.* 

The  method  of  latitudes  and  departures,  to  be  explained  here- 
after, is,  however,  the  best  for  effecting  this  object. 


Fio.  167. 


209.  Field  Platting.    It  is  sometimes  desirable  to  plat  the  courses  of  a 

survey  in  the  field  as  soon  as  they 
are  taken,  as  was  mentioned  in  Art. 
192  ODder  the  head  of  "  Keeping  the 
Field-Notes."  One  method  of  do- 
ing this  is  to  have  the  paper  of  the 
field-book  ruled  with  parallel  lines 
at  unequal  distances  apart,  and  to 
use  a  rectangular  protractor  (which 
may  be  made  of  Bristol-board  or 
other  stout  drawing-paper)  with 
lines  ruled  across  it  at  equal  dis- 
tances of  some  fraction  of  an  inch.  A  bearing  having  been  taken  and  noted, 
the  protractor  is  laid  on  the  paper  and  its  center  placed  at  the  station  where 
the  bearing  is  to  be  laid  oflf.  It  is  then  turned  till  one  of  its  cross-lines  co- 
incides with  some  one  of  the  lines  on  the  paper,  which  represent  east  and 
west  lines.  The  long  side  of  the  protractor  will  then  be  on  a  meridian,  and 
the  proper  angle  (40°  in  the  figure)  can  be  at  once  marked  off.  The  length 
of  the  course  can  also  be  set  off  by  the  equal  spaces  between  the  cross-lines, 
letting  each  space  represent  any  convenient  number  of  links. 


♦  This  was  demonstrated  by  Dr.  Bowditch  in  No.  4  of  "  The  Analyst." 
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810.    A  oomraon  rectangnlar  protractor  without  anj  orom-lines,  or  ft 

Bemioircular  one,  can  also  be  used 
Fio.  168.  fop  the  same  porpoae.    The  parallel 

lines  on  the  paper  (which,  in  this 
method,  may  be  equidistant,  as  in 
common  ruled  writing-paper)  will 
now  represent  meridians.  Place 
the  center  of  the  protractor  on  the 
meridian  nearest  to  the  station  at 
which  the  angle  is  to  be  laid  off,  and 
turn  it  till  the  given  number  of 
degrees  is  cut  bj  the  meridian. 
Slide  the  protractor  up  or  down  the 
meridian  (which  must  continue  to 
pass  through  the  center  and  the 
proper  degree)  till  its  edge  passes 

through  the  station,  and  then  draw  by  this  edge  a  line,  which  will  have 

the  bearing  required. 

211.  Paper  ruled  into  squares  (as  are  sometimes  the  right-hand  pages  of 
surveyors'  field-books)  may  be  used 

for  platting  bearings  in  the  field.  Fio.  169. 

The  lines  running  up  the  page 
may  be  called  north  and  south 
Hoes,  and  those  running  across 
the  page  will  then  be  east  and 
west  lines.  Any  course  of  the 
survey  will  be  the  hypotenuse  of 
a  right-angled  triangle,  and  the 
ratio  of  its  other  two  sides  will 
determine  the  angle.  Thus,  if  the 
ratio  of  the  two  sides  of  the  right- 
angled  triangle,  of  which  the  line 
AB  in  the  figure  is  the  hypote- 
nuse, is  1,  that  line  makes  an  angle 
of  46°  with  the  meridian.  If  the 
ratio  of  the  long  to  the  short  side 
of  the  right-angled  triangle,  of 
which  the  line  A  0  is  the  hypotenuse,  is  4  to  1,  the  line  A  C  makes  an  angle 
of  14**  with  the  meridian.  The  line  A  D,  the  hypotenuse  of  an  equal  trian- 
gle which  has  its  long  side  lying  east  and  west,  makep  likewise  an  angle  of 
14°  with  that  side,  and  therefore  makes  an  angle  of  76°  with  the  meridian. 

212.  With  a  Paper  Protractor.  Engraved  paper  protractors  may  be 
obtained  from  the  inRtruraent-makers,  and  are  very  convenient  A  circle  of 
large  size,  divided  into  degrees  and  quarters,  is  engraved  on  copper,  and  im- 
pressions from  it  are  taken  on  drawing-paper.    The  divisions  are  not  num- 
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bered.  Draw  a  straight  line  to  represent  a  meridian  through  the  center  of 
the  cirde  in  any  convenient  direction.  Number  the  degrees  from  0"*  to  90° 
each  way  from  the  ends  of  this 
meridian,  as  on  the  compass-plate. 
The  protractor  is  now  ready  for 
use.  Choose  a  convenient  point 
for  the  first  station.  Suppose  the 
first  bearing  to  be  N.  80°  £.  The 
line  passing  through  the  center  of 
the  cirole  and  through  the  oppo- 
site points  K  80°  E.  and  8.  80'' 
W.  has  the  bearing  required.  But 
it  does  not  pass  through  the  sta- 
tion 1.  Transfer  it  thither  by 
drawing  through  station  1  a  line 
parallel  to  it,  which  will  be  the 

course  required,  its  proper  length  being  set  oflf  on  it  from  1  to  2.  Now, 
suppose  the  bearing  from  2  to  be  S.  60°  £.  Draw  through  2  a  line  parallel 
to  the  line  passing  through  the  center  of  the  circle  and  through  the  opposite 
points  S.  60°  E.  and  N.  60°  W.,  and  it  will  be  the  line  desired.  On  it  set  off 
the  proper  length  from  2  to  8,  and  so  proceed. 

When  the  plat  is  completed,  the  engraved  sheet  is  laid  on  a  clean  one  and 
the  stations  '*  pricked  through,"  and  Uie  points  thus  obtained  on  the  clean 
sheet  are  connected  by  straight  lines.  The  penciled  plat  is  then  rubbed  off 
from  the  engraved  sheet,  which  can  be  used  for  a  great  number  of  plats. 

If  the  central  circle  be  cut  out,  the  plat,  if  not  too  large,  can  be  made 
directly  on  the  paper  where  it  is  to  remain. 

The  surveyor  can  make  such  a  paper  protractor  for  himself  with  great 
ease  by  means  of  the  TalU  of  Chords  at  the  end  of  this  volume,  the  use  of 
which  is  explained  in  Art.  215.  The  engraved  ones  may  have  shrunk  after 
being  printed. 

Such  a  circle  is  sometimes  drawn  on  the  map  itself.  This  will  be  particu- 
larly convenient  if  the  bearings  of  any  lines  on  the  map  not  taken  on  the 
ground  are  likely  to  be  required.  If  the  map  be  very  long,  more  than  one 
may  be  needed. 

213.  Drawing-Board  Protractor.  Such  a  divided  circle  as  has  jnst 
been  described,  or  a  circular  protractor,  may  be  placed  on  a  drawing-board 
near  its  center,  and  so  that  its  0°  and  90°  lines  are  parallel  to  the  sides  of  the 
drawing-board.  Lines  are  then  to  be  drawn  through  the  center  and  oppo- 
site divisions  by  a  ruler  long  enough  to  reach  the  edges  of  the  drawing-board 
on  which  they  are  to  be  cut  in  and  numbered.  The  drawing-board  thus  be- 
comes, in  fact,  a  double  rectangular  protractor.  A  strip  of  white  paper  may 
have  previously  been  pasted  on  the  edges,  or  a  narrow  strip  of  white  wood 
inlaid.  When  this  is  to  be  used  for  platting,  a  sheet  of  paper  is  put  on  the 
board  as  usual,  and  lines  are  drawn  by  a  ruler  laid  across  the  0°  points  and 
the  90°  points,  and  the  center  of  the  circle  is  at  once  found,  and  should  be 
marked  0.    The  bearings  are  then  platted  as  in  the  last  method. 
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214.  With  a  Scale  of  Chorda.  On  the  plane  scale  coDtained  in  caseB  ot 
mathematical  drawing  instruments  will  be  found  a  series  of  divisions  nnro- 
bered  from  0  to  90,  and  marked  C  H  or  C.  This  is  a 
scale  of  chords,  and  gives  the  lengths  of  the  chords  of 
any  arc  for  a  radius  equal  in  length  to  the  chord  of  60"* 
on  the  scale.  To  lay  off  an  angle  with  this  scale,  aa, 
for  example,  to  draw  a  line  making  at  A  an  angle  of 
40*"  with  A  B,  take,  in  the  dividers,  the  distances  from 
0  to  60  on  the  scale  of  chords ;  with  this  for  radius  and 
A  for  center,  describe  an  indefinite  arc  0  D.  Take  the 
distance  from  0  to  40  on  the  same  scale,  and  set  it  off 
on  the  arc  as  a  chord  from  C  to  some  point  D.  Join 
A  D  and  prolong  it.    B  A  E  is  the  angle  required. 

The  sector,  Fig.  29,  supplies  a  modification  of  this 
method  sometimes  more  convenient.  On  each  of  its  legs  is  a  scale  marked 
C  or  0  II.  Open  it  at  pleasure ;  extend  the  compass  from  60  to  60,  one  on 
each  leg,  and  with  tiiis  radius  describe  an  arc.  Then  extend  the  compasses 
from  40  to  40,  and  the  distance  will  be  the  chord  of  40°  to  that  radius. 
It  can  be  set  off  as  above. 

The  smallness  of  the  scale  renders  the  method  with  a  scale  of  chords 
practically  deficient  in  exactness,  bat  it  serves  to  illustrate  the  next  and  hett 
method. 

216.  With  a  Table  of  Chorda  At  the  end  of  this  volume  will  be  found 
a  table  of  the  lengths  of  the  chords  of  arcs  for  every  degree  and  minute  of 
the  quadrant  calculated  for  a  radius  equal  to  1. 

To  use  it,  take  in  the  compasses  one  inch,  one  foot,  or  any  other  conven- 
ient distance  (the  longer  the  better),  divided  into  tenths  and  hundredths  by  a 
diagonal  scale  or  otherwise.  With  this  as  radius  describe  an  arc  as  in  the 
last  case.  Find  in  the  table  of  chords  the  length  of  the  chord  of  the  desired 
angle.  Take  it  from  the  scale  just  used  to  the  nearest  decimal  part  which 
the  scale  will  give.  Set  it  off  as  a  chord,  as  in  the  last  figure,  and  join  the 
point  thus  obtained  to  the  starting-point.     This  gives  the  angle  desired. 

The  superiority  of  this  method  to  that  which  employs  a  protractor  is  due 
to  the  greater  precision  with  which  a  straight  line  can  be  divided  than  can  a 
circle. 

A  slight  modification  of  this  method  is  to  take  in  the  compasses  ten  equal 
parts  of  any  convenient  length,  inches,  half  inches,  quarter  inches,  or  any 
other  at  hand,  and  with  this  radius  describe  an  arc  as  before,  and  set  off  a 
chord  ten  times  as  great  as  the  one  found  in  the  table — i.  e.,  imagine  the 
decimal-point  moved  (me  place  to  the  right. 

If  the  radius  be  100  or  1,000  equal  parts,  imagine  the  decimal-point  moved 
two  or  three  places  to  the  right. 

Whatever  radius  may  be  taken  or  given,  the  product  of  that  radins  into  a 
chord  of  the  table  will  give  the  chord  for  that  radius. 

This  gives  an  easy  and  exact  method  of  getting  a  right  angle  by  desorib' 
ing  an  arc  with  a  radius  of  1,  and  setting  off  a  chord  equal  to  1*4142. 
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If  the  angle  to  be  oonstrncted  is  more  than  90°,  con>truct  on  the  other 
nde  of  the  given  point  npon  the  given  line  prolonged  an  angle  equal  to  what 
the  given  angle  wants  of  180° — i.  e.,  its  supplements  in  the  language  of 
trigonometry. 

This  same  table  gives  the  means  of  measuring  any  angle.  With  the  an- 
gular point  for  a  center,  and  1  or  10  for  a  radius,  describe  an  arc.  Measure 
the  length  of  the  chord  of  the  arc  between  the  legs  of  the  angle,  find  this 
length  in  the  table,  and  the  angle  corresponding  to  it  is  the  one  desired. 

This  table  will  also  serve  to  find  the  natural  sine  or  cosine  of  any  angle. 
Multiply  the  given  angle  by  two ;  find  in  the  table  the  chord  of  this  doable 
angle ;  and  half  of  this  chord  will  be  the  natural  sine  required.  For  the 
chord  of  any  angle  is  equal  to  twice  the  sine  of  half  the  angle.  To  find  the 
cosine^  proceed  as  above,  with  the  angle  which,  added  to  the  given  angle, 
would  make  90°. 

Another  use  of  this  table  is  to  inscribe  regular  polygons  in  a  circle  by  set- 
ting off  the  chords  of  the  arcs  which  their  sides  subtend. 

Still  another  use  is  to  divide  an  arc  or  angle  into  any  number  of  equal 
parts  by  setting  off  the  fractional  arc  or  angle. 

216.  With  a  Table  of  Natnral  Sines.  In  the  absence  of  a  table  of 
chords,  heretofore  rare,  a  table  of  natural  sines,  which  can  be  found  any- 
where, may  be  used  as  a  less  convenient  substitute.  Since  the  chord  of  any 
angle  equals  twice  the  sine  of  half  the  angle,  divide  the  given  angle  by  two : 
find  in  the  table  the  natural  sine  of  this  half  angle ;  double  it,  and  the  prod- 
uct is  the  chord  of  the  whole  angle.  This  can  then  be  used  precisely  as 
was  the  chord  in  the  preceding  article. 

An  ingenious  modification  of  this  method  has  been  much  used.  Describe 
an  arc  from  the  given  point  as  center,  as  in  the  last  two  articles,  but  with  a 
radius  of  five  equal  parts.  Take  from  a  table  the  length  of  the  natural  sine 
of  half  the  given  angle  to  a  radius  of  ten.  Set  off  this  length  as  a  chord  on 
the  arc  just  described,  and  join  the  point  thus  obtained  to  the  given  point. 

The  reason  of  this  is  apparent  from  the  figure.    D  E  is  the  sine  of  half 
the  angle  B  A  0  to  a  radias  of  ten  equal  parts,  and  6  G  is  the  chord  directed 
to  be  set  off  to  a  radius  of  five  equal  parts.    B  0  is 
equal  to  DE,  forBO  =  2-BF  by  trigonometry,  and  Fio.  172. 

D  £  =  2-  B  F  by  similar  triangles ;  hence  B  0  =  D  £. 


4===-/. 


217.  By  Latitudes  and  Departures.  When 
the  latitudes  and  departures  of  a  survey  have 
been  obtained  and  corrected,  either  to  test  its 
accuracy  or  to  obtain  its  content,  they  afford 
the  easiest  and  best  means  of  platting  it.  The 
description  of  this  method  will  be  given  in  Art. 
246. 
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218.  The  plat  of  a  suryej  necessarily  has  many  lines  of  con- 
struction drawn  upon  it  which  are  not  needed  in  the  finished  map. 
These  lines  and  the  marks  of  instruments  so  disfigure  the  paper 
that  a  fair  copy  of  the  plat  is  usually  made  before  the  map  is 
finished.  The  various  methods  of  copying  plats,  etc.,  whether 
on  the  same  scale,  or  reduced,  or  enlarged,  will  therefore  now  be 
described. 

219.  Stretohing  the  Paper.  If  the  map  is  to  be  colored,  the 
paper  must  first  be  wetted  and  stretched,  or  the  application  of  the 
wet  colors  will  cause  its  surface  to  swell  or  blister  and  become  un- 
eyen.  Therefore,  with  a  soft  sponge  and  clean  water,  wet  the  back 
of  the  paper,  working  from  the  center  outward  in  all  directions. 
The  "  water-mark  "  reads  correctly  only  when  looked  at  from  the 
front  side,  which  it  thus  distinguishes.  When  the  paper  is  thor- 
oughly wet  and  thus  greatly  expanded,  glue  its  edges  to  the  draw- 
ing-board for  half  an  inch  in  width,  turning  them  up  against  a 
ruler,  passing  the  glue  along  them,  and  then  turning  them  down 
and  pressing  them  with  the  ruler.  Some  prefer  gluing  down  oppo- 
site edges  in  succession,  and  others  adjoining  edges.  The  paper 
must  be  moderately  stretched  smooth  during  the  process.  Hot 
glue  is  best.  Paste  or  gum  may  be  used,  if  the  paper  be  kept  wet 
by  a  damp  cloth,  so  that  the  edges  may  dry  first.  "  Mouth-glue  " 
may  be  used  by  rubbing  it  (moistened  in  the  mouth  or  in  boiling 
water)  %long  the  turned-up  edges,  and  then  rubbing  them  dry  by 
an  iTory  folder,  a  piece  of  dry  paper  being  interposed.  As  this  is  a 
slower  process,  the  middle  of  each  side  should  first  be  fastened 
down,  then  the  four  angles,  and  lastly  the  intermediate  portions. 
When  the  paper  becomes  dry,  the  creases  and  puckerings  will  have 
disappeared,  and  it  will  be  as  smooth  and  tight  as  a  drum-head. 

220.  Copying  by  Tracing.  Fix  a  large  pane  of  clear  glass  in  a 
frame  so  that  it  can  be  supported  at  any  angle  before  a  window,  or, 
at  night,  in  front  of  a  lamp.  Place  the  plat  to  be  copied  on  this 
glass,  and  the  clean  paper  upon  it.  Connect  them  by  pins,  etc. 
Trace  all  the  desired  lines  of  the  original  with  a  sharp  pencil  as 
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lightly  as  they  can  be  easily  seen.  Take  care  that  the  paper  does 
not  slip.  If  the  plat  is  larger  than  the  glass,  copy  its  parts  succes- 
sively^ being  very  careful  to  fix  each  part  in  its  true  relative  posi- 
tion. *  Ink  the  lines  with  India  ink,  making  them  very  fine  and 
pale  if  the  map  is  to  be  afterward  colored. 

221.  Copying  on  Tradng-Paper.  A  thin  transparent  paper  is 
prepared  expressly  for  the  purpose  of  making  copies  of  maps  and 
drawings,  but  it  is  too  delicate  for  much  handling.  It  may  be  pre- 
pared by  soaking  tissue-paper  in  a  mixture  of  turpentine  and  Can- 
ada balsam  or  balsam  of  fir  (two  parts  of  the  former  to  one  of  the 
latter),  and  drying  very  slowly.  Cold-drawn  linseed-oil  will  answer 
tolerably,  the  sheets  being  hung  up  for  some  weeks  to  dry.  Linen 
is  also  similarly  prepared,  and  sold  under  the  name  of  "  vellum 
tracing-paper.*'  It  is  less  transparent  than  the  tracing-paper,  but 
is  very  strong  and  durable.  Both  of  these  are  used  rather  for  pre- 
serving duplicates  than  for  finished  maps. 

222.  Copying  >y  Photography.  This  may  be  used  for  copying 
drawings,  and  is  especially  applicable  when  the  drawings  are  to  be 
very  much  reduced  in  size. 

223.  Copying  by  Blue  Prints.  Dissolve  one  ounce  of  ferricya- 
nide  of  potassium  in  ten  ounces  of  pure  water.  Also  dissolve  two 
ounces  of  ammonia  citrate  of  iron  in  ten  ounces  of  water.  Mix  the 
two  solutions  in  a  cup,  and  with  a  brush  cover  the  surface  of  the 
paper  on  which  the  print  is  to  be  made  with  the  mixture. 

The  surface  should  be  thoroughly  covered,  but  no  more  of  the 
mixture  should  be  applied  than  the  paper  will  take  up.  The  paper 
should  become  limp  and  moist  but  not  wet.  The  work  should  be 
done  in  a  room  lighted  with  a  lamp,  and  when  the  paper  is  dry  it 
should  be  kept  in  a  dark  place. 

To  make  a  blue-print  copy,  a  tracing  of  the  drawing  should 
first  be  made.  Put  the  tracing  over  a  sheet  of  the  prepared  paper 
and  a  sheet  of  glass  over  the  tracing,  in  order  to  keep  the  tracing 
in  contact  with  the  prepared  paper.  Expose  the  paper  to  the  sun- 
light, with  the  glass  toward  the  sun,  until  the  lines  of  the  drawing 
are  plainly  seen  on  the  prepared  paper.     Wash  the  paper  until  the 


Digitized 


by  Google 


138  LAND-SURVEYING. 

water  running  off  is  no  longer  colored  yellow.  When  dried,  the 
lines  of  the  drawing  will  be  white  upon  a  blue  ground.  The  pre- 
pared paper  for  blue  prints  can  be  bought  of  dealers  in  engineers' 
supplies. 

There  are  several  similar  methods  of  making  prints,  differing  in 
the  chemicals  used,  and  in  the  color  of  the  lines  and  background. 

224.  Copying  by  Ttantfer-Paper.  This  is  thin  paper,  one  side  of  which 
is  rubbed  with  black-lead,  etc.,  smoothly  spread  by  cotton.  It  is  laid  on  the 
clean  paper,  the  blackened  side  downward,  and  the  plat  is  placed  upon  it. 
All  the  lines  of  the  plat  are  then  gone  over  with  moderate  pressure  by  a 
blunt  point,  such  as  the  eye-end  of  a  small  needle.  A  faint  tracing  of  these 
lines  will  then  be  found  on  the  clean  paper,  and  can  be  inked  at  leisure.  If 
the  original  can  not  be  thus  treated,  it  may  first  be  copied  on  tracing-paper, 
and  this  copy  be  thus  transferred.  If  the  transfer-paper  be  prepared  by 
rubbing  it  with  lampblack  ground  up  with  hard  soap,  its  lines  will  be  in- 
effaceable.   It  is  then  called  ^^  Camp-paper." 


Copying  by  PnnotoreB.  Fix  the  clean  paper  on  a  drawing-board 
and  the  plat  over  it.  Prepare  a  fine  needle  with  a  sealing-wax  head.  Hold 
it  very  truly  perpendicular  to  the  board,  and  prick  through  every  angle  of 
the  plat,  and  every  comer  and  intersection  of  its  other  lines,  such  as  houses, 
fences,  etc.,  or  at  least  the  two  ends  of  every  line.  For  circles,  the  center 
and  one  point  of  the  circumference  are  sufficient.  For  irregular  curves,  such 
as  rivers,  etc.,  enough  points  must  be  pricked  to  indicate  all  their  sinuosities. 
Work  with  system,  finishing  up  one  strip  at  a  time,  so  as  not  to  omit  any 
necessary  points  nor  to  prick  through  any  twice,  though  the  latter  is  safer. 
When  completed,  remove  the  plat.  The  copy  will  present  a  wilderness  of 
fine  points.  Select  those  which  detennine  the  leading  lines,  and  then  the 
rest  will  be  easily  recognized.  A  beginner  should  first  pencil  the  lines  lightly, 
and  then  ink  them.  An  experienced  draughtsman  will  omit  the  penciling. 
Two  or  three  copies  may  be  thus  pricked  through  at  once.*  The  holes  in  the 
original  plat  may  be  made  nearly  invisible  by  rubbing  them  on  the  back  of 
the  sheet  with  a  paper-folder,  or  the  thumb-nail. 

226.  Copying  by  ZntiersectionB.  Draw  a  line  on  the  clean  paper  equal 
in  length  to  some  important  line  of  the  original.  Two  starting-points  are 
thus  obtained.  Take  in  the  dividers  the  distance  from  one  end  of  the  line 
on  the  original  to  a  thii'd  point.  From  the  corresponding  end  on  the  copy, 
describe  an  arc  with  this  distance  for  radius  and  about  where  the  point  will 
come.  Take  the  distance  on  the  original  from  the  other  end  of  the  line  to 
the  point,  and  describe  a  corresponding  arc  on  the  copy  to  intersect  the  for- 
mer arc  in  a  point  which  will  be  that  desired.  The  principle  of  the  opera- 
tion is  that  of  our  "  First  Method  "  (Art.  3).  Two  pairs  of  dividers  may  be 
used,  as  explained  in  Art.  82.  "  Triangular  compasses,'*  having  three  legs, 
ore  used  by  fixing  two  of  their  legs  on  the  two  given  points  of  the  original. 
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and  the  third  leg  on  the  point  to  be  copied,  and  then  transferring  them  to 
tne  copy.  All  the  points  of  the  original  can  thus  be  accurately  reproduced. 
The  operation  is,  however,  very  slow.  Only  the  chief  points  of  a  plat  may 
be  thns  transferred,  and  the  details  filled  in  by  the  following  method : 

227.  Copying  by  Squares.  On  the  original  plat  draw  a  series  of  par- 
allel and  eqnidistant  lines.  The  T-sqaare  does  this  most  readily.  Draw  a 
similar  series  at  right  angles  to  these.  The  plat  will  then  be  covered  with 
squares,  as  in  Fig.  43.  On  the  clean  paper  draw  a  similar  series  of  squares. 
The  important  points  may  now  be  fixed  as  in  the  last  article,  and  the  rest 
copied  by  eye,  all  the  points  in  each  square  of  the  original  being  properly 
placed  in  the  corresponding  square  of  the  copy,  noticing  whether  they  are 
near  the  top  or  bottom  of  each  square,  on  its  right  or  left  side,  etc.  This 
method  is  rapid,  and  in  skillful  hands  quite  accurate. 

Instead  of  drawing  lines  on  the  original,  a  sheet  of  transparent  paper 
containing  them  may  be  placed  over  it;  or  an  open  frame  with  threads 
stretched  across  it  at  equal  distances  and  at  right  angles. 

This  method  supplies  a  transition  to  the  Reduction  and  Enlargement  of 
plats  in  any  desired  ratio ;  under  which  head  Copying  by  the  Pantagraph 
and  Camera  Lucida  will  be  noticed. 

228.  Bedncillg  by  Squares.  Begin,  as  in  the  preceding  article,  by  draw- 
ing squares  on  the  original,  or  placing  them  over  it.  Then  on  the  clean 
paper  draw  a  similar  set  of  squares,  but  with  their  sides  one  half,  one  third, 
etc.  (according  to  the  desired  reduction),  of  those  of  the  original  plat.  Then 
proceed  ns  before  to  copy  into  each  small  square  all  the  points  and  lines 
found  in  the  large  square  of  the  plat  in  their  true  positions  relative  to  the 
rides  and  corners  of  the  square,  observing  to  reduce  each  distance,  by  eye,  or 
as  directed  in  the  following  article,  in  the  given  ratio. 

229.  Seducing  by  Proportional  Scales.  Many  graphical  methods  of 
finding  the  proportionate  length  of  the 

copy,  of  any  line  of  the  original,  may  *^®-  l*^^- 

be  nsed.    The  "  angle  of  reduction  "  is  \C_ 

constructed  thus :  Draw  any  line  A  B.  ,'^\\\ 

With  it  for  radius  and  A  for  center,  E..^C\\\ 

describe  an  indefinite  arc.    With  B  for 

center  and  a  radius  equal  to  one  half, 

one  third,  etc.,  of  A  B  according  to  the 

desired  reduction,  describe  another  arc       ^^  \  \  \  \  \  \  \  \  \  \  \  \  i 

Intersecting  the  former  arc  in  0.    Join       A  D  li 

A  C.     From  A  as  center  describe  a 

series  of  arcs.  Now,  to  reduce  any  distance,  take  it  in  the  dividers,  and  set 
it  off  from  A  on  A  B,  as  to  D.  Then  the  distance  from  D  to  E,  the  other 
end  of  the  arc  passing  through  D,  will  be  the  proportionate  length  to  be  set 
off  on  the  copy,  in  the  manner  directed  in  Art.  226. 

The  sector,  or  "  compass  of  proportion,"  described  in  Art.  60,  presents 
sach  an  '^  angle  of  redaction,-'  always  ready  to  be  used  in  this  manner. 
10 
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Fio.  174.  The  ^^  angle  of  redaction  "  may  be  simplified  thus : 

Draw  a  line,  A  B,  parallel  to  one  side  of  the  draw- 
ing-board, and  another,  B  0,  at  right  angles  to  it,  and 
one  half,  eto.,  of  it,  as  desired.  Join  A  0.  Then  let 
A  D  be  the  distance  required  to  be  reduced*  Apply 
a  T-square  so  as  to  pass  through  D.  It  will  meet  A  C 
in  some  point  £,  and  D  £  will  be  the  reduced  length 
required. 

Another  arrangement  for  the  same  object  is  shown 
in  Fig.  175.  Draw  two  lines,  A  B,  A  0,  at  any  angle, 
and  describe  a  series  of  arcs  from  their  intersection, 
A,  as  in  the  figure.    Suppose  the  reduced  scale  is  to 

be  half  the  original  scale.    Divide  the  outermost  arc  into 

three  equal  parts,  and  draw  a  line  from  A  to  one  of  the 

points  of  division,  as  D.    Then  each  arc  will  be  divided 

into  parts,  one  of  which  is  twice  the  other.     Take  any 

distance  on  the  original  scale,  and  find  by  trial  which  of 

the  arcs  on  the  right-hand  side  of  the  figure  it  corre- 
sponds to.    The  other  part  of  that  arc  will  be  half  of  it, 

as  desired. 

**  Proportional  compasses,"  being  properly  set,  reduce 

lines  in  any  desired   ratio.     A  simple  form  of  them, 

known  as  "  wholes  and  halves,"  is  often  useful.    It  con- 
sists of  two  slender  bars,  pointed  at  each  end,  and  united 

by  a  pivot  which  is  twice  as  far  from  one  pair  of  the 

points  as  from  the  other  pair.    The  long  ends  being  set  to  any  distance,  the 

short  ends  will  give  precisely  half  that  distance. 

280.  Bedndng  by  a  Pantagrapk  This  instrument  consists  of  two 
long  and  two  short  rulers,  connected  so  as  to  form  a  parallelogram,  and  capa- 
ble of  being  so  adjusted  that  when  a  tracing- point  attached  to  it  is  moved 
over  the  lines  of  a  map,  etc.,  a  pencil  attached  to  another  part  of  it  wiU  mark 
on  paper  a  precise  copy,  reduced  on  any  scale  desired.  It  is  made  in  various 
forms.    It  is  troublesome  to  use,  though  rapid  in  its  work. 

281.  Eeducing  by  a  Camera  lucida.  This  is  used  in  the  Coast  Sur- 
vey OflBce.  It  can  not  reduce  smaller  than  one  fourth,  without  losing  dis- 
tinctness, and  is  very  trying  to  the  eyes.  Squares  drawn  on  the  original  are 
brought  to  apparently  coincide  with  squares  on  the  reduction,  and  the  details 
are  then  filled  in  with  the  pencil,  as  seen  through  the  prism  of  the  instrument. 

282.  Enlarging  Plata  Plats  may  be  enlarged  by  the  principal  meth- 
ods which  have  been  given  for  reducing  them,  but  this  should  be  done  as 
seldom  as  possible,  since  every  inaccuracy  in  the  original  becomes  magnified 
in  the  copy.    It  is  better  to  make  a  new  plat  from  the  original  data. 

283.  Conventional  Signs.  Various  conventional  signs  or  marks  have 
been  adopted,  more  or  less  generally,  to  represent  on  maps  the  inequalities  of 
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the  surface  of  the  gronnd,  its  different  kinds  of  culture  or  natural  products, 
and  to  objects  upon  it,  so  as  not  to  encumber  and  disfigure  it  with  much 
writing  or  many  descriptive  legends.  This  is  the  purpose  of  what  is  called 
Topographical  Mapping.    (See  Part  III,  Topookapht.) 

234.  Orientation.  The  map  is  usually  so  drawn  that  the  top  of  the 
paper  may  represent  the  north.  A  meridian  line  should  also  be  drawn,  both 
true  and  magnetic,  as  in  Fig.  186.  The  number  of  degrees  and  minutes  in 
the  variation,  if  known,  should  also  be  placed  between  the  two  north  points. 
Sometimes  a  compass-star  is  drawn  and  made  very  ornamental. 

235.  Lettering.  The  style  in  which  this  is  done  very  much  affects  the 
general  appearance  of  the  map.  The  young  surveyor  should  give  it  much 
attention  and  careful  practice.  It  must  all  be  in  imitation  of  the  best  printed 
models.  No  writing,  however  beautiful,  is  admissible.  The  usual  letters  are 
the  ordinary  ROMAN  CAPITALS,  SmaU  Roman,  ITALIC  CAPITALS, 
Small  Italic,  and  GOTHIC  OR  EGYPTIAN.  This  last,  when  weU 
done,  is  very  effective.  For  the  titles  of  maps,  various  fancy  letters  may  be 
used.  For  very  large  letters,  those  formed  only  of  the  shades  of  the  letters 
regarded  as  blocks  (the  body  being  rubbed  out  after  being  penciled  as  a  guide 
to  the  placing  of  the  shades)  are  most  easily  made  to  look  well.  The  simplest 
lettering  is  generally  the  best.  The  sizes  of  the  names  of  places,  etc.,  should 
be  proportional  to  their  importance.  Elaborate  tables  for  various  scales  have 
been  published.  It  is  better  to  make  the  letters  too  small  than  too  large. 
They  should  not  be  crowded.  Pencil-lines  should  always  be  ruled  as  guides. 
The  lettering  should  be  in  lines  parallel  to  the  bottom  of  the  map,  except  the 
names  of  rivers,  roads,  etc.,  whose  general  course  should  be  followed. 

236.  Barders.  The  Border  may  be  a  single  heavy  line,  inclosing  the 
map  in  a  rectangle,  or  such  a  line  may  be  relieved  by  a  finer  line  drawn  par- 
allel and  near  to  it.  Time  should  not  be  wasted  in  ornamenting  the  border. 
The  simplest  is  the  best 

237.  Joining  Paper.  If  the  map  is  larger  than  the  sheets  of  paper  at 
hand,  they  should  be  joined  with  a  feather-edge,  by  proceeding  thus :  Cut, 
with  a  knife  guided  by  a  ruler,  about  one  third  through  the  thickness  of  the 
paper,  and  tear  off,  on  the  under  side,  a  strip  of  the  remaining  thickness,  so 
as  to  leave  a  thin,  sharp  edge.  Treat  the  other  sheet  in  the  same  way  on  the 
other  side  of  it.  When  these  two  feather-edges  are  then  put  together  (with 
paste,  glue,  or  varnish),  they  will  make  a  neat  and  strong  joint.  The  sheet 
which  rests  upon  the  other  must  be  on  the  right-hand  side,  if  the  sheets  are 
joined  lengthwise,  or  below  if  they  are  joined  in  that  direction,  so  that  the 
thickness  of  the  edge  may  not  cast  a  shadow  when  properly  placed  as  to  the 
light.  The  sheets  must  be  joined  before  lines  are  drawn  across  them,  or  the 
lines  will  become  distorted.  Drawing-paper  is  now  made  in  rolls  of  great 
length,  so  as  to  render  this  operation  unnecessary. 

238.  Monnting  Maps.  A  map  is  sometimes  required  to  be  mounted — 
L  e.,  backed  with  canvas  or  muslin.    To  do  this,  wet  the  muslin  and  stretch 
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it  strongly  on  a  board  by  tacks  driven  very  near  together.  Cover  it  with 
strong  paste,  beating  this  in  with  a  brash  to  fill  ap  tne  pores  of  the  maslin. 
Then  spread  paste  over  the  back  of  the  paper,  and  when  it  has  soaked  into  it 
apply  it  to  the  muslin,  inclining  the  board,  and  pasting  first  a  strip,  about 
two  inches  wide,  along  the  upper  side  of  the  paper,  pressing  it  down  with 
clean  linen  in  order  to  drive  out  all  air-bubbles.  Press  down  another  strip 
in  like  manner,  and  so  proceed  till  all  is  pasted.  Let  it  dry  very  gradually 
and  thoroughly  before  cutting  tbe  muslin  from  the  board. 

Maps  may  be  varnished  with  picture-varnish,  or  by  applying  four  or  five 
coats  of  isinglass-size,  letting  each  dry  well  before  applying  the  next,  and 
giving  a  full,  flowing  coat  uf  Canada  balsam  diluted  with  the  best  oil  of  tur- 
pentine. 

LATITXTDBS  AND  DEPABTUBE8. 

239.  Definitions.  The  Latitude  of  a  point  is  its  distance  north 
or  sonth  of  some  "  Parallel  of  Latitude,'*  or  line  running  east  or 
west.  The  Longitude  of  a  point  is  its  distance  east  or  west  of 
some  "  JIderidian"  or  line  running  north  and  south.  In  compass- 
surveying,  the  magnetic  meridian — i.  e.,  the  direction  in  which 
the  magnetic  needle  points — is  the  line  from  which  the  longitudes 
of  points  are  measured  or  reckoned. 

The  distance  which  one  end  of  a  line  is  due  north  or  south  of 
the  other  end  is  called  the  Difference  of  Latitude  of  the  two  ends 
of  the  line;  or  its  northing  or  southing;  or  simply  its  latitude. 

The  distance  which  one  end  of  the  line  is  due  east  or  west  of 
the  other  is  here  called  the  Difference  of  Lo9igitude  of  the  two 
ends  of  the  line ;  or  its  easting  or  westing ;  or  its  departure. 

Latitudes  and  Departures  are  the  most  usual  terms,  and  will 
be  generally  used  hereafter,  for  the  sake  of  brevity. 

This  subject  may  be  illustrated  geographically,  by  noticing  that 
a  traveler,  in  going  from  New  York  to  BuflFalo  in  a  straight  line, 
would  go  about  one  hundred  and  fifty  miles  due  north,  and  two 
hundred  and  fifty  miles  due  west.  These  distances  would  be  the 
differences  of  latitude  and  of  longitude  between  the  two  places,  or 
his  northing  and  westing.  Returning  from  Buffalo  to  New  York, 
the  same  distances  would  be  his  southing  and  easting.* 

*  It  should  be  remembered  that  the  following  discussions  of  the  latitudes  and  lon- 
gitudes of  the  points  of  a  survey  will  not  be  perfectly  applicable  to  those  of  distant 
places,  such  as  the  cities  just  named,  in  consequence  of  the  surface  of  the  earth  not 
being  a  plane. 
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In  mathematical  language,  the  operation  of  finding  the  lati- 
tude and  longitude  of  a  line,  from  its  bearing  and  length,  would 
be  called  the  transformation  of  Polar  Co- 
ordinates into  Bectangular  Co-ordinates. 
It  consists  in  determining,  by  our  Second 
Principle^  the  position  of  a  point  which 
had  originally  been  determined  by  the 
Third  Principle.    Thus,    in   the   figure 

(which  is  the  same  as  that  of  Art.  7),  the  point  S  is  determined 
by  the  angle  SAC  and  by  the  distance  A  S.  It  is  also  determined 
by  the  distances  A  C  and  C  S,  measured  at  right  angles  to  each 
other ;  and  then,  supposing  C  S  to  run  due  north  and  south,  C  S 
will  be  the  latitude,  and  A  C  t^ie  departure  of  the  line  A  S. 


\sf- 


240.  Calculation  of  Latitudes  and  Departures.    Let  A  B  be  a 

given  line,  of  which  the  length  A  B, 
and  the  bearing  (or  angle,  B  A  C, 
which  it  makes  with  the  magnetic  me- 
ridian), are  known.  It  is  required  to 
find  the  differences  of  latitude  and  of 
longitude  between  its  two  extremities 
A  and  B — that  is,  to  find  A  C  and 
C  B  ;  or,  what  is  the  same  thing,  B  D 
and  D  A. 

It  will  be  at  once  seen  that  A  B  is 
the  hypotenuse  of  a  right-angled  tri- 
angle, in  which  the  "Latitude"  and 
the  "  Departure  "  are  the  sides  about  the  right  angle.     We  there- 
fore know,  from  the  principles  of  trigonometry,  that 
A  C  =  A  B .  COS.  B  A  C, 
B  C  =  A  B .  sin.  B  A  C. 
Hence,  to  find  the  latitude  of  any  course,  multiply  the  natural 
cosine  of  the  bearing  by  the  length  of  the  course  ;  and  to  find  the 
departure  of  any  course,  multiply  the  natural  sine  of  the  bearing 
by  the  length  of  the  course. 

If  the  course  be  northerly,  the  latitude  will  be  north,  and  will 
be  marked  with  the  algebraic  sign  +  >  /?iws,  or  additive ;  if  it  b€ 
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southerly,  the  latitude  will  he  south,  and  will  he  marked  with  the 
algebraic  sign  — ,  minusy  or  subtractive. 

K  the  course  be  easterly,  the  departure  will  be  east,  and 
marked  +*  or  additive ;  if  the  course  be  westerly,  the  departure 
will  be  west,  and  marked  — ,  or  subtractiye. 

241.  Formulai.  The  rules  of  the  preceding  article  may  be  ex- 
pressed thus : 

Latitude  =  distance  X  cos.  bearing. 
Departure  =  distance  X  sin.  bearing.* 
From  these  formulas  may  be  obtained  others,  by  which,  when 
any  two  of  the  above  four  things  are  given,  the  remaining  two 
can  be  found. 

When  the  Bearing  and  Latitude  are  given; 

Distance  =  oo^^JJ^n^  =  latitude  X  sec.  bearing. 
Departure  =  latitude  X  tang,  bearing. 
When  the  Bearing  and  Departure  are  given; 

Distance  =  ^^\^^g  =  departure  X  cosec.  bearing. 
Latitude  =  departure  X  cotang.  bearing. 
When  the  Distance  and  Latitude  are  given; 
Cos.  bearing  =  ^;;:^, 
Departure  =  latitude  X  tang,  bearing. 
When  the  Distance  and  Departure  are  given; 
Sin.  bearing  =  1^^;:^^", 
Latitude  =  departure  X  cotang.  bearing. 
When  the  Latitude  and  Departure  are  given; 
Tang,  of  bearing  =  ^S?. 

Distance  =  latitude  X  sec.  bearing. 
Still  more  simply,  any  two  of  these  three— distance,  latitude, 
and  departure — ^being  given,  we  have 

Distance  =  y'  (latitude'  +  departure*) 
Latitude  =  y'  (distance*  —  departure*) 
Departure  =  y'  (distance*  —  latitude*) 

*  Whenever  sines,  cosines,  tangents,  etc.,  are  here  named,  they  mean  the  natural 
sines,  etc.,  of  an  arc  described  with  a  radt  js  equal  to  one^  or  to  the  unit  by  which  the 
Bines,  etc.,  are  measured. 
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242.  Travene-Tablea.  The  latitude  and  departure  of  any  dis- 
tance, for  any  bearing,  could  be  found  by  the  method  given  in 
Art.  240,  with  the  aid  of  a  table  of  natural  sines.  But  to  facili- 
tate these  calculations,  which  are  of  so  frequent  occurrence  and 
of  so  great  use,  traverse-tables  have  been  prepared,  originally  for 
navigators  (whence  the  name  traverse),  and  subsequently  for  sur- 
veyors.* 

The  traverse-table  at  the  end  of  this  volume  gives  the  latitude 
and  departure  for  any  bearing,  to  each  quarter  of  a  degree,  and  for 
distances  from  1  to  9. 

To  use  it,  find  in  it  the  number  of  degrees  in  the  bearing,  on 
the  left-hand  side  of  the  page,  if  it  be  less  than  45°,  or  on  the 
right-hand  side  if  it  be  more.  The  numbers  on  the  same  line, 
running  across  the  page,t  are  the  latitudes  and  departures  for  that 
bearing,  and  for  the  respective  distances — 1,  2,  3,  4,  6,  6,  7,  8,  9 
— which  are  at  the  top  and  bottom  of  the  page,  and  which  may 
represent  chains,  links,  rods,  feet,  or  any  other  unit.  Thus,  if  the 
bearing  be  16°,  and  the  distance  1,  the  latitude  would  be  0*966 
and  the  departure  0*259.  For  the  same  bearing,  but  a  distance  of 
8,  the  latitude  would  be  7*727  and  the  departure  2*071. 

Any  distance,  however  great,  can  have  its  latitude  and  depart- 
ure readily  obtained  from  this  table ;  since,  for  the  same  bearing, 
they  are  directly  proportional  to  the  distance,  because  of  the  simi- 
lar triangles  which  they  form.  Therefore,  to  find  the  latitude  or 
departure  for  60,  multiply  that  for  6  by  10,  which  merely  moves 
the  decimal-point  one  place  to  the  right ;  for  600,  multiply  the 
numbers  found  in  the  table  for  6,  by  100 — i.  e.,  move  the  decimal- 
point  two  places  to  the  right,  and  so  on.  Merely  moving  the  deci- 
mal-point to  the  right,  one,  two,  or  more  places,  will  therefore 
enable  this  table  to  give  the  latitude  and  departure  for  any  decimal 
multiple  of  the  numbers  in  the  table. 

*  The  first  traverse-table  for  surreyors  seems  to  have  been  published  in  1791,  by 
John  Gale.  The  most  extensive  table  is  that  of  Captain  Boileau,  of  the  British  army^ 
being  calculated  for  every  minute  of  bearing,  and  to  five  dedmal  places,  for  distances 
from  1  to  10.  The  table  in  this  volume  was  calculated  for  it,  and  then  compared 
with  the  one  just  mentioned. 

f  In  using  this  or  any  similar  table,  lay  a  ruler  across  the  page,  just  above  or  be- 
kfw  the  line  to  be  followed  out.    This  is  a  very  valuable  mechanical  assistance. 
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For  compound  uambers,  such  as  873,  it  is  only  necessary  to 
find  separately  the  latitudes  and  departures  of  800,  of  70,  and  of 
6,  and  add  them  together.  But  this  may  be  done,  with  scarcely 
any  risk  of  error,  by  the  following  simple  rule : 

Write  down  the  latitude  and  departure  for  the  first  figure  of 
the  given  number,  as  found  in  the  table,  neglecting  the  decimal- 
point  ;  write  under  them  the  latitude  and  departure  of  the  second 
figure,  setting  them  one  place  farther  to  the  right;  under  them 
write  the  latitude  and  departure  of  the  third  figure,  setting  them 
one  place  farther  to  the  right ;  and  so  proceed  with  all  the  figures 
of  the  given  number.  Add  up  these  latitudes  and  departures,  and 
cut  off  the  three  right-hand  figures.  The  remaining  figures  will 
be  the  latitude  and  departure  of  the  given  number  in  links,  or 
chains,  or  feet,  or  whatever  unit  it  was  given  in. 

For  example :  Let  the  latitude  and  departure  of  a  course  hav- 
ing  a  distance  of  873  links,  and  a  bearing  of  20°,  be  required.     In 
the  table  find  20°,  and  then  take  out  the  latitude  and  departure 
for  8,  7,  and  3,  in  turn,  placing  them  as  above  directed,  thus : 
Distances.  Latitudes,  Departures. 

800  7518  2736 

70  6578  2394 

3  2819  1026 

873  820-399  298^66 

Taking  the  nearest  whole  numbers  and  rejecting  the  decimals, 
we  find  the  desired  latitude  and  departure  to  be  820  and  299.* 
When  a  0  occurs  in  the  given  number,  the  next  figure  must  be 
set  two  places  to  the  right,  the  reason  of  which  will  appear  from  the 
following  example,  in  which  the  0  is  treated  like  any  other  number  : 
Given  a  bearing  of  35°,  and  a  distance  of  3048  links. 
Distances.  Latitudes.  Departures. 

3000  2457  1721 

000  0000  0000 

40  3277  2294 

__^  6553  _  4589 

3048  2496-323  1748-529 


*  It  18  frequently  doubtful,  in  many  calculations,  when  the  final  decimal  is  6, 
whether  to  increase  the  preceding  figure  by  one  or  not.  Thus,  48-6  may  be  called  43 
or  44  with  equal  correctness.  It  is  better,  in  such  cases,  not  to  increase  the  whole 
number,  so  aa  to  escape  the  trouble  of  changing  the  original  figure,  and  the  increased 
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Here  the  latitudes  and  departures  are  2496  and  1749  links. 
When  the  bearing  is  over  45°^  the  names  of  the  columns  must 
be  read  from  the  bottom  of  the  page^  the  latitude  of  any  bearing, 
as  50°,  being  the  departure  of  the  complement  of  this  bearing,  or 
40%  and  the  departure  of  40°  being  the  latitude  of  50°,  etc.  The 
reason  of  this  will  be  at  once  seen  on  inspecting  Pig.  177,  and 
imagining  the  east  and  west  line  to  become  a  meridian.  For,  if 
A  0  be  the  magnetic  meridian,  as  before,  and  therefore  B  A  G  be 
the  bearing  of  the  course  A  B,  then  is  A  G  the  latitude,  and  G  B 
the  departure  of  that  course.  But  if  A  E  be  the  meridian  and 
BAD  (the  complement  of  B  A  C)  be  the  bearing,  then  is  A  D 
(which  is  equal  to  G  B)  the  latitude,  and  D  B  (which  is  equal  to 
A  C)  the  departure. 

As  an  example  of  this,  let  the  bearing  be  63^°,  and  the  distance 
3,469  links.     Proceeding  as  before,  we  have — 

Distances,  Latitudes.  Departures. 

3000  1350  2679 

400  1800  3572 

60  2701  5358 

9  4051  8037 


3469-  1561-061  3097*817 

The  required  latitude  and  departure  are  1561  and  3098  links. 

In  the  few  cases  occurring  in  compass-surveying,  in  which  the 
bearing  is  recorded  as  somewhere  between  the  fractions  of  a  degree 
given  in  the  table,  its  latitude  and  departure  may  be  found  by  in- 
terpolation. Thus,  if  the  bearing  be  lOf  ^,  take  the  half  sum  of  the 
latitudes  and  departures  for  10}°  and  10^°.  If  it  be  10**  20',  add  one 
third  of  the  difference  between  the  latitudes  and  departures  for  10}° 
and  for  10}°,  to  those  opposite  to  10}°  ;  and  so  in  any  similar  case. 

The  uses  of  this  table  are  very  varied.  The  principal  applica- 
tions of  it,  which  will  now  be  explained,  are  to  testing  the  accu- 
racy of  surveys ;  to  supplying  omissions  in  them ;  to  platting 
them;  and  to  calculating  their  content.* 

chance  of  error.     If,  however,  more  than  one  such  case  occurs  in  the  same  column 
to  be  added  up,  the  lar^r  and  smaller  number  should  be  taken  alternately. 

*  The  traverse-table  admits  of  many  other  minor  uses.    Thus,  it  may  be  used 
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243.  Application  to  tetting  a  Survey.  It  is  self-evident  that, 
when  the  surveyor  has  gone  completely  around  a  field  or  farm, 
taking  the  bearings  and  distances  of  each  boundary-line,  till  he 
has  got  back  to  the  starting-point,  he  has  gone  precisely  as  far 
south  as  norfch,  and  as  far  west  as  east.  But  the  sum  of  the  north 
latitudes  tells  how  far  north  he  has  gone,  aud  the  sum  of  the  south 
latitudes  how  far  south  he  has  gone.  Hence  these  two  sums  will 
be  equal  to  each  other,  if  the  survey  has  been  correctly  made.  In 
like  manner,  the  sums  of  the  east  and  of  the  west  departures 
must  also  be  equal  to  each  other. 

We  will  apply  this  principle  to  testing  the  accuracy  of  the  sur- 
vey of  which  Fig.  61  is  a  plat.  Prepare  seven  columils,  and  head 
them  as  below.  Find  the  latitude  and  departure  of  each  course  to 
the  nearest  link,  and  write  them  in  their  appropriate  columns. 
Add  up  these  columns.  Then  will  the  difference  between  the 
sums  of  the  north  and  south  latitudes,  and  between  the  sums  of 
the  east  and  west  departures,  indicate  the  degree  of  accuracy  of 
the  survey. 


STATIONS. 

BBABINOS. 

DIS'ANCES.     : 

1 

LATITUDES. 

DEPARTURES. 

N. 

s. 

E. 

w. 

1 

2 
8 
4 
5 

N.  35°    E. 
N.  83 1°  E. 
a  57^    E. 
S.  841°  W. 
N.  6Gi°  W. 

2-70       i 
1-29        I 
2-22 

3-55        1 
8-23        ! 

2  21 
•15 

1-78 

1-21 
2-93 

1-55 
1-28 
1-86 

2-00 
2-69 

4-14 

414 

4-69    j     4-69 

The  entire  work  of  the  above  example  is  given  on  the  following 
page. 

for  solying,  approximately,  any  right-angled  triangle  by  mere  inspection,  the  bearing 
being  taken  for  one  of  the  acute  angles  ;  the  latitude  being  the  side  adjacent,  the  de- 
parture the  side  opposite,  and  the  distance  the  hypotenuse.  Any  two  of  these  bdng 
given,  the  others  are  given  by  the  table.  The  table  will  therefore  serve  to  show  the 
allowance  to  be  made  in  chaining  on  slopes  (see  Art.  20).  Look  in  the  column  of 
bearings  for  the  slope  of  the  ground — i.  e.,  the  angle  it  makes  with  the  horizon,  find 
the  given  distance,  and  the  latitude  corresponding  will  be  the  desired  horizontal 
measurement,  and  the  difference  between  it  and  the  distance  will  be  the  allowance 
to  be  made. 
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86°         1638  1147  84J°        2480  1688 

4183  2814 


270- 


1638 

1147 

57840 

40150 

221140 

154-850 

113 

994 

226 

1987 

1019 

8942 

14-679 

128-212 

1089 

1677 

1089 

1677 

1089 

1677 

4188  2814 


855-         298-463  199*754 


88i'  113  994  66i°        1656  2502 

1104  1668 

1656  2502 


129-  14-679  128-212  823-         178*296  269'882 

^'^'*        -^P^L  ^??L  The  nearest  link  is  taken  to  be 

inserted  in  the  table,  and  the  re- 


222-        120-879  186-147 


maining  decimals  are  neglected. 


In  the  preceding  example  the  respective  sums  were  foand  to  be 
exactly  equal.  This,  however,  will  rarely  occur  in  an  extensive 
survey.  If  the  difference  be  great,  it  indicates  some  mistake,  and 
the  survey  must  be  repeated  with  greater  care  ;  but  if  the  differ- 
ence be  small  it  indicates,  not  absolute  errors,  but  only  inaccura- 
cies, unavoidable  in  surveys  with  the  compass,  and  the  survey  may 
be  accepted. 

How  great  a  difference  in  the  sums  of  the  columns  may  be 
allowed,  as  not  necessitating  a  new  survey,  is  a  dubious  point. 
Some  surveyors  would  admit  a  difference  of  1  link  for  every  3 
chains  in  the  sum  of  the  courses  ;  others  only  1  link  for  every  10 
chains.  One  writer  puts  the  limit  at  5  links  for  each  station ; 
another  at  25  links  in  a  survey  of  100  acres.  But  every  practical 
surveyor  soon  learns  how  near  to  an  equality  his  instrument  and 
his  skill  will  enable  him  to  come  in  ordinary  cases,  and  can  there- 
fore establish  a  standard  for  himself,  by  which  he  can  judge 
whether  the  difference,  in  any  survey  of  his  own,  is  probably  the 
result  of  an  error,  or  only  of  his  customary  degree  of  inaccuracy, 
two  things  to  be  very  carefully  distinguished.* 

244.  Application  to  supplying  Omindona.  Any  two  omissions 
in  the  field-notes  can  be  supplied  by  a  proper  use  of  the  method  of 
latitudes  and  departures  ;  as  will  be  explained  in  Chapter  V,  which 
treats  of  ''Obstacles  to  Measurement,"  under  which  head  this 


*  A  French  writer  fixes  the  allowable  difference  in  chaining  at  1-400  of  level  lines; 
1-200  of  lines  on  moderate  slopes ;  1-100  of  lines  on  steep  slopes. 
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subject  most  appropriately  belongs.  But  a  knowledge  of  the  fact 
that  any  two  omissions  can  be  supplied^  should  not  lead  the  young 
surveyor  to  be  negligent  in  making  every  possible  measurement, 
since  an  omission  renders  it  necessary  to  assume  all  the  notes  taken 
to  be  correct,  the  means  of  testing  them  no  longer  existing. 

245.  Balancing  a  Survey.  The  subsequent  applications  of  this 
method  require  the  survey  to  be  previously  balanced.  This  opera- 
tion consists  in  correcting  the  latitudes  and  departures  of  the 
courses,  so  that  their  sums  shall  be  equal,  and  thus  '^ balance." 
This  is  usually  done  by  distributing  the  differences  of  the  sums 
among  the  courses  in  proportion  to  their  length  ;  saying,  as  the 
sum  of  the  lengths  of  all  the  courses  is  to  the  whole  difference  of 
the  latitude,  so  is  the  length  of  each  course  to  the  correction  of  its 
latitude.     A  similar  proportion  corrects  the  departures.* 

It  is  not  often  necessary  to  make  the  exact  proportion,  as  the 
correction  can  usually  be  made,  with  sufficient  accuracy,  by  not- 
ing how  much  per  chain  it  should  be,  and  correcting  accord- 
ingly. 

In  the  example  given  below,  the  differences  have  purposely  been 
made  considerable.  The  corrected  latitudes  and  departures  have 
been  here  inserted  in  four  additional  columns,  but  in  practice  they 
should  be  written  in  red  ink  over  the  original  latitudes  and  depart- 
ures, and  the  latter  crossed  out  with  red  ink. 


f 

BSARIN08. 

1 

LATITUDES.          DEPARTURES. 

CORRECTED 
LATITUDES. 

CORRECTED 
DEPARTURES. 

N.+ 
6-64 

3-46 

S.—    I    E.+ 

W  — 

4-05 
6-24 

N.+ 

8.- 

E.+          W.- 

1 

2 
3 

4 

N.52°   E. 
S.  291**  E. 
S.  31i°W. 
N.61°   W. 

10-63 
4-10 
7-fi9 
7-13 

29-55 

i    8-38 
3-56     2-03 
6-54 

6-58 
8-48 

8-65 
6-61 

834 
2-01 

4-08 
6-27 

10-00 

10  10   10-41 

10-29 

10-06   10-06 

10-85 

10-86 

The  corrections  are  made  by  the  following  proportions ;   the 
nearest  whole  numbers  being  taken  : 


*  A  demonstration  of  this  principle  was  given  by  Dr.  Bowditch,  in  N^o.  4  of  **  The 
Analyst." 
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For  the  LaHiudea. 
29-56  :  10-68  : :  10 
29-55  :    4-10  : :  10 
29-55  :     7-69  : :  10 
29-55  :     713  : :  10 


10 


For  the  Departures. 
29-55  :  10-63  :  :  12  :  4 
29-55  :     4-10  : :  12  :  2 
29-56  :     7-69  : :  12  :  3 
29-55  :     7-13  ; :  12  :  3 

12 


This  rule  is  not  always  to  be  strictly  followed.  If  one  line  of  a 
survey  has  been  measured  over  very  uneven  and  rough  ground,  or 
if  its  bearing  has  been  taken  with  an  indistinct  sight,  while  the 
other  lines  have  been  measured  over  level  and  clear  ground,  it  is 
probable  that  most  of  the  error  has  occurred  on  that  line,  and  the 
correction  should  be  chiefly  made  on  its  latitude  and  departure. 

If  a  slight  change  of  the  bearing  of  a  long  course  will  favor  the 
balancing,  it  should  be  so  changed,  since  the  compass  is  much 
more  subject  to  error  than  the  chain.  So,  too,  if  shortening  any 
doubtful  line  will  favor  the  balancing,  it  should  be  done,  since  dis- 
tances are  generally  measured  too  long. 

246.  Application  to  Flatting.  Bule  three  columns ;  one  for 
stations,  the  next  for  total  latitudes,  and  the  third  for  total  de- 
partures. Fill  the  last  two  columns  by  beginning  at  any  conven- 
ient station  (the  extreme  east  or  west  is  best)  and  adding  up  (alge- 
braically) the  latitudes  of  the  following  stations,  noticing  that  the 
south  latitudes  are  subtractive.  Do  the  same  for  the  departures, 
observing  that  the  westerly  ones  are  also  subtractive. 

Taking  the  example  given  in  Art.  243,  and  beginning  with  sta- 
tion 1,  the  following  will  be  the  results  : 


BTATION9. 

TOTAL  LATITUDEP  PROM 
STATION  1. 

1 

TOTAL  DBPARTURS8  7ROM  ' 
STATION  1. 

1 
2 
8 

4 
6 

1 

0-00 
+  2-21  N. 
+  2-36  N. 
+  1-15  N. 
-  1-78  S. 

0-00 

0-00 
+  1-55  E. 
+  2-88  E. 
+  4-69  E. 
+  2-69  E. 

0-00 

It  will  be  seen  that  the  work  proves  itself,  by  the  total  latitudes 
and  departures  for  station  1,  again  coming  out  equal  to  zero. 
To  use  this  table,  draw  a  meridian  through  the  point  taken  foi 


Digitized  by  VjOOQIC 


152 


LAND-SUB  VEYING. 


Fio.  178. 


station  1,  as  in  Fig.  178.     Set  off,  upward  from  this^  along  the 
meridian,  the  latitude,  221  links,  to  A,  and  from  A,  to  the  right 

perpendicularly,  set 
off  the  departure,  155 
links.*  This  gives 
the  point  2.  Join 
1. ...  2.  From  1  again, 
set  oflP,  upward,  236 
links,  to  B,  and  from 
B,  to  the  right,  per- 
pendicularly, set  oflP 
283  links,  which  will 
fix  the  point  3.  Join 
2.. ..3  ;  and  so  pro- 
ceed, setting  off  north 
latitudes  along  the 
meridian  upward,  and 
south  latitudes  along 
it  downward  ;  east 
departures  perpendicularly  to  the  right,  and  west  departures  per- 
pendicularly to  the  left. 

The  advantages  of  this  method  are  its  rapidity,  ease,  and  accu- 
racy ;  the  impossibility  of  any  error  in  platting  any  one  course 
affecting  the  following  points  ;  and  the  certainty  of  the  plat  "com- 
ing together,"  if  the  latitudes  and  departures  have  l»een  "  bal- 
anced." 

OALCULATIKG  THE    OONTEKT. 

247.  Methods.  When  a  field  has  been  platted,  by  whatever 
method  it  may  have  been  surveyed,  its  content  can  be  obtained 
from  its  plat  by  dividing  it  up  into  triangles,  and  measuring  on  the 
plat  their  bases  and  perpendiculars  ;  or  by  any  of  the  other  means 
explained  in  Chapter  II. 

But  these  are  only  approximate  methods,  their  degree  of  accu- 

*  This  is  most  eaBily  done  with  the  aid  of  a  right-angled  triangle,  sliding  one  of 
the  sides  adjacent  to  the  right  angle  along  the  blade  of  the  square,  to  which  the  other 
side  will  then  be  perpendicular. 
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racy  depending  on  the  largeness  of  scale  of  the  plat  and  the  skill 
of  the  draughtsman.  The  invaluable  method  of  latitudes  and  de- 
partures gives  another  means^  perfectly  accurate^  and  not  requiring 
the  previous  preparation  of  a  plat.  It  is  sometimes  called  the 
rectangular,  or  the  Pennsylvania,  or  Eittenhouse's  method  of  cal- 
culation.* 

248.  Definitions.  Imagine  a  meridian  line  to  pass  through  the 
extreme  east  or  west  comer  of  a  field.  According  to  the  defi- 
nitions established  in  Art.  239  (and  here  recapitulated  for  con- 
venience of  reference),  the  perpendicular  distance  of  each  station 
from  that  meridian  is  the  Longitude  of  that  station  ;  additive,  or 
plus,  if  east ;  subtractive,  or  minus,  if  west.  The  distance  of  the 
middle  of  any  line,  such  as  the  side 
of  the  field,  from  the  meridian,  is 
called  the  longitude  of  that  side.f 
The  difference  of  the  longitudes 
of  the  two  ends  of  a  line  is  called 
the  Departure  of  that  line.  The 
difference  of  the  latitudes  of  the 
two  ends  of  a  line  is  called  the 
Latitude  of  the  line. 


Fio.  179. 


249.  Longitudes.  To  give  more 
definiteness  to  the  development  of 
this  subject,  the  figure  in  the  mar- 
gin will  be  referred  to,  and  may  be 
considered  to  represent  any  space 
inclosed  by  straight  lines. 

Let  N  S  be  the  meridian  passing 
through    the    extreme  westerly  station  of   the  field  ABODE. 

•  It  18,  however,  substantially  the  same  as  Mr.  Thomas  Burgh's  "  Method  to  de- 
termine the  Areas  of  Right-lined  Figures  universally,"  published  nearly  a  century 
•go- 

t  The  phrase  "  meridian  distance  "  is  generally  used  for  what  is  here  called  "  Ion- 
gitude";  but  the  analogy  of  "differences  of  longitude"  with  "differences  of  lati- 
tude," usually  but  anomalously  united  with  the  word  "  departure,"  borrowed  from 
navigation,  seenis  to  put  beyond  all  question  the  propriety  of  the  innovation  hero 
introduced. 
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From  the  middle  and  ends  of  each  side  draw  perpendiculars  to 
the  meridian.  These  perpendiculars  will  be  the  longitudes  and 
departures  of  the  respective  sides.  The  longitude^  FG,  of  the 
first  course,  A  B,  is  evidently  equal  to  half  its  departure,  U  B. 
The  longitude,  JK,  of  the  second  course,  BC,  is  equal  to  JL 
-}-  L  M  -f-  M  K,  or  equal  to  the  longitude  of  the  preceding  course, 
plus  half  its  departure,  plus  half  the  departure  of  the  course  it- 
self. The  longitude,  Y  Z,  of  some  other  course,  as  E  A,  taken  any- 
where, is  equal  to  WX  —  VX  —  U  V,  or  equal  to  the  longitude 
of  the  preceding  course,  minus  half  its  departure,  minus  half  the 
departure  of  the  course  itself — i.  e.,  equal  to  the  algebraic  sum  of 
these  three  parts,  remembering  that  westerly  departures  are  nega- 
tive, and  therefore  to  be  subtracted  when  the  directions  are  to 
make  an  algebraic  addition. 

To  avoid  fractions  it  will  be  better  to  double  each  of  the  pre- 
ceding expressions.     We  shall  then  have  a 

General  Rule  fob  findiko  Double  Lonoitudbs. 

The  double  longitude  of  the  fiest  corRSE  is  equal  to  its  depart- 
ure. 

The  double  longitude  of  the  second  course  is  equal  to  the  double 
longitude  of  the  first  course,  plus  the  departure  of  that  course,  plus 
the  departure  of  the  second  course. 

The  double  longitude  of  the  third  course  is  equal  to  the  double 
longitude  of  the  second  course,  plus  the  departure  of  that  course, 
plus  the  departure  of  the  course  itself. 

The  double  longitude  of  any  course  is  equal  to  the  double  longi- 
tude of  the  preceding  course,  plus  the  departure  of  that  course,  plus 
the  departure  of  the  course  itself* 

The  double  longitude  of  the  last  course  (as  well  as  of  the  first) 
is  equal  to  its  departure.  Its  "  coming  out "  so,  when  obtained  by 
the  above  rule,  proves  the  accuracy  of  the  calculation  of  all  the 
preceding  double  longitudes. 

250.  Areaib  We  will  now  proceed  to  find  the  area  or  content 
of  a  field,  by  means  of  the  **  double  longitudes  "  of  its  sides,  which 

*  The  last  course  is  a  **  precediDg  course ''  to  the  first  course,  as  wiU  appear  on 
rememberiDg  that  these  two  courses  join  each  other  on  the  ground. 
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can  be  readily  obtained  by  the  preceding  rale,  whatever  their 
number. 


Fio.  180. 


261.  Beginning  with  a  three-sided  fields  A  B  G  in  the  figure, 
draw  a  meridian  through  A,  and  draw  perpendiculars  to  it  as  in 
the  last  figure.  It  is  plain  that  its  con- 
tent is  equal  to  the  difference  of  the  areas 
of  the  trapezoid  D  B  G  E,  and  of  the  tri* 
angles  ABD  and  AGE. 

The  area  of  the  triangle  A  B  D  is  equal 
to  the  product  of  A  D  by  half  of  D  B,  or 
to  the  product  of  AD  by  FG ;  i.  e.,  equal 
to  the  product  of  the  latitude  of  the  first 
course  by  its  longitude. 

The  area  of  the  trapezoid  DBGE  is 
equal  to  the  product  of  DE  by  half  the 
sum  of  DB  and  GE,  or  by  HJ;  i.  e., 
to  the  product  of  the  latitude  of  the  sec- 
ond course  by  its  longitude. 

The  area  of  the  triangle  AGE  is  equal  to  the  product  of  A  E 
by  half  E  G,  or  by  K  L ;  i.  e.,  to  the  product  of  the  latitude  of  the 
third  course  by  its  longitude. 

Galling  the  products  in  which  the  lati- 
tude was  north,  North  Products,  and  the 
products  in  which  the  latitude  was  south. 
South  Products,  we  shall  find  the  area  of 
the  trapezoid  to  be  a  south  product,  and 
the  areas  of  the  triangles  to  be  north  prod- 
ucts. The  difference  of  the  north  products 
and  the  south  products  is  therefore  the  de- 
sired area  of  the  three-sided  field  A  B  G. 

Using  the  double  longitudes  (in  order  to 
avoid  fractions)  in  each  of  the  preceding 
products,  their  difference  will  be  the  double 
area  of  the  triangle  A  B  G. 

262.    Taking    now  a  four-siied  fields 

ABGD  in  the  figure,  and  drawing  a  meridian  and  longitudes  as 
11 


Fig.  181. 
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before^  it  is  seen,  on  inspection,  that  its  area  would  be  obtained 
by  taking  the  two  triangles,  ABE,  ADG,  from  the  figure 
E  B  G  D  G  Ey  or  from  the  sum  of  the  two  trapezoids  E  B  G  F  and 
FCDG. 

The  area  of  the  triangle  A  E  B  will  be  found,  as  in  the  last 
article,  to  be  equal  to  the  product  of  the  latitude  of  the  first 
course  by  its  longitude.     The  product  will  be  North. 

The  area  of  the  trapezoid  E  B  G  F  will  be  found  to  equal  the 
latitude  of  the  second  course  by  its  longitude.  The  product  will 
be  South. 

The  area  of  the  trapezoid  F  G  D  G  will  be  found  to  equal  the 
product  of  the  latitude  of  the  third  course  by  its  longitude. 
The  product  will  be  South. 

The  area  of  the  triangle  A  D  G  will  be  found  to  equal  the  prod- 
uct of  the  latitude  of  the  fourth  course  by  its  longitude.  The 
product  will  be  North. 

The  difference  of  the  north  and  south  products  mU  therefore  be 
the  desired  area  of  the  four-sided  field  A  B  G  D. 

Using  the  double  longitude  as  before,  in  each  of  the  preceding 
products,  their  difference  will  be  double  the  area  of  the  field. 

26S.  Whatever  the  number  or  directions  of  the  sides  of  a  field, 
or  of  any  space  inclosed  by  straight  lines,  its  area  will  always  be 
equal  to  half  of  the  difference  of  the  north  and  south  products 
arising  from  multiplying  together  the  latitude  and  double  longitude 
of  each  course  or  side. 

We  have,  therefore,  the  following 

General  Rule  fob  findino  Abbab. 

1.  Prepare  ten  columns,  headed  as  in  the  example  below,  and  in 
the  first  three  write  the  stations,  bearings,  and  distances. 

2.  Find  the  latitudes  and  departures  of  each  course,  by  the 
traverse-table,  as  directed  in  Art.  242,  placing  them  in  the  four 
following  columns. 

3.  Balance  them,  as  in  Art.  245,  correcting  them  in  red 
ink. 

4  Find  the  double  longitudes,  as  in  Art.  249,  with  reference 
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to  a  meridian  passing  through  the  extreme  east  or  west  station,  and 
place  them  in  the  eighth  column. 

5.  Multiply  the  double  longitude  of  each  course  by  the  corrected 
latitude  of  that  course,  placing  the  north  products  in  the  ninth 
column,  and  the  south  products  in  the  tenth  column. 

6.  Add  up  the  last  two  columns,  subtract  the  smaller  sum  from 
the  larger,  and  divide  the  difference  by  two.  The  quotient  will  be 
the  content  desired. 


254.  To  find  the  most  easterly  or  westerly  station  of  a  survey, 
without  a  plat,  it  is  best  to  make  a  rough  hand-sketch  of  the  sur- 
yey,  drawing  the  lines  in  an  approximation  to  their  true  directions, 
by  drawing  a  north  and  south,  and  east  and  west  lines,  and  con- 
sidering the  bearings  as  fractional  parts  of  a  right  angle,  or  90^ ; 
a  course  N.  45°  E.,  for  example,  being  drawn  about  half-way  be- 
tween a  north  and  an  east  direction  ;  a  course  N.  28°  W.  being  not 
quite  one  third  of  the  way  around  from  north  to  west ;  and  so  on, 
drawing  them  of  approximately  true  proportional  lengths. 

266.  Example  1,  given  below,  refers  to  the  five-sided  field,  of 
which  a  plat  is  given  in  Fig.  161,  and  the 
latitudes  and  departures  of  which  were 
calculated  in  Art.  243.  Station  1  is  the 
most  westerly  station,  and  the  meridian  will 
be  supposed  to  pass  through  it.  The  double 
longitudes  are  best  found  by  a  continual 
addition  and  subtraction,  as  in  the  mar- 
gin, where  they  are  marked  D.  L.  The 
double  longitude  of  the  last  course  comes 
out  equal  to  its  departure,  thus  proving  the 
work. 

Th,e  double  longitudes  being  thus  ob- 
tained, are  multiplied  by  the  corresponding 
latitudes,  and  the  content  of  the  field  ob- 
tained as  directed  in  the  General  Rule. 

,    This  example  may  serve  as  a  pattern  for  the  most  compact 
manner  of  arranging  the  work. 


STA- 
TIONS. 

+  1-56  D.  L. 
-1-  1-55 
+  1-28 

1 

2 
3 
4 
5 

+  4  88  D.  L. 
+  1-28 
-1-  1-86 

+  7*52  D.  L. 
-1-  1-86 
-2-00 

-h  7-38  D.  L. 

-2-00 

-2-69 

+  8-69  D.  L. 
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il 

1 

2 
3 

4 
6 

BBABIMaS. 

^2 

XJiTITUDSS. 

DKPABTUBB8. 

DOUBLE 
LO»OI- 
TUDKB. 

N.+      8.-     B.+ 

2-21              1-55 
•16               1-28 
1-21    1-86 
2-98 
1-78 

4-14    4-14    4-69 
A.  OR.  16 P. 

W.- 

2-00 
2-69 

4-69 

N.— 

8.+ 

N.  86**    E. 
N.  83i°  E. 
S.  67^    E. 
8.  34J^W. 
N.  661^  W. 

Cont 

2-70  . 
1-29  ' 
2-22  i 
3-55 
3-23  1 

1 

+  1-66 
+4-38 
+  7-52 
+  7-38 
+  2-69 

square 

3-4266 
06570 

4-7882 

9-0992 
21-6234 

30-7226 

8-8707 

)21-8619 

io-9269 

8-8707 

2 
chains, 

STA- 
TIONS. 

-  2-00  D.  L. 

—  2-00 
-2-69 

4 
6 
1 
2 
8 

-  6-69  D.  L. 
-2-69 
+  1-56 

-  7-83  D.  L. 
+  1-66 
-hl-28 

—  6-00  D.  L. 
+  1-28 
-h  1-86 

-  1-86 

266.  The  meridian  might  equally  well 
have  been  supposed  to  pass  through  the 
most  easterly  station,  4  in  the  figure.  The 
double  longitudes  could  then  have  been 
calculated  as  in  the  margin.  They  will,  of 
course,  be  all  west,  or  minus.  The  prod- 
ucts being  then  calculated,  the  sum  of  the 
north  products  will  be  found  to  be  29-9625, 
and  of  the  south  products  8 '1106,  and 
their  difference  to  be  21  '8619,  the  same  re- 
sult as  before. 

267.  A  number  of  examples,  with  and 
without  answers,  will  now  be  given  as  ex- 


ercises for  the  student,  who 
should  plat  them  by  some  of 
the  methods  given  in  the  chap- 
ter on  platting,  using  each  of 
them  at  least  once.  He  should 
then  calculate  their  content  by 
the  method  just  given,  and 
check  it,  by  aho  calculating  the 
area  of  the  plat  by  some  of 
the  geometrical  or  instrument- 
al methods  given  in  Chapter 
I ;  for  no  single  calculation  is 


FiQ.  182. 
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ever  reliable.     All  the  examples  (except  the  last)  are  from  the 
author's  actual  surveys. 

Example  2^  given  below,  is  also  fully  worked  out,  as  another 
pattern  for  the  student,  who  need  have  no  difficulty  with  any 
})ossible  case  if  he  strictly  follows  the  directions  which  have 
been  given.  The  plat  is  on  a  scale  of  2  chains  to  1  inch 
(  =  1:1584). 


•  • 

.& 

X^TITUDBB. 

DEPARTURES. 

DOUBLE 

DOUBLE  AREAS. 

n 

LONGI- 
TUDES. 

N.+ 

8.- 

K.+ 

W.- 

N.+ 

8.- 

1 

N.  m*'  E. 

2-81 

2-76 

•60 

-I-6-56 

18-0400 

2 

N.  76"    W. 

8-20 

•77 

8-11 

+4-06 

8-1186 

8 

8.  24J°  W. 

114 

104 

•47 

-1-   -47 

-4888 

4 

8.  48°    E. 

1-58 

1-02 

1-14 

+  1-14 

M628 

6 

8.  121°  E. 
8.  77°    E. 

112 

109 

•24 

+  2-52 

2-7468 

6 

1-64 

3-62 

•87 
¥62 

1-60 

+  4-86 

1-6182 

8-58  1  8-58 

21-1685 

6-0116 

6-0n6 

ConUnt  =  0  A.  8 R.  IP.                                2)16-1469 

! 

square 

chains, 

7-6784 

Example  S. 


STATIONS. 

BEARINGS. 

DISTANCES. 

1 

2 

8 
4 

N.62°      E. 

8.  291°  E. 
8.  8H°  W. 
N.  61°    W. 

10-64 
4-09 
7-68 
7-24 

Am,  4  A.  8R.  28  P. 


Example  ^ 


1 
2 

8 

4 


BEARINGS. 

DIBTAX0E8. 

s. 

21° 

W. 

12-41 

N. 

83i° 

E. 

6-86 

N. 

12° 

K 

8-26 

N. 

47° 

W. 

4-24 

Atul  4  a.  2R.  87  P. 


Example  5. 


STATIONS. 

BEARINGS. 

DISTANCES. 

1 

2 
8 

4 
•6 

N.  84i°  E. 
N.86°    E. 
8.  561°  E. 
8.  84J°  W. 
N.  66i°  W. 

2-78 
1-28 
2-20 
8-58 
8-20 

Example  6, 


An$.  lA.  OR.  14P. 


STATIONS. 

BBARXNOfl. 

DISTANCES. 

1 

2 

8 
4 
6 
6 

N.  86°    K 

8.  66i°E. 
8.  84°    W. 
N.  56°    W. 
8.  29i°  W. 
N.  4Si°  W. 

6-49 
14-16 
510 
6-84 
2-62 
8-73 
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ExampU  7, 


Example  8, 


8TATIOKB. 

BBABIN08. 

DISTANCES. 

1 

S.  2U^  W. 

17-62 

2 

S.  84°    W. 

1000 

8 

N.  56°    W. 

1415 

4 

N.  84*    E. 

9-76 

6 

N.  67°    E. 

2-30 

6 

K.  28'    E. 

7-08 

7 

N.  181°  E. 

441 

8 

S.  764°  E. 

1241 

STATIONS. 

BEARINGS. 

■  ■■■ 

DI8TANCB8., 

1 

8.  66i°E. 

4-98 

2 

S.  58°    E. 

8-66 

8 

8.  14J°W. 

20-69 

4 

8.  47°    W. 

0-60 

5 

S.  57i°  W. 
N.  66^    W. 

8-98 

6 

12-90 

7 

N.  84°    E. 

10-00 

8 

N.  2U°  E. 

17-62 

Example  9. 


Example  10, 


BBARINOS. 

DISTANCES. 

8.     57°      E. 

6-77 

8.  86i°W. 

2-25 

8.  89i°W. 

1-00 

8.  70J°  W. 

104 

N.  68f  °  W. 

1-28 

N.  56°    W. 

219 

N.  881°  E. 

1-05 

N.  561°  W. 

1-54 

N.  884°  E. 

818 

STA- 
TIONS. 

BEARINGS. 

DISTARCBS. 

1 

N.  b8°  51'  W. 

691 

2 

N.  68°  44'  W. 

7-26 

8 

N.  69°  85'  W. 

8-84 

4 

N.  77°  50'  W. 

'    6-64 

5 

N.  81°  24'  E. 

14-88 

6 

N.  81°  18'  E. 

16-81 

7 

8.  68"65'E. 

18-64 

8 

8.  68°42'E. 

11-54 

9 

8.  88°  45'  W. 

81-55 

Ans,  2  A.  OR. 


IP. 


Am,  74  acres. 


Example  11, 

STATIONS. 

BEARINGS. 

DISTANCES. 

1 

N.  181°  E. 

1-98 

2 

N.  9°      W. 

1-29 

3 

N.  14°    W. 

2-71 

4 

N.  74°    E. 

0-95 

5 

8.  484°  E. 

1-59 

6 

8.   144°  E. 

1-14 

7 

8    194°  E. 

2-15 

8 

8.  234°  W. 

1-22 

9 

8.  5°      W. 

1-40 

10 

8.   80°    W. 

1-02 

11 

8.   814°  W. 

0-69 

12 

N.  324°  W. 

1-98 

Example  12, 


STATIONS. 

BEARINGS. 

Nr7ir  e7 

DISTANCES. 

1 

0-88 

2 

8.  20i°E. 
;  8.  63°    E. 

0-22 

8 

0-75 

4 

N.51°    E. 

2-35 

5 

N.  44°    E. 

1-10 

6 

N.  254**  W. 

1-96 

7 

N.  84°    W. 

1-05 

8 

8.  29°    W. 

1-63 

9 

N.  714°  W. 

0-81 

10 

,  N.  134°  W. 

117 

11 

N.  63°    W. 

1-28 

12 

West 

1  68 

13 

'  K  49°    W. 

0-80 

14 

8.  194°  E. 

6-20 

Example  13.     A  farm  is  described  in  an  old  deed  as  bounded 
thus :  Beginning  at  a  pile  of  stones,  and  running  thence  twenty- 
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seven  chains  and  seventy  links  southeasterly  sixty-six  and  a  half 

degrees  to  a  white-oak  stump ;  thence  eleven  chains  and  sixteen 

links  northeasterly  twenty 

,,,.,,  Fia.  188. 

and  a  half  degrees  to  a 
hickory-tree  ;  thence  two 
chains  and  thirty-five  links 
northeasterly  thirty-six  de- 
grees to  the  southeasterly 
comer  of  the  homestead  ; 
thence  nineteen  chains  and 
thirty-two  links  northeast- 
erly twenty-six  degrees  to 
a  stone  set  in  the  ground ; 
thence  twenty-eight  chains 
and  eighty  links  northwest- 
erly sixty-six  degrees  to  a 
pine-stump ;  thence  thirty- 
three  chains  and  nineteen 

links  southwesterly  twenty-two  degrees  to  the  place  of  beginning, 
containing  ninety-two  aeres^  be  the  same  more  or  less.  Bequired 
the  exact  content. 


Fie.  1S4. 


268.  Kasoheroni's  Theorem.  The  surface  of  any  polygon  is 
equal  to  half  the  sum  of  the  products  of  its 
sides  {omitting  any  one  side)  taken  two  and 
two,  into  the  sines  of  the  angles  which  those 
sides  make  with  each  other. 

Thus,  take  any  polygon,  such  as  the  five- 
sided  one  in  the  figure.      Express  the    angle 
which  the  directions  of  any  two  sides,  as  A  B, 
C  D,  make  with  each  other,  thus  (A  B  A  C  D). 
■  Then  will  the    content  of  that  polygon  be,  as 

below  : 
=  i[A  B .  B  C .  sin  (A  B  A  B  C)  +  A  B .  C  D  .  sin  (A  B  A  C  D) 
+  A  B .  D  E .  sin  (A  B  A  D  E)  +  B  C .  C  D  .  sin  (B  C  A  C  D) 
+  B  C .  D  B .  sin  (B  C  A  D  E)  -f  C  D  .  D  E .  sin  (C  D  A  D  E)] 
The  demonstration  consists  merely  in  dividing  the  polygon  into 
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triangles  by  lines  drawn  from  any  angle  (as  A)  ;  then  expressing 
the  area  of  each  triangle  by  half  the  product  of  its  base  and  the 
perpendicular  let  fall  upon  it  from  the  above-named  angle ;  and 
finally  separating  the  perpendicular  into  parts  which  can  each  be 
expressed  by  the  product  of  some  one  side  into  the  sine  of  the 

angle  made  by  it  with  another  side. 
The  sum  of  these  triangles  equals  the 
polygon. 

The  expressions  are  simplified  by 
dividing  the  proposed  polygon  into  two 
parts  by  a  diagonal,  and  computing  the 
area  of  each  part  separately,  making 
the  diagonal  the  side  omitted. 

A  New  Method  of  calculAting 
Areas. 

269.  In  Fig.  185,  let  the  total  lati- 
tudes (Art.  246)  of  the  stations  1,  2,  3, 
and  4  be  represented  by  Iiy  Ig,  ^,  and 
^4,  respectively. 
Let  the  departures  of  each  course  separately  be  represented  by 
du  dt,  d^,  and  d^,  respectively. 
The  double  area  of  A  B  23 

=  AB(A2  +  B3) 

=  {h-h)(d^  +  d,  +  d,) 

^Ud,  +  l^,  +  kd,^l^,-l^r-lzdt^    [1.] 
The  double  area  of  C  B34 

=  CB(B3  +  C4) 

=  {h  +  h){d,  +  d,  +  d,) 

=  Wi  +  W4  +  Ws  +  W4  +  W4  +  W3.      [2.  J 
The  double  area  of  12  A  =  Al  ( A2)  =  l^^.  [3.] 

The  double  area  of  14  C  =  CI  (C4)  =  Ud^,  [4.] 

Now,  the  double  area  of  the  figure  1234  is  equal  to  the  sum 
of  [1]  and  [2]  -  the  sum  of  [3]  and  [4]. 
Combining  and  reducing,  we  have  : 

Double  area  of  1234=  i,  (rfj  H-rfg)  4-/3  (^^4  +  ^4  + ^3-^1 -<? 
-dt)  +  h{dz  +  d,). 
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Noting  that  ^4  +  ^3  =  ^1  +  <^>  ^e  have, 

Double  area  of  1234  =  Zj  {d^  +  ^2)  +  ^3  (^«  -  ^3)  •+•  h  (^s  •+•  d^^ 

Patting  this  in  the  form  of  a  rule,  we  have  2  Multiply  the  total 
latitude  of  each  station  by  the  algebraic  sum  of  the  departures  of 
the  two  adjacent  courses.  One  half  of  the  algebraic  sum  of  the 
products  will  be  the  area. 

As  an  exercise  for  the  student,  let  him  find,  by  the  above 
method,  an  expression  for  the  area  of  figures  having  five  and  six 
sides. 

Th6  following  example,  worked  out  by  the  method  of  double 
longitudes  (on  page  158),  and  below,  by  the  new  method,  will  show 
the  difference  between  the  two  methods  : 


1 

2 

1 

UABXNOS. 

§1 

ULTITUDSS. 

TOTAL 
LATI- 
TUDB8. 

▲DJA- 

OKNT 

DKPART- 

URX8. 

DOUBLE 
▲RBAB. 

N.+ 

s.- 

E.+ 

w.— 

N.  86°    E. 
N.  884°  E. 
S.  57°    E. 
S.  341°  W. 
N.  66i°  W. 

2-70 
1-29 
2-22 
8-56 
8-28 

2-21 
•16 

1-78 

121 
2-93 

1-66 
1-28 
1-86 

200 
2-69 

2-21 
2-86 
116 

-1-78 

2-88 

8-14 

-0-14 

-4-69 

6-2648 

7-4104 

-0-1610 

8*8482 

i 

414 

4-14 

4-69 

4  69 

2)21-8619 

i 

square 

chains, 

10-9269 

In  computing  the  total  latitudes,  if  the  total  latitude  of  the 
last  station  equals  the  latitude  of  the  last  course  with  sign  changed, 
the  total  latitudes  may  be  considered  correct. 

The  station  through  which  the  meridian  of  the  survey  is  sup- 
posed to  pass,  and  from  which  the  total  latitude  is  reckoned,  will 
have  no  latitude,  and  hence  the  product  of  its  latitude  and  adja- 
cent departures  will  be  zero.  There  will  therefore  be  one  less 
product  than  there  are  stations. 

Any  station  may  be  taken  as  the  starting-point. 

To  verify  the  area  obtained  in  any  case,  calculate  a  second  time, 
using  a  different  station  as  the  starting-point. 

This  method  was  first  published  by  J.  Woodbridge  Davis, 
C.  E.,  Ph.  D.,  in  Van  Nostrand's  ''Engineering  Magazine,"  for 
April,  1S79,  where  a  general  discussion  of  the  method  is  given. 
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THS  DBCLINATIOH  OF  THE  XAaNBTIO  NEEDUL 

280.  Seflnitiona,  The  magnetic  meridian  is  the  direction  indi- 
cated hy  the  magnetic  needle.  The  true  meridian  is  a  trae  north 
and  south  line,  which,  if  produced,  would  pass  through 
the  poles  of  the  earth.  The  declination  of  the  needle  is 
the  angle  which  one  of  these  lines  makes  with  the  other. 
In  the  figure,  if  N  S  represent  the  direction  of  the 
true  meridian,  and  W  S'  the  direction  of  the  magnetic 
meridian  at  any  place,  then  is  the  angle  NAN'  the  dedi-- 
nation  of  the  needle  at  that  place. 

261.  Direction  of  the  Heedle.  The  directions  of  these 
two  meridians  do  not  generally  coincide,  but  the  needle 
in  most  places  points  to  the  east  or  to  the  west  of  the 
true  north,  more  or  less  according  to  the  locality.  Observations 
of  the  amount  and  the  direction  of  this  declination  hare  been 
made  in  nearly  all  parts  of  the  world.  In  the  United  States  the 
declination  in  the  Eastern  States  is  westerly,  and  in  the  Western 
States  is  easterly,  as  will  be  given  in  detail,  after  the  methods 
for  determining  the  true  mieridian,  and  consequently  the  declina* 
tions,  at  any  place  have  been  explained. 

To  determine  the  True  Meridian. 

262.  By  Equal  Shadows  of  the  Sun.  On  the  south  side  of  an; 
level  surface  erect  an  upright 
staff,  shown  in  horizontal  pro- 
jection at  S.  Two  or  three 
hours  before  noon,  mark  the 
extremity,  A,  of  its  shadow. 
Describe  an  arc  of  a  circle 
with  S,  the  foot  of  the  staff,  for 
center,  and  SA,  the  distance 
to  the  extremity  of  the  shadow, 
for    radius.      About    as   many 

hours  after  noon  as  it  had  been  before  noon  when  the  first  mark 
was  made,  watch  for  the  moment  when  the  end  of  the  shadow 
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touches  the  arc  at  another  pointy  B.  Bisect  the  arc  AB  at  N. 
Draw  S  N^  and  it  will  be  the  true  meridian^  or  north  and  Bouth 
line  required. 

For  greater  accuracy,  describe  several  arcs  beforehand,  mark 
the  points  in  which  each  of  them  is  touched  by  the  shadow,  bisect 
each^  and  adopt  the  average  of  alL  The  shadow  will  be  better  de- 
fined if  a  piece  of  tin  with  a  hole  through  it  be  placed  at  the  top 
of  the  staff,  as  a  bright  spot  will  thus  be  substituted  for  the  less 
definite  shadow.  Nor  need  the  staff  be  vertical,  if  from  its  summit 
a  plumb-line  be  dropped  to  the  ground,  and  the  point  which  this 
strikes  be  adopted  as  the  center  of  the  arcs. 

This  method  is  a  very  good  approximation,  though  perfectly 
correct  only  at  the  time  of  the  solstices,  about  June  21st  and  De- 
cember 22d.     It  was  employed  by  the  Bomans  in  laying  out  cities. 

To  get  the  declination,  set  the  compass  at  one  end  of  the  true 
meridian  line  thus  obtained,  sight  to  the  other  end  of  it,  and  take 
the  bearing  as  of  any  ordinary  line.  The  number  of  degrees  in  the 
reading  will  be  the  desired  declination  of  the  needle. 

863.  By  the  Horth  Star,  when  in  the  Meridian.  The  north 
star,  or  pole  star  (called  by  astronomers 
Alpha  Ursa  Minor  is,  or  Polaris),  is  not 
situated  precisely  at  the  north  pole  of  the 
heavens.  If  it  were,  the  meridian  could 
be  at  once  determined  by  sighting  to  it, 
or  placing  the  eye  at  some  distance  be-     ^f  •  ; 

hind  a  plnmb-line  so  that  this  line  should 
hide  the  star.  But  the  north  star  is  about 
li**  from  the  pole.     Twice  in  twenty-four  "^ 

hours,  however  (more  precisely,  twenty- 
three  hours  fifty-six  minutes),  it  is  in  the  meridian,  being  then 
exactly  above  or  below  the  pole,  as  at  A  and  C  in  the  figure.  To 
know  when  it  is  so,  is  rendered  easy  by  the  aid  of  another  star, 
easily  identified,  which  at  these  times  is  almost  exactly  above  or 
below  the  north  star — i.  e.,  situated  in  the  same  vertical  plane. 
If,  then,  we  watch  for  the  moment  at  which  a  suspended  plumb- 
line  will  cover  both  these  stars,  they  will  then  be  in  the  meridian. 
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Fig.  189. 
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The  other  star  is  in  the  well-known  constellation  of  the  Great 
Bear,  called  also   the   Plow,  or  the  Dipper,  or  Charles's  Wain. 

Two  of  its  five  bright  stars 
(the  right-hand  ones  in  Fig. 
189)  are  known  as  the  "  Point- 
ers," from  their  pointing  near 
to  the  north  star,  thus  assist- 
ing in  finding  it.  The  mid- 
dle star  in  the  tail  or  handle 
is  the  star  which  comes  to 
the  meridian  at  the  same 
time  with  the  north  star, 
twice  in  twenty-four  hours,  as 
in  Fig.  189  or  190.  It  is 
known  as  Mizar^  or  Zeta  Ursm 
Majorta* 

To  determine  the  meridian  by  this  method,  suspend  a  long 
plumb-line  from  some  elevated  point,  such  as  a  stick  projecting 
from  the  highest  window  of  a  house  suitably  situated.  The  plumb- 
bob  may  pass  into  a  pail'of  water  to  lessen  its  vibrations.  South 
of  this  set  up  the  compass,  at  such  a  distance  from  the  plumb-line 
that  neither  of  the  stars  will  be  seen  above  its  highest  point — i.  e., 
in  latitudes  of  40**  or  50°,  not  quite  as  far  from  the  plumb-line  as 
it  is  long.  Or,  instead  of  a  compass,  place  a  board  on  two  stakes, 
so  as  to  form  a  sort  of  bench,  running  east  and  west,  and  on  it 
place  one  of  the  compass-sights,  or  anything  having  a  small  hole  in 
it  to  look  through.  As  the  time  approaches  for  the  north  star  to 
be  on  the  meridian  (as  taken  from  the  table  given  below)  place  the 
compass,  or  the  sight,  so  that,  looking  through  it,  the  plumb-line 
shall  seem  to  cover  or  hide  the  north  star.  As  the  star  moves  one 
way,  move  the  eye  and  sight  the  other  way,  so  as  to  constantly 
keep  the  star  behind  the  plumb-line.  At  last  Mizar^  too,  will  be 
covered  by  the  plumb-line.    At  that  moment  the  eye  and  the 


•  The  north  pole  Is  very  nearly  at  the  intersection  of  the  line  from  Polaiis  to 
Hizar,  and  a  perpendicular  to  this  line  from  the  small  star  seen  to  the  left  of  it  in 
Fig.  189. 
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plamb-line  are  (approximately)  in  the  meridian.  Fasten  down  the 
sight  on  the  board  till  morning,  or  with  the  compass  take  the  bear- 
ing at  once,  and  the  reading  is  the  declination. 

Instead  of  one  plamb-line  and  a  sight,  two  plumb-lines  may 
be  suspended  at  the  end  of  a  horizontal  rod,  turning  on  the  top 
of  a  pole. 

The  line  thus  obtained  points  to  the  east  of  the  true  line  when 
the  north  star  is  above  Mizar,  and  vice  versa.  The  north  star  is 
exactly  in  the  meridian  0*85  of  a  minute  after  it  has  been  in  the 
same  vertical  plane  with  Mizar,  and  may  be  sighted  to,  after  that 
interval  of  time,  with  perfect  accuracy  for  1895. 

The  interval  between  the  time  when  Mizar  and  Polaris  are  on 
the  same  vertical  circle  and  the  time  when  Polaris  is  on  the  verti- 
cal circle  through  the  north  pole  is  increasing  0*35  of  a  minute  a 
year,  so  that  in  1900  the  interval  will  be  2*6  minutes. 

Another  bright  star,  which  is  on  the  opposite  side  of  the  pole, 
and  is  known  to  astronomers  as  Delta  CassiopeicBj  also  comes  on 
the  meridian  nearly  at  the  same  time  as  the  north  star,  and  may  be 
used  in  the  same  way  as  Mizar  for  finding  the  true  meridian. 

The  interval  between  the  time  when  Delta  Cassiopeia  and 
Polaris  are  on  the  same  vertical  circle  and  the  time  when  Polaris 
is  on  the  vertical,  circle  through  the  north  pole  is  1*75  minutes  for 
1895,  and  is  increasing  0*33  minute  per  year,  so  that  in  1900  the 
interval  will  be  3*4  minutes. 

264.  The  time*  at  which  the  north  star  passes  the  meridian 
above  and  below  the  pole,  for  the  first  and  fifteenth  of  each  month, 
is  given  in  the  table  in  Art.  265  in  astronomical  time,  the  time 
being  counted  from  zero  at  noon  to  twenty-four  hours.    The  upper 

*  To  calculate  the  time  of  the  north  star  passing  the  meridian  at  its  upper  cul- 
mination :  Find  in  the  ** American  Ephemcris  and  Nautical  Almanac"  the  right  ascen- 
sion of  the  star,  and  from  it  (increased  by  twenty-four  hours  if  necessary  to  render 
the  subtraction  possible)  subtract  the  right  ascension  of  the  sun  at  mean  noon,  or 
the  sidereal  time  at  mean  noon,  for  the  given  day,  as  found  in  the  **  ephemeris  of  the 
son  **  in  the  same  almanac  From  the  remainder  subtract  the  acceleration  of  side* 
real  on  mean  time  corresponding  to  this  remainder  (8m.  56s.  for  24  hours),  and  the 
new  remainder  is  the  required  mean  solar  time  of  the  upper  passage  of  the  star 
across  the  meridian,  in  **  astronomical ''  reckoning,  the  astronomical  day  beginning  at 
I  of  the  common  civil  day  of  the  same  date. 
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transit  is  the  most  convenient,  since  at  the  other  transit  Hizar  ifl 
too  high  to  be  conveniently  observed. 


S.  By  the  VMh  Star  at  its  Extreme  Elongation.*  When  the 
north  star  is  at  its  greatest  apparent  angalar  distance  east  or  west 
of  the  pole,  as  at  B  or  D  in  Fig.  188,  it  is  said  to  be  at  its  extreme 
eastern  or  extreme  western  elongation.  If  it  be  observed  at  either 
of  these  times,  the  direction  of  the  meridian  can  be  easily  obtained 
from  the  observation.  The  great  advantage  of  this  method  over 
the  preceding  is  that  then  the  star's  motion  apparently  ceases  for 
a  short  time. 

The  north  star,  which  is  now  about  1°  16'  from  the  pole,  was 
12°  distant  from  it  when  its  place  was  first  recorded.  Its  distance 
is  now  diminishing  at  the  rate  of  about  a  third  of  a  minute  in  a 
year,  and  will  continue  to  do  so  till  it  approaches  to  within  half  a 
degree,  when  it  will  again  recede.  The  brightest  star  in  the  north- 
ern hemisphere,  Alpha  LyrcB^  will  be  the  pole-star  in  about  twelve 
thousand  years,  being  then  within  about  5°  of  the  pole,  though  now 
more  than  51°  distant  from  it. 

The  times  of  the  elongations  of  Polaris  is  given  in  the  following 
table,  compiled  from  information  furnished  by  the  superintendent 
of  the  United  States  Coast  and  Geodetic  Survey. 

The  time  given  in  the  table  is  astronomical  time,  in  which  the 
day  begins  at  noon  and  runs  twenty-four  hours.  The  civil  day 
begins  at  midnight,  and  is  divided  into  two  periods  of  twelve  hours 
each,  designated  as  a.  h.  and  p.  m. 

The  civil  day  begins  twelve  hours  before  the  astronomical  day, 
so  that,  for  example,  June  6th,  10  o'clock  a.  m.,  civil  time,  is  June 
5th,  twenty-two  hours  astronomical  time,  and  June  6th,  10  o'clock 
p.  M.,  is  June  6th,  ten  hours  astronomical  time. 


*  To  calculate  the  times  of  the  greatest  elongation  of  the  north  starf^  Find  in  the 
'*  American  Ephemeris  and  Nautical  Almanac  '^  its  polar  distance  at  the  given  time. 
Add  the  logarithm  of  its  tangent  to  the  logarithm  of  the  tangent  of  the  latitude  of 
the  place,  and  the  sum  will  be  the  logarithm  of  the  cosine  of  the  hour  angle  before 
or  after  the  culmination.  Reduce  the  space  to  time ;  correct  for  sidereal  acceleration 
(Sm.  66s.  for  24  hours)  and  subtract  the  result  from  the  time  of  the  star's  passing 
the  meridian  on  that  day,  to  get  the  time  of  the  eastern  elongation,  or  add  it  to  get 
the  western. 
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APPROXIMATE  LOCAL  BCKAN  (ASTRONOMICAL)  TIMES  OF  THE  CULMINATIONS 
AND  ELONGATIONS  OF  POLARIS  IN  THE  YEAR  1805. 

[Computed  for  latitude  -f  40"  norths  and  loufcitude  6^  west  from  Greenwich.] 


Date. 

Eastelouga- 
Uon. 

Upper  cul- 
mination. 

West  elonga- 
tion. 

Lower  cul- 
mination. 

January  1 

H.     M. 

0  39-8 
23  40-6 

H.     M. 

6  84-7 
5  39-4 

H.     M. 

12  29-4 
11  84-1 

H.     M. 

18  32-6 
17  37-8 

"15::::::::::: 

February  1 

22  83-4 
21  38-2 

4  32-3 
3  37-1 

10  270 
9  31-8 

16  80-2 
15  34-9 

15 

March  1 

20  430 
19  47-9 

2  41-8 
1  46-7 

8  36-5 
7  41-4 

14  39-7 
18  44-7 

«     15 

April  1 

18  40-9 
17  45-9 

0  39-7 
28  40-8 

6  34-4 
6  39-4 

12  37-7 
11  42-7 

-  15..:;;::::::::. 

May  1 

16  43-1 
15  48-2 

22  380 
21  430 

4  86-6 
3  41-7 

10  89-8 
9  44-9 

«'  15 

June  1 

14  41-5 
18  46-6 

20  86-4 
19  41-6 

2  350 
1  401 

8  38-8 
7  43-4 

•«    15 

July  1 

12  440 
11  491 

18  38-9 
17  44- 1 

0  37-6 
28  38-7 

6  40-8 
5  45-9 

"15 :::::: 

Aumist  1 

10  42-6 
9  47-7 

16  37-6 
15  42-7 

22  32-2 
21  37-8 

4  89-4 
8  44-4 

"is:::::::::::: 

Seotember  1 

8  4M 
7  46-1 

14  36- 1 
18  41-2 

20  80-6 
19  35-8 

2  87-9 
1  48-0 

*^-    15;;:::::;; 

October  1 

•«      15 

6  48-4 
6  48-4 

12  38-4 
11  43-4 

18  880 
17  88-0 

0  40-2 
23  41-3 

Noyember  1 

4  41-6 
8  46-4 

10  36-6 
9  41-5 

16  31-2 
15  860 

14  830 
13  37-7 

22  34-4 
21  39-1 

"         15 

December  1 

2  48-4 
1  481 

8  38-4 
7  43-2 

20  86-2 
19  40-9 

"        15 

1 

For  any  day  of  the  month  other  than  the  first  and  fifteenth,  sub- 
tract 3-94  minutes  for  every  day  between  it  and  the  preceding  tabu- 
lar day,  or  add  3*94  minutes  for  every  day  between  it  and  the  sue* 
ceeding  tabular  day.  For  use  at  other  times  and  places  than  those 
for  which  the  table  was  computed,  the  following  corrections  are 
necessary: 

For  any  year  after  1896  add  0-26  minute  for  each  additional  year. 
This  will  be  correct  for  the  first  year  after  leap  year.  Besides  this 
correction,  for  the  second  year  after  leap  year,  add  0*9  minute ;  for 
the  third  year,  1*7  minutes;  for  leap  year  before  March  1st,  add  2-6 
minutes;  and  on  and  after  March  1st,  subtract  1*2  minutes. 
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For  other  longitudes  than  six  hours  west  from  Greenwich,  add 
0*16  minute  for  each  hour  east,  or  subtract  0*16  minute  for  each 
hour  west. 

For  other  latitudes  than  40°  north,  add  to  the  time  of  west 
elongation  0*13  minute  for  every  degree  north  of  40°,  and  subtract 
0*13  minute  for  every  degree  south  of  40°. 

When  '^  standard ''  time  is  used,  it  should  be  noted  that  local 
time  will  differ  from  standard  time  four  minutes  for  each  degree 
east  or  west  of  the  meridian  of  the  standard  time  used. 

866.  Obiervationg.  Knowing  from  the  preceding  table  the  hour 
and  minute  of  the  extreme  elongation  on  any  day,  a  little  before 
that  time  suspend  a  plumb-line,  precisely  as  in  Art.  263,  and  place 
yourself  south  of  it  as  there  directed.  As  the  north  star  moves 
one  way,  move  your  eye  the  other,  so  that  the  plumb-line  shall 
continually  seem  to  cover  the  star.  At  last  the  star  will  appear 
to  stop  moving  for  a  time  and  then  begin  to  move  backward. 
Fix  the  sight  on  the  board  (or  the  compass,  etc.)  in  the  position 
in  which  it  was  when  the  star  ceased  moving;  for  the  star  was 
then  at  its  extreme  apparent  elongation,  east  or  west,  as  the  case 
may  be. 

The  eastern  elongations  from  October  to  March,  and  the  west- 
ern elongations  from  April  to  September,  occurring  in  the  daytime, 
they  will  generally  not  be  visible  except  with  the  aid  of  a  powerful 
telescope. 

267.  Azimuths.  The  angle  which  the  line  from  the  eye  to  the 
plumb-line  makes  with  the  true  meridian — i.  e.,  the  angle  between 
the  meridian  plane  and  the  vertical  plane  passing  through  the  eye 
and  the  star — is  called  the  Azimuth  of  the  star.  It  is  given  in  the 
following  table  for  different  latitudes,  and  for  a  number  of  years 
to  come.  For  the  intermediate  latitudes  it  can  be  obtained  by  a 
simple  proportion.* 

*  To  calculate  this  azimuth :  From  the  logarithm  of  the  sine  of  the  polar  distance 
of  the  fitar,  subtract  the  logarithm  of  the  cosine  of  the  latitude  of  the  place ;  the  re- 
mainder will  be  the  logarithm  of  the  sine  of  the  angle  required.  The  polar  distance 
can  be  obtained  as  directed  in  the  last  note. 
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Betting  out  a  Meridian.  When  two  points  in  the  direction 
of  the  north  star  at  its  extreme  elongation  have  been  ob* 
tainedy  as  in  Art.  266^  the  true  meridian  can  be  found 
thus  :  Let  A  and  B  be  the  two  points.  Multiply  the 
natural  tangent  of  the  azimuth  given  in  the  table  by  the 
distance  A  B.  The  product  will  be  the  length  of  a  line 
which  is  to  be  set  off  from  B,  perpendicular  to  A  B^  to 
some  point  C.  A  and  G  will  then  be  points  in  the  true 
meridian.  This  operation  may  be  postponed  till  morn- 
ing. 

If  the  directions  of  both  the  extreme  eastern  and  ex- 
ti*eme  western  elongations  be  set  ont^  the  line  lying  mid- 
way between  them  will  be  the  true  meridian. 


269.  Betemiining  the  Declination.  The  declination  would,  of 
course,  be  given  by  taking  the  bearing  of  the  meridian  thus  ob- 
tained, but  it  can  also  be  determined  by  taking  the  bearing  of  the 
star  at  the  time  of  the  extreme  elongation,  and  applying  the  fol- 
lowing rules : 

When  the  azimuth  of  the  star  and  its  magnetic  bearing  are  one 
east  and  the  other  west,  the  sum  of  the  two  is  the  magnetic  decli- 
nation, which  is  of  the  same  name  as  the  azimuth — i.  e.,  east,  if  that 
be  east,  and  west,  if  it  be  west. 

When  the  azimuth  of  the  star  and  its  magnetic  bearing  are  both 
east  or  both  west,  their  difference  is  the  declina- 
tion, which  will  be  of  the  same  name  as  the  azi- 
muth and  bearing,  if  the  azimuth  be  the  greater 
of  the  two,  or  of  the  contrary  name  if  the  azi- 
muth be  the  smaller. 

All  these  cases  are  presented  together  in  the 
figure,  in  which  P  is  the  north  pole,  Z  the  place 
of  the  observer,  Z  P  the  true  meridian,  S  the  star 
at  its  greatest  eastern  elongation,  and  Z  N,  Z  N', 
Z  N'  various  supposed  directions  of  the  needle. 

Gall  the  azimuth  of  the  star — ^i.  e.,  the  angle 
PZS— 2^east. 

Suppose  the  needle  to  point  to  N,  and  the 
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bearing  of  the  star — i.  e.,  SZN — ^to  be  6°  west  of  magnetic  north* 
The  declination  PZN  will  evidently  be  T  east  of  true  north. 

Suppose  the  needle  to  point  to  N'^  and  the  bearing  of  the  star 
— i.  e.,  N'ZS — to  be  1^°  east  of  magnetic  north.  The  declination 
will  be  1°  east  of  true  north,  and  of  the  same  name  as  the  azimuth, 
because  that  is  greater  than  the  bearing. 

Suppose  the  needle  to  point  to  N',  and  the  bearing  of  the  star 
— i.  e.,  N'ZS — to  be  10°  east  of  magnetic  north.  The  declination 
will  be  8^  west  of  true  north,  of  the  contrary  name  to  the  azimuth, 
because  that  is  the  smaller  of  the  two.* 

If  the  star  were  on  the  other  side  of  the  pole,  the  rules  would 
apply  likewise. 

870.  Other  Methodi.  Many  other  methods  of  determining  the 
true  meridian  are  employed  ;  such  as  by  equal  altitudes  and  azi- 
muths of  the  sun,  or  of  a  star;  by  one  azimuth,  knowing  the 
time ;  by  observations  of  circumpolar  stars  at  equal  times  before 
and  after  their  culmination,  or  before  and  after  their  greatest  elon- 
gation, etc. 

All  these  methods,  however,  require  some  degree  of  astronomi- 
cal knowledge ;  and  those  which  have  been  explained  are  abun- 
dantly pufficient  for  all  the  purposes  of  the  ordinary  land-surveyor. 

"  Burt's  Solar  Compass "  is  an  instrument  by  which,  **  when 
adjusted  for  the  sun's  declination  and  the  latitude  of  the  place,  the 
azimuth  of  any  line  from  the  true  north  and  south  can  be  read  off, 
and  the  difference  between  it  and  the  bearing  by  the  compass  will 
then  be  the  variation."    (See  Arts.  463  to  483.) 

271.  Kagnetio  Declination  in  the  United  States.  The  declina- 
tion in  any  part  of  the  United  States  can  be  approximately  ob- 
tained by  mere  inspection  of  the  map  at  the  beginning  of  this 
volume,  t  Through  all  the  places  at  which  the  needle,  in  1890, 
pointed  to  the  true  north,  a  line  is  drawn  on  the  map,  and  called 

*  Algebraically,  always  subtract  the  bearing  from  the  azimuth,  and  give  the  re- 
mainder its  proper  resulting  algebraic  sign.  It  will  be  the  declination ;  east  if  plu9^ 
and  west  if  minu9.  Thus,  in  the  first  case  above,  the  declination  =  +  2"*  —  (—  5°) 
=  +  T**  =  7°  east.  In  the  second  case,  the  declination  =  +  2°  —  (+  1^')  =  +  t°  =  f  ° 
east     In  the  third  case,  the  declination  =  +  2°  —  ( +  10**)  =  —  8"  =  S**  west. 

t  Copied  from  **  United  Stotes  Coast  and  Geodetic  Survey  Report,"  1889. 
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the  line  of  no  declination.  It  will  be  seen  to  pass  a  little  east  of 
Charleston,  South  Carolina,  thence  in  a  northwesterly  direction, 
passing  near  Colnmbns,  Ohio,  through  the  west  end  of  Lake  Erie, 
passing  near  Lansing,  Michigan,  and  up  through  the  east  end  of 
Lake  Superior.    This  line  is  now  slowly  moving  westward. 

At  all  places  situated  to  the  east  of  this  line  (including  the 
New  England  States,  New  York,  New  Jersey,  Delaware,  Mary- 
land, Pennsylvania,  most  of  Virginia,  and  the  east  half  of  North 
Carolina  and  Ohio)  the  declination  is  westerly — i.  e.,  the  north  end 
of  the  needle  x)oints  to  the  west  of  the  true  north.  At  all  places 
situated  to  the  west  of  this  line  (including  the  Western  and  South- 
ern States)  the  declination  is  easterly — ^i.  e.,  the  north  end  of  the 
needle  points  to  the  east  of  the  true  north.  This  declination  in- 
creases in  proportion  to  the  distance  of  the  place  on  either  side  of 
the  line  of  no  variation,  reaching  23°  of  easterly  declination  in 
Washington  Territory,  and  21°  of  westerly  declination  in  Maine. 

Isogonics,  or  lities  of  equal  declination,  are  lines  drawn  through 
all  the  places  which  have  the  same  declination.  On  the  map  they 
are  drawn  for  each  degree.  All  the  places  situated  on  the  line 
marked  5®,  east  or  west,  have  5°  declination ;  those  on  the  10°  lino 
have  10°  declination,  etc.  The  declination  at  the  intermediate 
places  can  be  approximately  estimated  by  the  eye.  These  lines  all 
refer  to  1885. 

The  sign  +  indicates  west  declination,  and  the  sign  —  indi- 
cates east  declination.  The  annual  change  in  the  secular  variation 
for  stations  is  given  in  minutes  and  decimals,  a  +  indicating  in- 
creasing west  declination  or  decreasing  east  declination,  and  a  — 
sign  indicating  increasing  east  and  decreasing  west  declination. 

272.  To  oorreot  Kagnetio  Bearings.  The  declination  at  any 
place  and  time  being  known,  the  magnetic  bearings  taken  there 
and  then  may  be  reduced  to  their  true  bearings  by  these  rules  : 

Rule  1.  mien  the  declination  is  west,  as  it  is  in  the  North- 
eastern States,  the  true  bearing  will  be  the  sum  of  the  declination, 
and  a  bearing  which  is  north  and  west,  or  south  and  east ;  and  the 
difference  of  the  declination  and  a  bearing  which  is  north  and 
east,  or  south  and  west.     To  apply  this  to  the  cardinal  points,  a 
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north  bearing  must  be  called  N.  0** 
west,  an  east  bearing  K  90°  E.,  a 
sonth  bearing  S.  0°  E.,  and  a  west 
bearing  S.  90®  W.  ;  counting  around 
from  N'  to  N,  in  the  figure,  and  so 
onward,  **with  the  sun." 

The  reasons  for  these  corrections 
are  apparent  from  the  figure,  in 
which  the  dotted  lines  and  the  ac- 
cented letters  represent  the  direction 
of  the  needle,  and  the  full  lines  and  the  unaccented  letters  repre- 
sent the  true  north  and  south  and  east  and  west  lines. 

When  the  sum  of  the  declination  and  the  bearing  is  directed  to 
be  taken,  and  comes  to  more  than  90°,  the  supplement  of  the  sum 
is  to  be  taken,  and  the  first  letter  changed.  When  the  difference 
is  directed  to  be  taken,  and  the  declination  is  greater  than  the 
bearing,  the  last  letter  must  be  changed.  A  diagram  of  the  case 
will  remove  all  doubts.  Examples  of  all  these  cases  are  given  be- 
low for  a  declination  of  8°  west: 


MAGNETIC 

TRUE 

1 

MAGNETIC 

TRUE 

BEARINGS. 

BEARINGS. 

BEARINGS. 

BEARINGS. 

North. 

N.    8°W. 

South. 

8.     8°E. 

K    rE. 

N.    7°W. 

8.     2°W. 

8.     6°  E. 

N.  40°  E. 

N.  32°  E. 

S.  60°  W. 

8.  52°  W. 

East. 

N.  82°  E. 

West. 

8.  82°  W. 

S.  50°  E. 

8.  58° E. 

N.  70°  W. 

N.  78°  W. 

8.  80°  E. 

N.  83°  E. 

N.  83°  W. 

8.  89°  W. 

Flo.  194. 

N 


Rule  2.     When  the  declination  is 

j\r'  east,  as  in  the  Western  and  Southern 

(  States,  the  preceding  directions  must 

be  exactly  reversed  — i.  e.,  the  true 

bearing  will  be  the  difference  of   the 

:::;;; e     declination,  and  a  bearing  which  is 

""""^^'  north  and  west  or  south  and  east; 
and  the  sum  of  the  declination  and  a 
bearing  which  is  north  and  east  or 
south   and  west.      A    north    bearing 
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must  be  called  N.  0°  E.,  a  west  bearing  N.  90°  W.,  a  south  bear- 
ing S.  0**  W.,  and  an  east  bearing  S.  90°  E.,  counting  from  N' 
to  N,  and  so  onward,  *' against  the  sun."  The  reasons  for  these 
rules  are  seen  in  the  figure.  Examples  are  given  below  for  a 
declination  of  5°  E. : 


XAONBTIC 

TRI'R 

'          MAONmC 

TRUB 

BSAKINUB. 

BISARlHO». 

BBABIN08. 

BBARIMQft. 

North. 

N.    6°E. 

Sooth. 

8.     6°W. 

N.  40°  E. 

N.  4r,°  E. 

8.  60°  W. 

8.  66°  W. 

N.  80°  E. 

N.  86°  E. 

8.  87°  W. 

N.  88°  W. 

Ea8t 

8.  86°  E. 

West. 

N.  85°  W. 

s.    r  E. 

S.     4°  W. 

N.  70°  W. 

N.  65°  W. 

S.  50°  E. 

8.  45°  E. 

1    N.    2°W. 

N.    3°E. 

273.  To  furvey  a  Line  with  True  Bearings.  The  compafls 
may  be  set,  or  adjusted,  by  means  of  the  veruier,  according  to  the 
declination  in  any  place,  so  that  the  bearings  of  any  lines  then 
taken  with  it  will  be  their  true  bearings.  To  effect  this,  turn 
aside  the  compass-plate  by  means  of  the  tangent-screw  which 
moYes  the  vernier  a  number  of  degrees  equal  to  the  declination, 
moving  the  south  end  of  the  compass-box  to  the  rxgltt  (the  north 
end  being  supposed  to  go  ahead)  if  the  declination  be  westerly, 
and  vice  versa;  for  that  moves  the  north  end  of  the  compass-box 
in  the  contrary  direction,  and  thus  makes  a  line  which  before  was 
N.  by  the  needle,  now  read,  as  it  should  truly,  north,  so  many 
degrees  west  if  the  declination  was  west ;  and  similarly  in  the 
reverse  case. 


Variations  of  Magnetic  Declination. 

274.  The  variations  of  the  declination  are  of  more  practical 
importance  than  its  absolute  amount.  The  four  kinds  of  most 
importance  are :  Irregular,  diurnal,  annual,  and  secular. 

275.  Irregular  Variation.  The  needle  is  subject  to  sudden 
and  violent  changes,  which  have  no  known  law.  They  are  some- 
times   coincident   with   a   thunder-storm,  or   an   aurora  borealis 
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(dnring  which  changes  of  nearly  1°  in-  one  minute,  2^**  in  eight 
minutes,  and  10''  in  one  night,  have  been  observed),  but  often 
have  no  apparent  cause,  except  an  otherwise  invisible  '^  mag- 
netic storm/' 

878.  The  Biumal  Variation.  On  continuing  observations  of 
the  direction  of  the  needle  throughout  an  entire  day,  it  will  be 
found,  in  the  northern  hemisphere,  that  the  north  end  of  the 
needle  moves  westward  from  about  8  a.  m.  till  about  1^  p.  h., 
over  an  arc  of  from  5'  to  15',  and  then  gradually  returns  to  its 
former  position.  A  similar  but  smaller  movement  takes  place 
during  the  night  At  Philadelphia,  the  most  easterly  deflection 
of  the  needle  is  at  about  8  a.  m.  The  north  end  of  the  needle 
then  begins  to  move  toward  the  west,  crossing  the  mean  mag- 
netic meridian  about  10^  A.  M.,  and  reaching  its  extreme  west- 
ern position  about  1^  p.  m.  The  total  angular  range  averages 
about  8',  being  10^  in  August,  and  6'  in  November.*  The 
period  of  this  change  being  a  day,  it  is  called  the  Diurnal  Vari- 
ation. Its  effect  on  the  permanent  variation  is  necessarily  to 
cause  it,  in  places  where  it  is  west,  to  attain  its  maximum  at 
about  1^  P.  M.,  and  its  minimum  at  about  8  a.  m.  ;  and  the 
reverse  where  the  declination  is  east. 

This  diurnal  variation  adds  a  new  element  to  the  inaccuracies 
of  the  compass,  since  the  bearings  of  any  line  taken  on  the  same 
day,  at  a  few  hours'  interval,  might  vary  a  quarter  of  a  degree, 
which  would  cause  a  deviation  of  the  end  of  the  line,  amounting  to 
nearly  half  a  link  at  the  end  of  a  chain,  and  to  35  links,  or  23  feet, 
at  the  end  of  a  mile.  The  hour  of  the  day  at  which  any  important 
bearing  is  taken  should  therefore  be  noted. 

877.  The  Annual  Variation.  If  the  observations  be  continued 
throughout  an  entire  year,  it  will  be  found  that  the  diurnal  changes 
vary  with  the  seasons,  being  greater  in  summer  than  in  winter. 
The  period  of  this  variation  being  a  year,  it  is  called  the  Annual 
Variation. 

*  For  table  of  hourly  y&riation  of  the  declination,  see  "  Report  of  United  States 
Coast  and  Geodetic  Sunrey,"  18S8. 
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278.  The  Secular  Variation.  When  accurate  obsenrationB 
on  the  declination  of  the  needle  in  the  same  place  are  con- 
tinned  for  several  years,  it  is  found  that  there  is  a  continual 
and  tolerably  regular  increase  or  decrease  of  the  declination, 
continuing  to  proceed  in  the  same  direction  for  so  long  a 
period,  that  it  may  be  called  the  Secular  Variation  of  the  decli- 
nation. 

The  most  ancient  observations  are  those  taken  in  Paris.  In  the 
year  1541  the  needle  pointed  7°  east  of  north  ;  in  1580  the  declina- 
tion had  increased  to  11^°  east,  being  its  maximum  ;  the  needle 
then  began  to  move  westward,  and  in  1666  it  had  returned  to  the 
meridian  ;  the  declination  then  became  west,  and  continued  to  in- 
crease till  in  1814  it  attained  its  maximum,  being  22""  34'  west  of 
north.  It  is  now  decreasing.  January  1, 1879,  it  was  16°  56'  west, 
and  it  is  now  about  15°  west. 

In  this  country  the  north  end  of  the  needle  was  moving  east- 
ward at  the  earliest  recorded  observations,  and  continued  to  do  so 
till  about  the  year  1810  (variously  recorded  as  from  1765  to  1819), 
when  it  began  to  move  westward,  which  it  has  ever  since  contin- 
ued to  do.  Thus,  in  Boston,  from  1700  to  1800,  the  declination 
changed  from  10°  west  to  7°  west,  and,  from  1800  to  1895,  it 
changed  from  7*^  west  to  12°  west. 

In  Philadelphia,  from  1701  to  1802,  the  declination  changed 
from  8°  30'  west  to  2°  west,  and,  from  1802  to  1890,  it  changed 
from  2°  west  to  7°  west. 

For  extensive  tables  of  the  declination  of  the  needle,  in  various 
parts  of  the  United  States,  see  "Report  of  the  United  States 
Coast  and  Geodetic  Survey,"  1888,  Appendix  VII.  The  secular 
variation  is  noted  on  the  declination-map  in  this  volume. 

An  examination  of  the  above-mentioned  tables  will  show  that 
the  secular  variation  often  differs  greatly  in  places  not  far  apart, 
and  that  it  varies  in  amount  at  the  same  place  from  year  to 
year. 

278^  Xinor  Variations  in  Declination.  There  are  some  minor 
variations  in  the  declination  of  the  needle  which  depend  upon  the 
position  of  the  moon  and  its  phases;  upon  the  revolution  of  the 
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sun  on  its  axis;  and  upon  the  sun-spot  cycle.  These  yariations 
however,  need  not  be  taken  into  consideration  for  compass  survey- 
ing. For  a  discussion  of  these,  see  Coast  and  Geodetic  Survey 
Report,  1890,  Appendix  IX. 

Those  who  desire  to  investigate  the  variations  of  the  magnetic 
needle,  and,  in  general,  the  phenomena  of  terrestrial  magnetism, 
will  find  a  description  of  the  instruments  used  and  the  methods 
employed  in  the  Coast  and  Geodetic  Survey  Report  for  1881,  Ap- 
pendix VI 11. 

TABLE  OF  ANNUAL  CHANGES  IN  DECLINATION. 


LOCALITT. 


Eastport,  Me 

Boston,  Mass 

New  York  Citv,  N.  Y 

Philadelphia,  Pa 

Charleston,  S.  C 

Cleveland,  Ohio 

Nashville,  Tenn 

New  Orleans,  La 

Chicago,  111 

Denver,  Col 

Salt  Lake  City,  Utoh 
San  Francisco,  Cal . . 


A 

NNUAL  CHANGE 
1890. 

+  0-8' 

1886. 

1806. 

+  1-8' 

+  0-2' 

+  20 

+  2-2 

+  1-9 

+  8-7 

+  8-8 

+  8-8 

+  4-7 

+  4-4 

+  4-4 

+  8-2 

+  2-9 

+  2-5 

+  2-8 

+  2-6 

+  2-4 

+  4-4 

+  4-6 

+  4-7 

+  41 

+  4-2 

+  4-3 

+  8-7 

+  8-8 

+  8-7 

+  2-8 

+  31 

+8-4 

+  1-8 

+  2-5 

+  8-2 

-0-4 

-0-2 

-0-1 

879.  Determination  of  the  Change,  by  Interpolation.  To  de- 
termine the  change  at  any  place  and  for  any  interval  not  found  in 
the  recorded  observations,  an  approximation,  sufficient  for  most 
purposes  of  the  surveyor,  may  be  obtained  by  interpolation  (by  a 
simple  proportion)  between  the  places  given  on  the  map,  assuming 
the  movements  to  have  been  uniform  between  the  given  dates,  and 
also  assuming  the  change  at  any  place  not  found  on  the  map  to 
have  been  intermediate  'between  those  of  the  lines  of  equal  varia- 
tion, which  pass  through  the  places  of  recorded  observations  on 
each  side  of  it,  and  to  have  been  in  the  ratio  of  its  respective  dis- 
tances from  those  two  lines  ;  for  example,  taking  their  arithmetical 
mean,  if  the  required  place  is  midway  between  them  ;  if  it  be  twice 
as  near  one  as  the  other,  dividing  the  sum  of  twice  the  change  of 
the  nearest  line,  and  once  the  change  of  the  other,  by  three ; 
and  so  in  other  cases — i.  e.,  giving  the  change  at  each  place,  a 
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'^  weight"  inversely  as  its  distance  from  the  place  at  which  the 
{change  is  to  be  found. 

280.  Determination  of  the  Change  by  Old  Linea.  When  the 
former  bearing  of  any  old  line,  such  as  a  farm-fence,  etc.,  is  re- 
corded, the  change  in  the  deplination  from  the  date  of  the  original 
obserration  to  the  present  time  can  be  at  once  found  by  setting  the 
compass  at  one  end  of  the  line  and  sighting  to  the  other.  The 
difference  of  the  two  bearings  is  the  required  change. 

If  one  end  of  the  old  line  can  not  be  seen  from  the  other,  as  is 
often  the  case  when  the  line  is  fixed  only  by  a  '^  corner  "  at  each 
end  of  it,  proceed  thus  :  Run  a  line  from  one  corner  with  the  old 
bearing  and  with  its  distance.  Measure  the  distance  from  the  end 
of  this  line  to  the  other  corner,  to  which  it  will  be  opposite.  Mul- 
tiply this  distance  by  57*3,  and  divide  by  the  length  of  the  line. 
The  quotient  will  be  the  change  of  variation  in  degrees.* 

For  example,  a  line  63  chains  long,  in  1827  had  a  bearing  of 
north  V  east.  In  1847  a  trial  line  was  run  from  one  end  of  the 
former  line  with  the  same  bearing  and  distance,  and  its  other  end 
was  found  to  be  125  links  to  the  west  of  the  true  corner.    The 

change  of  declination  was  therefore «  =  1*137°  =  1°  8' 

westerly. 

281.  Effects  of  the  Becnlar  Change.  These  are  exceedingly  im- 
portant in  the  resurvey  of  farms  by  the  bearings  recorded  in  old 
deeds.  Let  S  N  denote  the  direction  of  the  needle  at  the  time  of 
the  original  survey,  and  S'  N'  its  direction  at  the  time  of  the  re- 
survey,  a  number  of  years  later.  Suppose  the  change  to  have  been 
. — ■ — —— — _^____-_^_____^_____^_»__ » -. 

*Let  AB  be  the  original  line;  AC  the  trial 

Fi<»-  199-  line,  and  B  C  the  distance  between  their  extremities. 

A  B  and  A  G  may  be  regarded  tE  radii  of  a  circle 

and  B  C  as  a  chord  of  the  arc  which  subtends  their 

angle.     Assuming  the  chord  and  are  to  coincide 

(which  they  will,  nearly,  for  small  angles),  we  have 

!      this  proportion :  Whole  circumference  :  arc  EG:: 

860°  :  B  A  C  :  or,  2  X  AC  X  81416  :  BC  :  860'  ! 

B  C 
B AC,  whence  B A  C—-^  x  578;  or,  more  precisely,  67'29678. 
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3^9  the  needle  pointing  so  much 

farther   to    the  west   of   north. 

The  line  SN,  which  before  was 

due  north  and  soath  by  the  nee- 
dle, will  now  bear  N.  3°  E.  and 

8.  3**  W.  ;  the  line  A  B,  which 

before  was  N.  40°  E.  will  now 

bear  N.  43°  E.  ;  the  line  D  F, 

which  before  was  K  40°  W.,  will 

now  bear  N.  37°  W.,  and  the  line 

W  E,  which  before  was  due  east 

and  west,  will  now  bear  S.  87°  E. 

and  N.  87°  W.     Any  line  is  sim- 
ilarly changed.     The  proof  of  this  is  apparent  on  inspecting  the 

figure. 

Suppose,  now,  that  a  surveyor,  ignorant  or  neglectful  of  this 

change,  should  attempt  to  run  out  a  farm  by  the  old  bearings  of 

the  deed,  none  of  the  old  fences  or  corners  remaining.    The  full 

lines  in  the  figure  represent  the 
original  bounds  of  the  farm,  and 
the  dotted  lines  those  of  the  new 
piece  of  land  which,  starting  from 
A,  he  would  unwittingly  run  out. 
It  would  be  of  the  same  size  and 
the  same  shape  as  the  true  one, 
but  it  would  be  in  the  wrong  place. 
None  of  its  lines  would  agree  with 
the  true  ones,  and  in  some  places 
it  would  encroach  on  one  neighbor, 
and  in  other  places  would  leave  a 
gore,  which  belongs  to  it,  between  it- 
self and  another  neighbor.  Yet  this 
is  often  done,  and  is  the  source  of  a 

great  part  of  the  litigation  among  farmers  respecting  their  '^  lines.'' 


888.  To  run  out  Old  Idnei.    To  succeed  in  retracing  old  lines, 
proper  allowance  must  be  made  for  the  change  in  the  variation 
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since  the  date  of  the  original  survey.  That  date  must  first  be  ac- 
curately ascertained  ;  for  the  surrey  may  be  much  older  than  the 
deed,  into  which  its  bearings  may  have  been  copied  from  an  older 
one.  The  amount  and  direction  of  the  change  is  then  to  be  ascer- 
tained by  the  methods  of  Art.  279  or  280.  The  bearings  may  then 
be  corrected  by  the  following  Rules  : 

When  the  north  end  of  the  needle  has  been  moving  westerly, 
the  present  bearings  will  be  the  suim  of  the  change  and  the  old 
bearings  which  were  northeasterly  or  southwesterly,  and  the  differ- 
ences of  the  change  and  the  old  bearings  which  were  northwesterly 
or  southeasterly. 

If  the  change  has  been  easterly,  reverse  the  preceding  rules, 
subtracting  where  it  is  directed  to  add,  and  adding  where  it  is 
directed  to  subtract. 

Run  out  the  lines  with  the  bearings  thus  corrected. 

It  will  be  noticed  that  the  process  is  precisely  the  reverse  of 
that  in  Art.  272.  The  rules,  there  given  in  more  detail,  may  there- 
fore be  used  :  Rule  1.  "When  the  declination  is  west,"  being  em- 
ployed when  the  change  has  been  a  movement  of  the  N.  end.  of  the 
needle  to  the  east ;  and  Rule  2,  "  when  the  declination  is  east," 
being  employed  when  the  N.  end  of  the  needle  has  been  moving  to 
the  west. 

If  the  compass  has  a  vernier,  it  can  be  set  for  the  change,  once 
for  all,  precisely  as  directed  in  Art.  273,  and  then  the  courses  can 
be  run  out  as  given  in  the  deed,  the  correction  being  made  by  the 
instrument. 

Example.  The  following  is  a  remarkable  case  which  came  be- 
fore the  Supreme  Court  of  New  York :  The  north  line  of  a  large 
estate  was  fixed  by  a  royal  grant,  dated  in  1704,  as  a  due  east  and 
west  line.  It  was  run  out  in  1715,  by  a  surveyor,  whom  we  will 
call  Mr.  A.  It  was  again  surveyed  in  1765,  by  Mr.  B.,  who  ran  a 
course  N.  87°  30'  E.  It  was  run  out  for  a  third  time  in  1789,  by 
Mr.  C,  who  adopted  the  course  N.  86°  18'  R  In  1846  it  was  sur- 
veyed for  the  fourth  time  by  Mr.  D.,  with  a  course  of  N.  88**  30'  E. 
He  found  old  "  corners,"  and  **  blazes  "  of  a  former  survey,  on  his 
line.     They  are  also  found  on  another  line,  south  of  his.     Which 
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of  the  preceding  courses  were  correct,  and  where  does  the  true 
line  lie  ? 

The  question  was  investigated  as  follows  :  There  were  no  old 
records  of  variation  at  the  precise  locality,  but  it  lies  between  the 
lines  of  equal  variation  which  pass  through  New  York  and  Boston, 
its  distance  from  the  Boston  line  being  about  twice  its  distance 
from  the  New  York  line.  The  records  of  those  two  cities  (re- 
ferred to  in  Art.  378)  could  therefore  be  used  in  the  manner  ex- 
plained in  Art.  279.  For  the  later  dates,  observations  at  New 
Haven  could  serve  as  a  check.  Combining  all  these,  the  author 
inferred  the  variation  at  the  desired  place  to  have  been  as  fol- 
lows : 

In  1715,  variation  8°  02'  west. 

In  1765,         ''        5°  32'     *'  Decrease  since  1715,  2°  30'. 

In  1789,         '*        5°  05'     "  Decrease  since  1765,  0°  27'. 

In  1845,         "        r  23'     ''  Increase  since  1789,  2°  18'. 

We  are  now  prepared  to  examine  the  correctness  of  the  allowancea 
made  by  the  old  surveyors. 

Th^  course  run  by  Mr.  B.  in  1765,  N.  87°  30'  E.,  made  an 
allowance  of  2°  30'  as  the  decrease  of  variation,  agreeing  precisely 
with  our  calculation.  The  course  of  Mr.  C.  in  1789,  N.  86°  18'  E., 
allowed  a  change  of  1°  12',  which  was  wrong  by  our  calculation, 
which  gives  only  about  27',  and  was  deduced  from  three  different 
records.  Mr.  D.,  in  1845,  ran  a  course  of  N.  88°  30' E.,  calling 
the  increase  of  variation  since  1789,  2°  12'.  Our  estimate  was  2° 
18',  the  difference  being  comparatively  small.  Our  conclusion, 
then,  is  this  :  The  second  surveyor  retraced  correctly  the  line  of 
the  first ;  the  third  surveyor  ran  out  a  new  and  incorrect  line ; 
and  the  fourth  surveyor  correctly  retraced  the  line  of  the  third, 
and  found  his  marks,  but  this  line  was  wrong  originally,  and 
therefore  wrong  now.  All  the  surveyors  ran  their  lines  on  the 
supposition  that  the  original  "due  east  and  west  line"  meant 
east  and  west  as  the  needle  pointed  at  the  time  of  the  original 
survey. 

The  preponderance  of  the  testimony  as  to  old  landmarks  agreed 
with  the  results  of  the  above  reasoning,  and  the  decision  of  the 
court  was  in  accordance  therewith. 
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A 


y  In  the  figare  below^  the  horizontal  and  yertical  lines 
represent  trae  east  and  north  lines  ;  and  the  two  npper  lines 
running  from  left  to  right  represent  the  two  lines  set  ont  by 

Fio.  198.  ^^^     survey- 

^jYri»i3^^2i;i^mII-     ors,   and    in 

the        years 

there  named. 


283.  Eemedy  for  the  Evils  of  the  Beonlar  Change.  The  only 
complete  remedy  for  the  disputes,  and  the  uncertainty  of  bounds, 
resulting  from  the  continued  change  in  the  declination,  is  this : 
Let  a  meridian — i.  e.,  a  true  north  and  south  line— be  established 
in  erery  town  or  county,  by  the  authority  of  the  State  ;  monu- 
ments, such  as  stones,  set  deep  in  the  ground,  being  placed  at  each 
end  of  it.  Let  every  surveyor  be  obliged  by  law  to  test  his  com- 
pass by  this  line,  at  least  once  in  each  year,  at  a  given  hour  in  the 
day.  This  he  could  do  as  easily  as  in  taking  the  bearing  of  a  fence, 
by  setting  his  instrument  on  one  monument,  and  sighting  to  a  staff 
held  on  the  other.  Let  the  variation  thus  ascertained  be  inserted 
in  the  notes  of  the  survey,  and  recorded  in  the  deed.  Another 
surveyor,  years  or  centuries  afterward,  could  test  his  compass  by 
taking  the  bearing  of  the  same  monuments,  and  the  difference  be- 
tween this  and  the  former  bearing  would  be  the  change  of  decli- 
nation. He  could  thus  determine  with  entire  certainty  the  proper 
allowance  to  be  made  (as  in  Art.  282)  in  order  to  retrace  the  origi- 
nal line,  no  matter  how  much,  or  how  irregularly,  the  declination 
may  have  changed,  or  how  badly  adjusted  was  the  compass  of  the 
original  survey.  Any  permanent  line  employed  in  the  same  man- 
ner as  the  meridian  line  would  answer  the  same  purpose,  though 
less  conveniently,  and  every  surveyor  should  have  such  a  line,  at 
least  for  his  own  use.* 


*  This  remedy  Becms  to  have  been  first  suggested  by  Rittenhouse.  It  has  since 
been  recommended  by  T.  Sopwith,  in  1822 ;  by  E.  F.  Johnson,  in  1831,  and  by  W. 
Roberts,  of  Troy,  in  1889.  The  errors  of  resurveys,  in  which  the  change  is  neglected, 
were  noticed  in  the  **  Philosophical  Transactions,"  as  long  ago  as  1679.  ^On  magnetic 
declination,  see  the  following  **  Reports  of  the  United  States  Coast  and  Geodetic  Sur- 
vey'': 1881,  1882,  1888,.and  1890. 
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CHAPTEB  IV. 

TR ANSJT-SUBVETINQ — BY  THE   THIRD   METHOD. 

THE  INSTBTnUEKTS. 

284.  The  Transit  is  a  Ooniometery  or  Angle-Measurer.  It 
consists,  essentially^  of  a  circular  plate  of  metal,  supported  in  such 
a  manner  as  to  be  horizontal,  and  divided  on  its  outer  circumfer- 
ence into  degrees  and  parts  of  degrees.  Through  the  center  of 
this  plate  passes  an  upright  axis,  and  on  it  is  fixed  a  second  circu- 
lar plate,  which  nearly  touches  the  first  plate,  and  can  turn  freely 
around  to  the  right  and  to  the  left.  This  second  plate  carries  a 
telescope,  which  rests  on  upright  standards  firmly  fixed  to  the 
plate,  and  which  can  be  pointed  upward  and  downward.  By  the 
combination  of  this  motion  and  that  of  the  second  plate  around 
its  axis,  the  telescope  can  be  directed  to  any  object.  The  second 
plate  has  some  mark  on  its  edge,  such  as  an  arrow-head,  which 
serves  as  a  pointer  or  index  for  the  divided  circle,  like  the  hand  of 
a  clock.  When  the  telescope  is  directed  to  one  object,  and  then 
tamed  to  the  right  or  to  the  left,  to  some  other  object,  this  index 
which  moves  with  it,  and  passes  around  the  divided  edge  of  the 
other  plate,  points  out  the  arc  passed  over  by  this  change  of  direc- 
tion, and  thus  measures  the  horizontal  angle  made  by  the  lines 
imagined  to  pass  from  the  center  of  the  instrument  to  the  two 
objects. 

The  great  value  of  this  instrument,  and  the  accuracy  of  its 
measurements  of  angles,  are  due  chiefly  to  two  things  :  to  the  tele- 
scope with  its  cross-hairs,  by  which  great  precision  in  sighting  to  a 
point  is  obtained  ;  and  to  the  vernier  scale,  which  enables  minute 
portions  of  any  arc  to  be  read  with  ease  and  correctness.     The 
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former  assists  the  eye  in  directing  the  line  of  sight,  and  the  latter 
aids  it  in  reading  o£[  the  results.     Arrangements  for  giving  slow 
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and  steady  motion  to  the  movable  parts  of  the  instrument  add  to 
the  value  of  the  above.     A  contrivance  for  repeating  the  observa- 
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tion  of  angles  still  further  lessens  the  unavoidable  inaccuracies  of 
these  observations. 

286.  The  Surveyor's  Transit  (Fig.  199).  In  this  instrument 
the  telescope  takes  the  place  of  the  plain  sights  of  the  surveyor's 
compass,  and  the  angles  are  read  on  the  graduated  limb  to  single 
minutes  by  the  vernier. 

A  level  is  attached  to  the  telescope,  and  a  vertical  circle  is 
attached  to  the  telescope-axis  inside  of  the  left-hand  standard. 
The  vertical  angles  through  which  the  telescope  is  moved  may  be 
read  off  from  the  vernier  attached  to  the  left-hand  standard,  and 
shown  below  the  vertical  circle.  The  slow-motion  screw  for  the 
vertical  circle  is  shown  attached  to  the  right-hand  standard.  The 
clamp  for  the  axis  is  hidden  by  the  telescope.  The  standards  upon 
which  the  telescope-axis  rests  are  fastened  to  the  upper  plate  (the 
vernier-plate).  This  plate  also  carries  the  compass-circle.  The 
compass-circle  with  its  accessories  is  similar  to  that  already  ex- 
plained in  the  Surveyor's  Compass.  The  compass-circle  can  be 
turned  on  its  center,  so  that  the  declination  of  the  needle  can  be 
set  off,  and  lines  can  be  run  with  their  true  bearings.  The  vernier- 
plate  covers  the  lower  plate  (the  divided  limb),  so  that  only  two 
short  arcs  of  the  divided  limb  are  seen  through  openings  where  the 
verniers  are  placed.  The  screw  which  clamps  the  vernier-plate  to 
the  divided  limb  is  shown  on  the  right  of  the  plate,  together  with 
the  slow-motion  screw.  The  lower  clamp  and  the  slow-motion 
screw  are  attached  to  the  upper  parallel  plate. 

286.  As  the  value  of  this  instrument  depends  greatly  on  the 
accurate  fitting  and  bearings  of  the  two  concentric  vertical  axes, 
and  as  their  connection  ought  to  be  thoroughly  understood,  a 
vertical  section  through  the  body  of  the  instrument  is  given  in 
Fig.  200. 

The  upper  plate,  or  vernier-plate,  A,  A,  carries  the  verniers, 
compass-box,  and  telescope.  It  is  attached  to  its  socket  by  the 
flange,  K.  This  socket  is  fitted  to  the  outside,  conical  surface 
of  the  main  socket,  C.  The  main  socket,  to  which  is  attached 
the  divided  limb,  B,  B,  is  fitted  to  the  conical  spindle  U,  and  held 
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on  the  spindle  by  the  spring-catch  S.    A  screw  holds  the  coni- 
cal center,  whose  upper  flange  keeps  the  sockets  of  the  two  plates 
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together.  The  clamp  is  at  F.  Two  of  the  four  leveling  screws 
are  shown  in  section.  The  spindle,  H,  passes  through  the  upper 
])aral]el  plate,  and  is  attached  to  a  movable  section  of  the  lower 
parallel  plate  by  a  ball-and-socket  joint.  The  leveling  screws 
pass  through  the  upper  parallel  plate,  and  rest  in  cups  on  the 
lower  parallel  plate.  As  the  leveling  screws  are  movable  on  the 
lower  parallel  plate,  the  movable  section  of  this  plate  enables 
the  upper  part  of  the  instrument  to  be  moved  from  side  to  side, 
so  as  to  bring  the  center  of  the  instrument  precisely  over  any 
desired  point.  This  arrangement  is  called  a  "shifting  center." 
At  the  lower  end  of  the  spindle  is  a  loop,  P,  from  which  the 
plumb-bob  is  suspended. 

287.  The  Telescope.  This  is  a  combination  of  lenses,  placed  in 
a  tube,  and  so  arranged,  in  accordance  with  the  laws  of  optical 
science,  that  an  image  of  any  object  to  which  the  telescope  may  be 
directed,  is  formed  within  the  tube  (by  the  rays  of  light  coming 
from  the  object  and  bent  in  passing  through  the  object-glass),  and 
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there  magnified  by  an  eye-glass,  or  eye-piece,  composed  of  several 
lenses.     The  arrangement  of  these  lenses  is  very  vari- 
ons.      Those  two  combinations,  which   are  preferred 
for  surveying  instruments,  will  be  here  explained  : 

Fig.  201  represents  a  telescope  which  inverts  ob- 
jects. Any  object  is  rendered  visible  by  every  point 
of  it  sending  forth  rays  of  light  in  every  direction. 
In  this  figure  the  highest  and  lowest  points  of  the 
object,  which  here  is  an  arrow,  A,  are  alone  consid- 
ered. Those  of  the  rays  proceeding  from  them,  which 
meet  the  object-glass,  0,  form  a  cone.  The  center 
line  of  each  cone,  and  its  extreme  upper  and  lower 
lines,  are  alone  shown  in  the  figure.  It  will  be  seen 
that  these  rays,  after  passing  through  the  object-glass, 
are  refracted  or  bent  by  it,  so  as  to  cross  one  another, 
and  thus  to  form  at  B  an  inverted  image  of  the  object. 
This  would  be  rendered  visible,  if  .a  piece  of  ground- 
glass,  or  other  semi-transparent  substance,  were  placed 
at  the  point  B,  which  is  called  the  focus  of  the  object- 
glass.  The  rays  which  form  this  image  continue  on- 
ward and  pass  through  the  two  lenses  C  and  D,  which 
act  like  one  magnifying-glass,  so  that  the  rays,  after 
being  refracted  by  them,  enter  the  eye  at  such  angles 
as  to  form  there  a  magnified  and  inverted  image  of 
the  object.  This  combination  of  the  two  plano-convex- 
lenses,  C  and  D,  is  known  as  "  Ramsden's  Eye-piece." 

This  telescope,  inverting  objects,  shows  them  up- 
side down,  and  the  right  side  on  the  left.  They  can 
be  shown  erect  by  adding  one  or  two  more  lenses,  as 
in  the  marginal  figure.  But  as  these  lenses  absorb 
light  and  lessen  the  distinctness  of  vision,  the  former 
arrangement  is  sometimes  preferred.  A  little  practice 
makes  it  equally  convenient  for  the  observer,  who 
soon  becomes  accustomed  to  seeing  his  flagmen  stand- 
ing on  their  heads,  and  soon  learns  to  motion  them 
to  the  right  when  he  wishes  them  to  go  to  the  left, 
and  vice  versa. 


Digitized  by  VjOOQIC 


190 


LAND-SUBVEYISO, 


Fig.  201  Fig.  202  represents  a  telescope  which  shows  objects 

erect  Its  eye-piece  has  four  lenses.  The  eye-piece  of 
the  common  terrestrial  telescope,  or  spy-glass,  has 
three.  Many  other  combinations  may  be  used,  all 
intended  to  show  the  object  achromatically,  or  free 
from  false  coloring,  but  the  one  here  shown  is  that 
most  generally  preferred  at  the  present  day.  It  will 
be  seen  that  an  inyerted  image  of  the  object  A  :s 
formed  at  B,  as  before,  but  that  the  rays  continuing 
onward  are  so  refracted  in  passing  through  the  lens  C 
as  to  again  cross,  and  thus,  after  further  refraction  by 
the  lenses  D  and  E,  to  form,  at  F,  an  erect  image, 
which  is  magnified  by  the  lens  G. 

In  both  these  figures,  the  limits  of  the  page  render 
it  necessary  to  draw  the  angles  of  the  rays  very  much 
out  of  proportion. 

288.  Crofls-Eairt.  Since  a  considerable  field  of  view 
is  seen  in  looking  through  the  telescope,  it  is  necessary 
to  provide  means  for  directing  the  line  of  sight  to  the 
precise  point  which  is  to  be  observed.  This  could  be 
effected  by  placing  a  very  fine  point,  such  as  that  of 
a  needle,  within  the  telescope,  at  some  place  where  it 
could  be  distinctly  seen.  In  practice,  this  fine  point 
is  obtained  by  the  intersection  of  two  very  fine  lines, 
placed  in  the  common  focus  of  the  object-glass  and 
of  the  eye-piece.  These  lines  are  called  the  cross- 
hairs,  or  cross-wires.  Their  intersection  can  be  seen 
through  the  eye-piece,  at  the  same  time,  and  appar- 
ently at  the  same  place,  as  the  image  of  the  distant 
object.  The  magnifying  powers  of  the  eye-piece  will 
then  detect  the  slightest  deviation  from  perfect  coin- 
cidence. "  This  application  of  the  telescope  may  be 
considered  as  completely  annihilating  that  part  of  the 
error  of  observation  which  might  otherwise  arise  from 
an  erroneous  estimation  of  the  direction  in  which  an 
object  lies  from  the  observer's  eye,  or  from  the  center  of  the  in- 
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strument  It  is^  in  fact,  the  grand  source  of  all  the  precision  of 
modern  astronomy,  without  which  all  other  refinements  in  in- 
strumental workmanship  would  be  thrown  away."  What  Sir 
John  Herschel  here  says  of  its  utility  to  astronomy  is  equally  ap- 
plicable to  surveying. 

The  imaginary  line  which  passes  through  the  intersection  of  the 
croes-hairs  and  the  optical  center  of  the  object-glass  is  called  the 
line  of  collimaiion  of  the  telescope.* 

The  cross-hairs  are  attached  to  a  ring,  or  short,  thick  tube  of 
brass,  placed  within  the 
telescope  -  tube,  through 
holes  in  which  pass  loose- 
ly four  screws,  whose 
threads  enter  and  take 
hold  of  the  ring,  behind 
or  in  front  of  the  cross- 
hairs, as  shown  (in  front 
yiew  and  in  section)  in  the 
two  figures  in  the  margin. 
Their  moyements  will  be 
explained  in  **  Adjust- 
ments.*' 

Usually,  one  cross-hair  is  horizontal,  and  the  other  vertical,  as 
in  Fig.  203,  but  sometimes  they  are  arranged  as  in 
Fig.  205,  which  is  thought  to  enable  the  object  to 
be  bisected  with  more  precision.  A  horizontal 
hair  is  sometimes  added. 

The  cross-hairs  are  best  made  of  platinum  wire, 
drawn  out  very  fine  by  being  previously  inclosed 
in  a  larger  wire  of  silver,  and  the  silver  then  re- 
moved by  nitric  acid.  Silk  threads  from  a  cocoon  are  sometimes 
used.  Spiders*  threads  are,  however,  the  most  usual.  If  a  cross- 
hair is  broken,  the  ring  must  be  taken  out  by  removing  two  op- 
posite screws,  and  inserting  a  wire  with  a  screw  cut  on  its  end, 
or  a  stick  of  suitable  size,  into  one  of  the  holes  thus  left  open 

•  From  the  Latin  word  eottimo^  or  colUneOy  meaning  to  direct  one  thing  toward 
another  in  a  straight  line,  or  to  aim  at.    The  line  of  aim  would  express  the  meaning 
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in  the  ring,  it  being  turned  sidewise  for  that  purpose,  and  then 
removing  the  other  screws.  The  spiders'  threads  are  then  stretched 
across  the  notches  seen  in  the  end  of  the  ring,  and  are  fastened  by 
gum,  or  varnish,  or  beeswax.  The  operation  is  a  very  delicate  one. 
The  following  plan  has  been  employed  :  A 
Fio.  206.  pj^^g  ^j  ^jj^  jg  heuty  as  in  the  figure,  so 


w^(^    \l\l\/\l\l'      as  to  leave  an  opening  a  little  wider  than 
the  ring  of  the  cross-hairs.     A  cobweb  is 
^  chosen,  at  the  end  of  which  a  spider  is 

hanging,  and  it  is  wound  around  the  bent 
wire,  as  in  the  figure,  the  weight  of  the  insect  keeping  it  tight 
and  stretching  it  ready  for  use,  each  part  being  made  fast  by 
gum,  etc.  When  a  cross-hair  is  wanted,  one  of  these  is  laid 
across  the  ring  and  there  attached.  One  method  is  to  draw  the 
thread  out  of  the  spider,  persuading  him  to  spin,  if  he  sulks,  by 
tossing  him  from  hand  to  hand.  Another  method  is  to  unwind 
the  spider-web  from  the  cocoons,  frequently  to  be  found  in  spider- 
webs.  A  stock  of  such  threads  must  be  obtained  in  warm 
weather  for  the  winter's  wants.  A  piece  of  thin  glass,  with  a 
horizontal  and  a  vertical. line  etched  on  it,  may  be  made  a  sub- 
stitute. 


Instrumental  Parallax  This  is  an  apparent  movement 
of  the  cross-hairs  about  the  object  to  which  the  line  of  sight  is 
directed,  taking  place  on  any  slight  movement  of  the  eye  of  the 
observer.  It  is. caused  by  the  image  and  the  cross-hairs  not  being 
precisely  in  the  common  focus,  or  point  of  distinct  vision  of  the 
eye-piece  and  the  object-glass.  To  correct  it,  move  the  eye-piece 
out  or  in  till  the  cross-hairs  arc  seen  clearly  and  sharply  defined 
against  any  white  object.  Then  move  the  object-glass  in  or  out 
till  the  object  is  also  distinctly  seen.  The  cross-hairs  will  then 
seem  to  be  fixed  to  the  object,  and  no  movement  of  the  eye  will 
cause  them  to  appear  to  change  their  place. 

290.  A  milled-headed  screw  (on  the  farther  side  of  the  tele 
scope,  and  not  shown  in  the  figure)  passes  into  the  telescope^ 
and  has  a  pinion  at  its  other  end  entering  a  toothed  rack  (Fig, 
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207),  and  is  used  to  move  the  object-glass,  0,  out 
and  in,  according  as  the  object  looked  at  is 
nearer  or  farther  than  the  one  last  observed. 
Short  distances  require  a  long  tube  ;  long  dis- 
tances a  short  tube. 

The  eye-piece  is  moved  in  and  out  by  a  similar  arrangement 
to  the  preceding.  This  movement  is  necessary  in  order  to  obtain 
a  distinct  view  of  the  cross-hairs.  Short-sighted  persons  require 
the  eye-piece  to  be  pushed  farther  in  than  persons  of  ordinary 
sight,  and  old  or  long-sighted  persons  to  have  it  drawn  far- 
ther out. 


291.  Supports.  The  telescope  of  the  transit  is  supported  by  a 
hollow  axis  at  right  angles  to  it,  which  itself  rests,  at  each  end,  on 
two  upright  pieces,  or  standards,  spreading  at  their  bases  so  as  to 
increase  their  stability. 

One  end  of  the  axis  rests  upon  a  movable  block,  which  can  be 
raised  or  lowered  by  a  capstan-screw.  The  use  of  this  will  be 
shown  in  "Adjustments." 
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292.  The  Indexes.  The  supports,  or  standards,  of  the  telescope 
just  described  are  attached  to  the  upper  or  index-carrying  circle. 
This,  as  has  been  stated,  can  turn  freely  on  the  lower  or  graduated 
circle,  by  means  of  its  conical  axis  moving  in  the  hollow  conical 
axis  of  the  latter  circle.     This  upper  circle  carries  the  index,  V, 

which  is  an  arrow-head  or  other  mark 
on  its  edge,  or  the  zero-point  of  a  ver- 
nier scale.  There  are  usually  two  of 
these,  situated  exactly  opposite  to  each 
other,  or  at  the  extremities  of  a  di- 
ameter of  the  upper  circle,  so  that 
the  readings  on  the  graduated  circle 
pointed  out  by  them  differ,  if  both 
are  correct,  exactly  180°.  The  object 
of  this  arrangement  is  to  correct  any 
error  of  eccentricity,  arising  from  the  center  of  the  axis  which 
carries  the  upper  circle  (and  with  which  it  and  its  index-pointers 
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turn),  not  being  precisely  in  the  center  of  the  graduated  circle.  In 
the  figure,  let  C  be  the  true  center  of  the  graduated  circle,  but  C 
the  center  on  which  the  plate  carrying  the  indexes  turns.  Let 
A  C  B  represent  the  direction  of  a  sight  taken  to  one  object, 
and  D'  C  B'  the  direction  when  turned  to  a  second  object.  The 
angle  subtended  by  the  two  objects  at  the  center  of  the  instru- 
ment is  required.  Let  DE  be  a  line  passing  through  G,  and 
parallel  to  D'E'.  The  angle  AGD  equals  the  required  angle, 
which  is  therefore  truly  measured  by  the  arc  A  D  or  B  E.  But 
if  the  arc  shown  by  the  index  is  read,  it  will  be  A  D'  on  one 
side,  and  B  E'  on  the  other  ;  the  first  being  too  small  by  the  arc 
D  D',  and  the  other  too  large  by  the  equal  arc  E  E'.  If,  how- 
ever, the  half-sum  of  the  two  arcs  AD'  and  BE'  be  taken,  it 
will  equal  the  true  arc,  and  therefore  correctly  measure  the  an- 
gle. Thus,  if  A  D'  was  IQ"",  and  B  E'  21%  their  half-sum,  20% 
would  be  the  correct  angle. 

Three  indexes,  120^  apart,  are  sometimes  used.  They  hare  the 
advantage  of  averaging  the  unavoidable  inaccuracies  and  inequali- 
ties of  graduation  on  different  parts  of  the  limb,  and  thus  dimin- 
ishing their  effect  on  the  resulting  angle. 

89S.  The  GTaduated  Cirde.  This  is  divided  into  three  hun- 
dred and  sixty  equal  parts,  or  degrees,  and  each  of  these  is  sub- 
divided into  two  or  three  parts  or  more,  according  to  the  size  of  the 
instrument.  In  the  first  case,  the  smallest  division  on  the  circle 
will  of  course  be  30' ;  in  the  second  case  20'.  More  precise  read- 
ings to  single  minutes  or  even  less,  is  effected  by  means  of  the  ver- 
nier of  the  index,  all  the  varieties  of  which  will  be  fully  explained 
under  "Verniers.'*  The  numbers  run  from  0*"  around  to  360°, 
which  number  is  necessarily  at  the  same  point  as  the  0,  or  zero- 
point  In  most  instruments  there  is  another  concentric  circle,  on 
which  the  degrees  are  also  numbered  from  0°  to  90%  as  on  the  com- 
pass-circle. Each  tenth  degree  is  usually  numbered,  each  fifth 
degree  is  distinguished  by  a  longer  line  of  division,  and  each  de- 
gree-division line  is  longer  than  those  of  the  subdivisions.  A  mag- 
nifying-glass  is  needed  for  reading  the  divisions  with  ease.  In 
large  instruments  it  is  attached  to  each  vernier. 
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294.  MoY«mentii  When  the  line  of  sight  of  the  telescope  is 
directed  to  a  distant^  well-defined  pointy  the  unaided  hand  of  the 
obserrer  can  not  moye  it  with  sufficient  delicacy  and  precision  to 
make  the  intersection  of  the  cross-hairs  exactly  cover  or  *'  bisect" 
that  point.  To  effect  this^  a  clamp^  and  a  tangent^  or  slow-motion, 
screw  are  required.  This  arrangement,  as  usually  applied  to  the 
movement  of  the  upper,  or  vernier  plate,  consists  of  a  short  post 
of  brass,  which  is  attached  to  the  vernier-plate,  and  through 
which  passes  a  long  and  fine-threaded  ^^  tangent-screw. '^  The  other 
end  of  this  screw  enters  into  and  carries  the  clamp.  This  consists 
of  two  pieces  of  brass,  which,  by  turning  the  clamp-screw,  which 
passes  through  them  on  the  outside,  can  be  made  to  take  hold  of  and 
pinch  tightly  the  ^ge  of  the  lower  circle,  which  lies  between  them 
on  the  inside.  The  upper  circle  is  now  prevented  from  moving  on 
the  lower  one,  for  the  tangent-screw  keeps  them  at  a  fixed  distance 
apart,  so  that  they  can  not  move  to  or  from  one  another,  nor  con- 
sequently the  two  circles  to  which  they  are  respectively  made  fast. 
But  when  this  tangent-screw  is  turned  by  its  milled  head,  it  gives 
the  clamp  and  with  it  the  upper  plate  a  smooth  and  slow  motion, 
backward  or  forward,  whence  it  is  called  the  ^^  slow-motion  screw,'' 
a?  well  as  ^^  tangent-screw,"  from  the  direction  in  which  it  acts. 
Another  form  of  clamp  is  shown  in  Fig.  200. 

A  little  different  arrangement  is  employed  to  give  a  similar 
motion  to  the  lower  circle  on  the  body  of  the  instrument  Its  axis 
is  embraced  by  a  brass  ring,  into  which  enters  a  clamp-screw. 
The  clamp-screw  causes  the  ring  to  pinch  and  hold  immovably 
the  axis  of  the  lower  circle,  while  a  turn  of  the  tangent-screw 
will  slowly  move  the  clamp-ring  itself,  and  therefore  with  it 
the  lower  circle.  When  the  clamp  is  loosened,  the  lower  circle, 
and  with  it  everything  above  it,  has  a  perfectly  free  motion. 

S95.  Layeli.  Since  the  object  of  the  instrument  is  to  measure 
horizofUal  angles,  the  circular  plate  on  which  they  are  measured 
must  itself  be  made  horizontal.  Whether  it  is  so  or  not  is  known 
by  means  of  two  small  levels  placed  on  the  plate  at  right  angles  to 
each  other.  Each  consists  of  a  glass  tube,  slightly  curved  upward 
in  its  middle,  and  so  nearly  filled  with  alcohol  that  only  a  small 
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bubble  of  air  is  left  in  the  tube.  This  always  rises  to  the  highest 
part  of  the  tubes.  They  are  so  "  adjusted  "  that  when  this  bubble 
of  air  is  in  the  middle  of  the  tubes,  or  its  ends  equidistant  from  the 
central  mark,  the  plate  on  which  they  are  fastened  shall  be  lerel, 
which  Tray  soever  it  may  be  turned.  One  of  the  levels  is  some- 
times fixed  between  the  standards  above  one  of  the  verniers,  and 
the  other  on  the  plate  at  the  north  end  of  the  compass-box. 

296.  Parallel  Plates.  To  raise  or  lower  either  side  of  the  circle, 
so  as  to  bring  the  bubbles  into  the  centers  of  the  tubes,  requires 
more  gentle  and  steady  movements  than  the  unaided  hands  can 
give,  and  is  attained  by  the  parallel  plates,  and  their  four 
milled-headed  screws,  which  hold  the  plates  firmly  apart,  and, 
by  being  turned  in  or  out,  raise  or  lower  one  side  or  the  other  of 
the  upper  plate,  and  thereby  of  the  graduated  circle.  The  two 
plates  are  held  together  by  a  ball-and-socket  joint.  To  level  the 
instrument,  loosen  the  lower  clamp  and  turn  the  circle  till  each 
level  is  parallel  to  the  vertical  plane  passing  through  a  pair  of 
opposite  screws.     Then  take  hold  of  two  opposite  screws  and  turn 

FiQ.  209. 


them  simultaneously  and  equally,  but  in  contrary  directions,  screw- 
ing one  in  and  the  other  out,  as  shown  by  the  arrows  in  the  figures. 
A  rule  easily  remembered  is  that  both  thumbs  must  turn  in,  or 
both  out.  The  movements  represented  in  the  first  of  these  figures 
would  raise  the  left-hand  side  of  the  circle  and  lower  the  right- 
hand  side.  The  movements  of  the  second  figure  would  produce 
the  reverse  effect.  Care  is  needed  to  turn  the  opposite  screws 
equally,  so  that  they  shall  not  become  so  loose  that  the  instrument 
will  rock,  or  so  tight  as  to  be  cramped.  When  this  last  occurs, 
one  of  the  other  pair  should  be  loosened. 
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Sometimes  one  of  each  pair  of  the  screws  is  replaced  by  a  strong 
spring,  against  which  the  remaining  screws  act. 

The  French  and  Oerman  instruments,  and  most  large  instru- 
ments, are  usually  supported  by  only  three  screws.  In  such  cases, 
one  level  is  brought  parallel  to  one  pair  of  screws  and  leveled  by 
them,  and  the  other  level  has  its  bubble  brought  to  its  center  by 
the  third  screw.  If  there  is  only  one  level  on  the  instrument,  it  is 
first  brought  parallel  to  one  pair  of  screws  and  leveled,  and  is  then 
turned  one  quarter  around  so  as  to  be  perpendicular  to  them  and 
over  the  third  screw,  and  the  oj)eration  is  repeated. 

297.  Watch-Telescope.  A  second  telescope  is  sometimes  at- 
tached to  the  lower  part  of  the  instrument.  When  a  number  of 
angles  are  to  be  observed  from  any  one  station,  direct  the  upper 
and  principal  telescope  to  the  first  object,  and  then  direct  the 
lower  one  to  any  other  well-defined  point.  Then  make  all  the 
desired  observations  with  the  upper  telescope,  and,  when  they  are 
finished,  look  again  through  the  lower  one,  to  see  that  it  and  there- 
fore the  divided  circle  have  not  been  moved  by  the  movements  of 
the  vernier-plate.  The  French  call  this  the  Witness-Telescope 
{Lunette  temoin), 

298.  The  Compass.  Upon  the  upper  plate  is  fixed  a  compass. 
It  has  been  fully  explained  in  Chapter  III.  It  is  little  used  in 
connection  with  the  transit,  which  is  so  incomparably  more  accu- 
rate, except  as  a  "  check,"  or  rough  test  of  the  accuracy  of  the 
angles  taken,  which  should  about  equal  the  difference  of  the  mag- 
netic bearings. 

299.  The  Sefleotor.  In  making  observations  on  Polaris  at  night, 
or  in  surveying  mines,  a  reflector  (Fig.  210)  is 

used.  This  is  a  silvered  plate  with  a  hole  in  it  ^^lo.  210. 
for  observing  through  with  the  telescope,  while 
a  light,  held  near  the  silvered  surface,  illuminates 
the  cross-hairs.  The  reflector  is  attached  to  a 
ring,  fitted  to  the  object-glass  slide,  and  is  in- 
clined at  an  angle  of  45°  to  the  ring. 
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500.  The  Diagonal  Priim  (Fig.  211).  This  is  a  prism  attached 
to  the  eye-piece  of  the  telescope,  so  that  the 
rays  of  light,  coming  from  the  object  sighted 
to,  and  passing  through  the  telescope,  are  re- 
flected to  the  eye  at  an  angle  of  90^  to  the 
line  of  sight  of  the  telescope.  The  prism  is 
attached  to  a  movable  plate  so  that  it  can  be 
tamed  to  suit  the  position  of   the  observer. 

This  prism  enables  larger  vertical  angles  to  be 
measured  than  would  be  possible  without  it. 

The  Tnai^t. 

501.  The  Engineer's  Traniit  (Fig.  213).  This  instrument  is 
similar  in  general  construction  to  that  shown  in  Fig.  199,  but 
differs  from  it  in  several  important  particulars.  The  sockets  for 
the  axes  of  the  plates  are  longer  and  differently  arranged.  These 
are  shown  in  Fig.  212. 

Both  levels  are  attached  to  the  upper  plate.  The  verniers,  in- 
stead of  being  placed  at  the  sides  between  the  legs  of  the  standards, 

Fio.  212. 


as  is  usual,  are  placed  near  the  north  and  south  points  of  the 
compass-circle,  so  that  the  observer  can  read  the  vernier  without 
stepping  to  the  side  of  the  instrument.  The  slow  motion,  both  of 
the  upper  and  lower  plate,  is  given  by  one  tangent-screw.     In  each 
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case  an  opposing  spiral  spring  prevents  any  shake  in  the  tangent- 
screw. 

The  vertical  arc  is  attached  to  the  axis  of  the  telescope  by  a 
clamp-screw,  shown  in  the  figure.  The  vernier  and  the  slow- 
motion  screw  of  the  vertical  arc  are  shown  below  the  arc,  and  are 
attached  to  the  left*hand  standard. 

FiQ.  218. 


Digiti 


zed  by  Google 


200 


LAND-SUR  VEYJNO, 


Attached  to  the  right-hand 
(shown  in  detail  in  Fig.  245). 


standard   is  the' "  Gradienter" 


FiQ.  214. 


302.  A  vertical  section  through  the  body  of  the  engineer's 
transit  is  given  in  Fig.  212.  The  lower  plate,  or  "  divided  limb," 
B,  is  supported  by  the  hollow  socket  C.  Through  this  hollow 
socket  passes  the  conical  spindle  which  supports  the  upper  plate  A. 

The  upper  plate  carries  the  telescope,  compass-box,  and  the 
verniers.  The  vernier-scales,  V,  V,  are  attached  to  the  upper 
plate,  but  lie  in  the  same  plane  as  the  divisions  of  the  lower  plate 
(so  that  the  two  can  be  viewed  together  without  parallax),  and  are 
covered  with  glass  to  exclude  dust.     E  is  the  clamp-screw. 

SOS.  The  Theodolite.  The  transit,  when  furnished  with  a  ver- 
tical  circle  and  telescope  level,  is  sometimes  called  a  Theodolite. 
This  name  is  used  almost  exclusively  in  England  and  on  the  Con- 
tinent of  Europe.  In  one  form  of  the  theodolite  the  telescope  can 
not  be  revolved  on  its  horizontal  axis.  This 
form  has  been  almost  entirely  superseded  in  this' 
country  by  that  having  a  reversible  telescope. 
It  is  then  called  a  Transit  Theodolite,  or  simply 
a  Transit. 

S04.  Ooniasmometre.  A  very  compact  in- 
strument, to  which  this  name  has  been  given 
in  France,  where  it  is  much  used,  is  shown 
in  the  figure.  The  upper  half  of  the  cylinder 
is  movable  on  its  lower  half.  The  observations 
may  be  taken  through  the  slits,  as  in  the  sur- 
veyor's cross,  or  a  telescope  may  be  added  to  it. 
Readings  may  be  taken  both  from  the  compass 
and  from  the  divided  edge  of  the  lower  half 
of  the  cylinder,  by  means  of  a  vernier  on  the  upper  half.* 

*  The  proper  care  of  instruments  must  not  be  overlooked.  If  varnished,  they 
should  be  wiped  gently  with  fine  and  clean  linen.  If  polished  with  oil,  they  should 
be  rubbed  more  strongly.  The  parts  neither  varnished  nor  oiled  should  be  cleaned 
with  Spanish-white  and  alcohol.  Varnished  wood,  when  spotted,  should  be  wiped 
with  very  soft  linen,  moistened  with  a  little  olive-oil  or  alcohol.     Unpaintcd  wood  is 
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305.  Deflnition.  A  yernier  is  a  contrivance  for  measuring 
smaller  portions  of  space  than  those  into  which  a  line  is  actually 
divided.  It  consists  of  a  second  line  or  scale,  movable  by  the  side 
of  the  first,  and  divided  into  equal  parts,  which  are  a  very  little 
shorter  or  longer  than  the  parts  into  which  the  first  line  is  divided. 
This  small  difference  is  the  space  which  we  are  thus  enabled  to 
measure.* 

The  vernier  scale  is  usually  constructed  by  taking  a  length 
equal  to  any  number  of  parts  on  the  divided  line,  and  then  divid- 
ing this  length  into  a  number  of  equal  parts,  one  more  or  one  less 
than  the  number  into  which  the  same  length  on  the  original  line 
is  divided. 

306.  niostration.  The  figure  represents  (to  twice  the  real  size) 
a  scale  of  inches  divided  into  tenths,  with  a  vernier  scale  beside  it, 
by  which  hundredths  of  an  inch  can  be  measured.     The  vernier  is 

Fig.  216. 
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made  by  setting  ofiF  on  it  nine  tenths  of  an  inch,  and  dividing  that 
length  into  ten  equal  parts.  Each  space  on  the  vernier  is  therefore 
equal  to  a  tenth  of  nine  tenths  of  an  inch,  or  to  nine  hundredths 
of  an  inch,  and  is  consequently  one  hundredth  of  an  inch  shorter 
than  one  of  the  divisions  of  the  original  scale.  The  first  space  of 
the  vernier  will  therefore  fall  short  of,  or  be  overlapped  by,  the  first 

cleaned  with  sand-paper.  Apply  oliye-oil  where  steel  rubs  againtft  brass  ;  and  wax 
softened  by  tallow  where  brass  rubs  against  brass.  Clean  the  glasses  with  kid  or 
buck  skin.    Wash  them,  if  dirtied,  with  alcohol. 

♦The  vernier  is  so  named  from  its  inventor,  in  1631.  The  name  "Nonius," 
often  improperly  given  to  it,  belongs  to  an  entirely  different  contrivance  for  a  similar 
object. 
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space  on  the  scale  by  this  one  hundredth  of  an  inch  ;  the  second 
space  of  the  yemier  will  fall  short  by  two  hundredths  of  an  inch  ; 
and  so  on.  If^  then^  the  yemier  be  moyed  up  by  the  side  of  the 
original  scale,  so  that  the  line  marked  1  coincides^  or  forms  one 
straight  line,  with  the  line  of  the  scale  which  was  just  aboye  it,  we 
know  that  the  yernier  has  been  moyed  one  hundredth  of  an  inch. 
If  the  line  marked  2  comes  to  coincide  with  a  line  of  the  scale,  the 
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yernier  has  moyed  up  two  hundredths  of  an  inch  ;  and  so  for  other 
numbers.  If  the  position  of  the  yernier  be  as  in  this  figure,  the 
line  marked  7  on  the  yemier  corresponding  with  some  line  on  the 
scale,  the  zero-line  of  the  yemier  is  seyen  hundredths  of  an  inch 
aboye  the  diyision  of  the  scale  next  below  this  zero-line.  If  this 
division  be,  as  in  the  figure,  8  inches  and  6  tenths,  the  reading  will 
be  8*67  inches.* 

A  yemier  like  this  is  used  on  some  leyeling-rods,  being  en- 
grayed  on  the  sides  of  the  opening  in  the  part  of  the  target  above 
its  middle  line.  The  rod  being  divided  into  hundredths  of  a  foot, 
this  yernier  reads  to  thousandths  of  a  foot.  It  is  also  used  on  some 
French  mountain  barometers,  which  are  divided  to  hundredths  of 
a  metre^  and  thus  read  to  thousandths  of  that  unit 

807.  Oeneral  Sulea.  To  find  what  any  vernier  reads  to — ^i.  e., 
to  determine  how  small  a  distance  it  can  measure— observe  how 
many  parts  on  the  original  line  are  equal  to  the  same  number  in- 
creased or  diminished  by  one  on  the  vemier,  and  divide  the  length 

*  The  student  wiU  do  well  to  draw  such  a  scale  and  vernier  on  two  slips  of  thick 
paper,  and  moye  one  beside  the  other  till  he  can  read  them  in  anj  possible  position ; 
and  so  with  the  following  yemiers. 
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of  a  part  on  the  original  line  by  this  last  number.  It  will  ^ykq  the 
required  distance.* 

For  verniers  as  usually  constructed,  the  following  rule  will  ap- 
ply :  Divide  the  valtie  of  the  smallest  division  on  the  original  scale 
by  the  number  of  parts  on  the  vernier. 

For  example^  if  the  limb  of  a  transit  be  divided  into  half  de- 
grees, and  thirty  parts  on  the  yemier  are  equal  to  twenty-nine  on 
the  limb,  then  the  value  of  the  smallest  division  on  the  limb  (30 
minutes),  divided  by  the  number  of  parts  on  the  vernier  (30) 
equals  one  minute.     This  is  what  the  vernier  reads  to. 

To  read  any  vernier,  first,  look  at  the  zero-line  of  the  vernier 
(which  is  sometimes  marked  by  an  arrow-head),  and  if  it  coincides 
with  any  division  of  the  scale,  that  will  be  the  correct  reading,  and 
the  vernier  divisions  are  not  needed.  But  if,  as  usually  happens, 
the  zero-line  of  the  vernier  comes  between  any  two  divisions  of  the 
scale,  note  the  nearest  next  less  division  on  the  scale,  and  then 
look  along  the, vernier  till  you  come  to  some  line  on  it  which  ex- 
actly coincides,  or  forms  a  straight  line,  with  some  line  (no  matter 
which)  on  the  fixed  scale.  The  number  of  this  line  on  the  vernier 
(the  7th,  in  the  last  figure)  tells  that  so  many  of  the  subdivisions 
which  the  vernier  indicates  are  to  be  added  to  the  reading  of  the 
entire  divisions  on  the  scale. 

When  several  lines  on  the  vernier  appear  to  coincide  equally 
with  lines  of  the  scale,  take  the  middle  line. 

When  no  line  coincides,  but  one  line  on  the  vernier  is  on  one 
side  of  a  line  on  the  scale,  and  the  next  line  on  the  vernier  is  as  far 
on  the  other  side  of  it,  the  true  reading  is  midway  between  those 
indicated  by  these  two  lines. 

308.  Setrograde  Yemiers.  The  spaces  of  the  vernier  in  modem 
instruments  are  usually  each  shorter  than  those  on  the  scale,  a  cer- 
tain number  of  parts  on  the  scale  being  divided  into  a  larger  number 

*  In  algebraic  language,  let  <  equal  the  length  of  one  part  on  the  original  line, 
and  V  the  unknown  length  of  one  part  on  the  vernier.    Let  m  of  the  former  = 

m  +  1  of  the  latter.  Then  m«  =  (m  +  1 )  v.  v  — -9.  «  —  v  =  «. 

'  m  +  1 

-  •  =  — — -T .         If  m«  =  ( m  —  1) »,  then  v  —  «  = 
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of  parts  on  the  vernier.*  In  the  contrary  case^f  there  is  the  incon- 
yenience  of  being  obliged  to  number  the  lines  of  the  yernier  and  to 
count  their  coincidences  with  the  lines  of  the  scale,  in  a  retrograde 
or  contrary  direction  to  that  in  which  the  nambers  on  the  scale 
run.     We  will  call  such  arrangements  retrograde  yemiers. 


niustratioiL  In  this  figure,  the  scale,  as  before,  repre- 
sents (to  twice  the  real  size)  inches  divided  into  tenths,  but  the 
vernier  is  made  by  dividing  eleven  parts  of  the  scale  into  ten  equal 


Fig.  217. 
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parts,  each  of  which  is  therefore  one  tenth  of  eleven  tenths  of  an 
inch — i.  e.,  eleven  hundredths  of  an  inch,  or  a  tenth  and  a  hun- 
dredth. Each  space  of  the  vernier  therefore  overlaps  a  space  on 
the  scale  by  one  hundredth  of  an  inch.  The  manner  of  reading 
this  vernier  is  the  same  as  in  the  last  one,  except  that  the  num- 
bers run  in^  a  reverse  direction.  The  reading  of  the  figure  is 
30-16. 

This  vernier  iii  the  one  generally  applied  to  the  common  barom- 
eter, the  zero-poiri%pf  the  vernier  being  brought  to  the  level  of 
the  top  of  the  mercur^,  whose  height  it  then  measures.  It  is  also 
employed  for  leveling-rods  which  read  downward  from  the  middle 
of  the  target. 

810.  Fig.  218  represents  (to  double  size)  the  usual  scale  of 
the  English  mountain  barometer.  The  scale  is  first  divided 
into  inches.     These  are  subdivided  into  tenths   by  the  longer 


*  i.  e.,  algebraically,  v  = 


m-\-l' 


f  L  e.|  wbeQ  v  =: 
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lines,  and  the  shorter  lines  again  divide  these  into  half  tenths,  or 
to  5  hundredths  ;  24  of  these  smaller  parts  are  set  off  on  the  Tcr- 
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nier,  and  divided  into 
_  24  X  -05 
~       25 


25  equal  parts,  each  of  which  is  therefore 
=  *048  inch,  and  is  shorter  than  a  division  of  the  scale 


by  -OSO  —  '048  =  '002,  or  two  thousandths  of  an  inch,  a  twenty- 
fifth  part  of  a  dirision  on  the  scaled  to  which  minuteness  the  ver- 
nier can  therefore  read.  The  reading  in  the  figure  is  30*686 
(30*65  by  the  scale  and  *036  by  the  vernier),  the  dotted  line  marked 
D  showing  where  the  coincidence  takes  place. 

311.  Circle  divided  into  Degrees.  The  following  illustrations 
apply  to  the  measurements  of  angles^  the  circle  being  variously 
divided.  In  this  article,  the  circle  is  supposed  to  be  divided  into 
degrees. 

If  6  spaces  on  the  vernier  are  found  to  be  equal  to  5  on  the 
circle,  the  vernier  can  read  to  one  sixth  of  a  space  on  the  circle — 
i.  e.,  to  10'. 

If  10  spaces  on  the  vernier  are  equal  to  9  on  the  circle,  the 
vernier  can  read  to  one  tenth  of  a  space  on  the  circle — i.  e.,  to  6'. 

If  12  spaces  on  the  vernier  are  equal  to  11  on  the  circle,  the 
vernier  can  read  to  one  twelfth  of  a  space  on  the  circle — i.  e.,  to  5'. 

Fig.  219  shows  such  an  arrangement.  The  inde;|,  or  zero, 
of  the  vernier  is  at  a  point  beyond  358"^,  a  certain  distance, 
which  the  coincidence  of  the  third  line  of  the  vernier  (as  ipdicated 
by  the  dotted  and  crossed  line)  shows  to  be  15'.  The  wholes  reading 
is  therefore  358''  15\ 
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If  20  spaces  on  the  vernier  are  equal  to  19  on  the  circle^  the 
yemier  can  read  to  one  twentieth  of  a  division  on  the  circle — i.  e.. 


Fio.  219. 
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to  3'.     English  compasses,  or  "  circumferentors,"  are  sometimes 
thus  arranged. 

If  60  spaces  on  the  vernier  are  equal  to  59  on  the  circle,  the 
vernier  can  read  to  one  sixtieth  of  a  division  on  the  circle— i.  e., 
to  1'. 

312.  Circle  divided  to  30'.  Such  a  graduation  is  a  very  com- 
mon one.     The  vernier  may  be  variously  constructed. 

Fio.  220. 
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Suppose  30  spaces  on  the  vernier  to  be  equal  to  29  on  the  cir- 

29  X  30' 


cle.     Each  space  on  the  vernier  will  be  =  ■ 


30 


=  29',  and  will 


therefore  be  less  than  a  space  of  the  circle  by  1',  to  which  the  ver- 
nier will  then  read. 

Fig.  220  shows  this  arrangement.     The  reading  is  0%  or  360°. 

In  Fig.  221  the  dotted  and  crossed  line  shows  what  divisions 
coincide,  and  the  reading  is  20°  10' ;  the  vernier  being  the  same 
as  in  the  preceding  figure,  and  its  zero  being  at  a  point  of  the 
circle  10'  beyond  20°. 

Fio.  221. 


In  Fig.  222,  the  reading  is  20°  40',  the  index  being  at  a 
point  beyond  20°  3',  and  the  additional  space  being  shown  by 
the  vernier  to  be  10'. 

Sometimes  30  spaces  on  the  vernier  are  equal  to  31  on  the  circle. 

31  V  30' 
Each  space  on  the  vernier  will  therefore  be  =  — ^ —  =  31',  and 

will  be  longer  than  a  space  on  the  circle  by  1',  to  which  it  will 
therefore  read,  as  in  the  last  case,  but  the  vernier  will  be  *'  retro- 
grade." This  is  the  vernier  of  the  compass.  The  peculiar  manner 
in  which  it  is  jthere  applied  is  shown  in  Fig.  229. 
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Fio.  222. 


If  15  spaces  on  the  yemier  are  equal  to  16  on  the  circle,  each 

16  X  30' 
space  on  the  vernier  will  be  =  — :^ —  =  32',  and  the  vernier  will 


15 


therefore  read  to  2'. 


S13.  Cirde  divided  to  20'.    If  20  spaces  of  the  vernier  are 
eqnal  to  19  on  the  circle,  each  space  of  the  latter  will  be  = 

Ift  V  20' 

^Q       =  19',  and  the  vernier  will  read  to  20'  -  19'  =  1'. 
If  40  spaces  on  the  vernier  are  equal  to  41  on  the  circle,  each 

Fio.  223. 
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space  on  the  yemier  will  be  =s 


41  X  20^ 
40 


=:  20^^  and  the  vernier 


will  therefore  read  to  20f  —  20'  =  30".     It  will  be  retrograde.    In 
Fig.  223  the  reading  is  Seo"",  or  O'' ;  and  it  will  be  seen  that  the 


Fig.  224. 
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40  spaces  on  the  yemier  (numbered  to  whole  minutes)  are  equal 

to  13°  40'  on  the  limb — i.  e.^  to  41  spaces,  each  of  20'. 

If  60  spaces  on  the  vernier  are  equal  to  59  on  the  circle^  each 

59  X  20 
of  the  former  will  be  =  — ^j^ —  =  19'  40',  and  the  vernier  will 

oU 
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therefore  read  to  20'  —  19'  40'  =  20'.     Fig.  224  shows  such  an 
arrangement.     The  reading  in  that  position  would  be  40"^  46'  20'. 

314.  Oiiole  divided  to  16'.  If  60  spaces  on  the  vernier  are 
equal  to  59  on  the  circle,  each  space  on  the  vernier  will  be  = 
69  X  15' 


60 


=  14'  45',  and  the  vernier  will  read  to  15'.    In  Fig.  225 


the  reading  is  10**  20'  45',  the  index  pointing  to  10°  15',  and 
something  more,  which  the  vernier  shows  to  be  5'  45'. 

316.  Circle  divided  to  10'.  If  60  spaces  on  the  vernier  be 
equal  to  59  on  the  limb,  the  vernier  will  read  to  10'.  In  Fig. 
226  the  reading  is  7^  25'  40',  the  reading  on  the  circle  being 
T  20',  and  the  vernier  showing  the  remaining  space  to  be  5'  40'. 

Fio.  226. 
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316.  Seading  backward.  When  an  index  carrying  a  vernier  is 
moved  backward,  or  in  a  contrary  direction  to  that  in  which  the 
numbers  on  the  circle  run,  if  we  wish  to  read  the  space  which  it 
has  passed  over  in  this  direction  from  the  zero-point,  the  vernier 
must  be  read  backward  (i.  e.,  the  highest  number  be  called  0),  or 
its  actual  reading  must  be  subtracted  from  the  value  of  the  small- 
est space  on  the  circle.     The  reason  is  plain  ;  for,  since  the  vernier 
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^bw8  how  far  the  index,  moving  in  one  direction,  has  gone  past 
one  diyision-line,  the  distance  which  it  is  from  the  next  division- 
line  (which  it  maybe  supposed  to  have  passed,  moving  in  a  con- 
trary direction)  will  be  the  difference  between  the  reading  and  the 
value  of  one  space. 

Thus,  in  Fig.  219,  the  reading  is  358°  15'.  But,  counting  back- 
ward from  the  360°,  or  zero-point,  it  is  1°  45'. 

Caution  on  this  point  is  particularly  necessary  in  using  small 
angles  of  deflection  for  railroad-curves. 

317.  Arc  of  Xxoess.  On  the  sextant  and  similar  instruments, 
the  divisions  of  the  limb  are  carried  onward  a  short  distance  be- 
yond the  zero-point.  This  portion  of  the  limb  is  called  the  "  Arc 
of  Excess.'*    When  the  index  of  the  vernier  points  to  this  arc,  the 

Fio.  227. 


reading  must  be  made  as  explained  in  the  last  article.  Thus,  in 
the  figure,  the  reading  on  the  arc  from  the  zero  of  the  limb  to  the 
zero  of  the  vernier  is  4°  20',  and  something  more,  and  the  reading 
of  the  vernier  from  10  toward  the  right,  where  the  lines  coin- 
cide, is  3'  20'  (or  it  is  10'  —  6'  40'  =  3'  20'),  and  the  entire  reading 
is  therefore  4°  23'  20'. 

318.  Double  Yemien.    To  avoid  the  inconveniences  of  read- 
ing backward,  doable  verniers   are  sometimes   used.     Fig.    228 
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shows  one  applied  to  a  fcransit.  Each  of  the  Temiers  is  like  the 
one  described  in  Art  312,  Figs.  220,  221,  and  222.  When  the 
degrees  are  counted  to  the  left,  or  as  the  numbers  run,  as  is  usual. 


Fio.  228. 
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the  left-hand  vernier  is  to  be  read,  as  in  Art.  312 ;  but  when  the 
degrees  are  counted  to  the  right,  from  the  360''  line,  the  right- 
hand  vernier  is  to  be  used. 

319.  Oompaat-Vemier.    Another  form  of  double  vernier,  often 
applied  to  the  compass,  is  shown  in  Fig.    229.     The  limb  is 

Fio.  229. 
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divided  to  half-degrees,  and  the  vernier  reads  to  minutes,  30 
parts  on  it  being  equal  to  31  on  the  limb.  Bat  the  vernier  is 
only  half  as  long  as  in  the  previous  case,  going  only  to  15',.  the 
upper  figures  on  one  half  being  a  sort  of  continuation  of  the  lower 
figures  on  the  other  half.  Thus,  in  moving  the  index  to  the  right, 
read  the  lower  figures  on  the  left-hand  vernier  (it  being  retrograde) 
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at  any  coincidence,  when  the  space  passed  oyer  is  less  than  15' ; 
bnt  if  it  be  more,  read  the  upper  figures  on  the  right-hand  yernier, 
and  vice  versa* 

AS>TUBTMXSTB. 

320.  The  purposes  for  which  the  transit  (as  well  as  most  sur- 
yeying  and  astronomical  instruments)  is  to  be  used,  require  and 
presuppose  certain  parts  and  lines  of  the  instrument  to  be  placed 
in  certain  directions  with  respect  to  others  ;  these  respectiye  direc- 
tions being  usually  parallel  or  perpendicular.  Such  arrangements 
of  their  parts  are  called  their  Adjustments.  The  same  word  is  also 
applied  to  placing  these  lines  in  these  directions.  In  the  following 
explanations  the  operations  which  determine  whether  these  adjust- 
ments are  correct,  will  be  called  their  Verifications  ;  and  the  mak- 
ing them  right,  if  they  are  not  so,  their  Bectificaiions.* 

881.  In  obseryations  of  horizontal  angles  with  the  transit  it  is 
required — 

1.  That  the  circular  plates  shall  be  horizontal  in  whateyer  way 
they  may  be  turned  around. 

2.  That  the  telescope,  when  pointed  forward,  shall  look  in  pre- 
cisely the  reverse  of  its  direction  when  pointed  backward — i.  e., 
that  its  two  lines  of  sight  (or  lines  of  collimation)  forward  and 
backward  shall  lie  in  the  same  plane. 

3.  That  the  telescope,  in  turning  upward  or  downward,  shall 
moye  in  a  truly  vertical  plane,  in  order  that  the  angle  measured 
between  a  low  object  and  a  high  one  may  be  precisely  the  same 
as  would  be  the  angle  measured  between  the  low  object  and  a  point 
exactly  under  the  high  object,  and  in  the  same  horizontal  plane  as 
the  low  one. 

We  shall  see  that  all  these  adjustments  are  finally  resolvable 
into  these  :  1.  Making  the  vertical  axis  of  the  instrument  perpen- 
dicular to  the  plane  of  the  levels  ;  8,  Making  the  line  of  collima- 

*  It  has  been  well  said  that,  "  in  the  present  state  of  scienec,  it  may  be  Md  down 
as  a  maxim  that  every  instrument  should  be  so  contrived  that  the  observer  may 
.  eaaily  examine  and  rectify  the  principal  parts ;  for,  however  careful  the  instrument- 
maker  may  be,  however  perfect  die  execution  thereof,  it  is  not  possible  that  any 
histrument  should  long  remain  accurately  fixed  in  the  position  in  which  it  came  out 
of  the  maker^s  hands."    (Adams's  "  Geometrical  and  Graphical  Essays,'*  1791.) 
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tion  perpendicular  to  its  axis  ;  and^  3.  Making  this  axis  parallel  to 
the  plane  of  the  levels.  They  are  all  best  tested  by  the  iuyaluable 
principle  of  "reversion." 

We  have  now,  first,  to  examine  whether  these  things  are  so — 
that  is,  to  "verify"  the  adjustments;  and,  second,  if  we  find 
that  they  are  not  so,  to  make  them  so — ^i.  e.,  to  "  rectify  "  or  "  ad- 
just" them  correctly.  The  above  three  requirements  produce  as 
many  corresponding  adjustments. 

322.  Fint  Acyuttment  To  cause  the  circle  to  be  horizontal  in 
every  position. 

Verification.  Turn  the  vernier-plate,  which  carries  the  levels, 
till  one  of  them  is  parallel  to  one  pair  of  the  parallel  plate-screws. 
The  other  will  then  be  parallel  to  the  other  pair.  Bring  each  bub- 
ble to  the  middle  of  its  tube,  by  that  pair  of  screws  to  which  it  is 
parallel.  Then  turn  the  vernier-plate  half-way  around — i.  e.,  till 
the  index  has  passed  over  180°.  If  the  bubbles  remain  in  the  cen- 
ters of  the  tubes,  they  are  in  adjustment.  If  either  of  them  runs 
to  one  end  of  the  tube,  it  requires  rectification. 

Rectification.-  The  fault  which  is  to  be  rectified  is  that  the 
plane  of  the  level  (i.  e.,  the  plane  tangent  to  the  highest  point  of 
the  level  tube)  is  not  perpendicular  to  the  vertical  axis  on  which 


the  plate  turns.  For,  let  A  B  represent  this  plane,  seen  edgewise, 
and  C  D  the  center  line  of  the  vertical  axis,  which  is  here  drawn  ai 
making  an  acute  angle  with  this  plane  on  the  right-hand  side. 
The  first  figure  represents  the  bubble  brought  to  the  center  of  the 
tube.  The  second  figure  represents  the  plate  turned  half  around. 
The  center  line  of  the  axis  is  supposed  to  remain  unmoved.     The 
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acute  angle  will  now  be  on  the  left-hand  side,  and  the  plate  will  no 
longer  be  horizontal ;  consequently^  the  bubble  will  run  to  the 
higher  end  of  the  tube.  The  rectification  necessary  is  eyidently  to 
raise  one  end  of  the  tube  and  lower  the  other.  '  The  real  error  has 
been  doubled  to  the  eye  by  the  reversion.  Half  of  the  motion  of 
the  bubble  was  caused  by  the  tangent  plane  not  being  perpendicu- 
lar to  the  axis,  and  half  by  this  axis  not  being  vertical.  Therefore, 
raise  or  lower  one  end  of  the  level  by  the  screws  which  fasten  it  to 
the  plate,  till  the  bubble  comes  about  half-way  back  to  the  center, 
and  then  bring  it  quite  back  by  turning  its  pair  of  parallel  plate- 
screws.  Then  again  reverse  the  vernier-plate  180°.  The  bubble 
should  now  remain  in  the  center.  If  not,  the  operation  should  be 
repeated.  The  same  must  be  done  with  the  other  level,  if  required. 
Then  the  bubbles  will  remain  in  the  center  during  a  complete  revo- 
lution. This  proves  that  the  axis  of  the  vernier-plate  is  then  ver- 
tical ;  and,  as  it  has  been  fixed  by  the  maker  perpendicular  to  the 
plate,  the  latter  must  then  be  horizontal. 

It  is  also  necessary  to  examine  whether  the  bubbles  remain  in 
the  center,  when  the  divided  circle  is  turned  round  on  its  axis.  If 
not,  the  axes  of  the  two  plates  are  not  parallel  to  each  other.  The 
defect  can  be  remedied  only  by  the  maker ;  for,  if  the  bubbles  be 
altered  so  as  to  be  right  for  this  reversal,  they  will  be  wrong  for 
the  vernier-plate  reversal. 

323.  Second  Acynstment.  To  cause  the  line  of  colliniation  to 
revolve  in  a  plane. 

Verification.  Set  up  the  transit  in  the  middle  of  a  level  piece 
of  ground,  as  at  A  in  the  figure.     Level  it  carefully.     Set  a  stake, 

Fig.  282. 


with  a  nail  driven  into  its  head,  or  a  chain-pin,  as  far  from  the 
instrument  as  it  is  distinctly  visible,  as  at  B.    Direct  the  telescope 
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to  it,  and  fix  the  intersection  of  the  cross-hairs  very  precisely  upon 
it.  Clamp  the  instrument  Measure  from  A  to  B.  Then  turn 
oyer  the  telescope,  and  set  another  stake  at  an  equal  distance  from 
the  transit,  and  also  precisely  in  the  line  of  sight  If  the  line  of 
collimation  has  not  continued  in  the  same  plane  during  its  half- 
reyolution,  this  stake  will  not  be  at  E,  but  to  one  side,  as  at  G. 
To  discover  the  truth,  loosen  the  clamp  and  turn  the  vernier-plate 
half  around  without  touching  the  telescope.  Sight  to  B,  as  at  first, 
and  again  elamp  it  Then  turn  over  the  telescope,  and  the  line  of 
sight  will  strike,  as  at  D  in  the  figure,  as  far  to  the  right  of  the 
point  as  it  did  befo]^  to  its  left 

Rectification.  The  fault  which  is  to  be  rectified  is  that  the 
line  of  collimation  of  the  telescope  is  not  perpendicular  to  the  hori- 
zontal axis  on  which  the  telescope  revolves.     This  will  be  seen  by 

Fio.  288. 
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the  figures,  which  represent  the  position  of  the  lines  in  each  of  the 
four  observations  which  have  been  made.  In  each  of  the  figures 
the  long,  thick  line  represents  the  telescope,  and  the  short  one  the 
axis  on  which  it  turns.  In  Fig.  233  the  line  of  sight  is  directed  to 
B.  In  Fig.  234  the  telescope  has  been  turned  over,  and  with  it  the 
axis,  so  that  the  obtuse  angle  marked  0  in  the  first  figure  has 
taken  the  place,  0',  of  the  acute  angle,  and  the  telescope  points  to 
C  instead  of  to  E.     In  Fig.  235  the  vernier-plate  has  been  turned 
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half  around  bo  as  to  point  to  B  again,  and  the  same  obtuse  angle 
has  got  around  to  0'.  In  Fig.  236  the  telescope  has  been  turned 
over,  the  obtuse  angle  is  at  C,  and  the  telescope  now  points  to  D. 

To  make  the  line  of  collimation  perpendicular  to  the  axis,  the 
former  must  have  its  direction  changed.  This  is  effected  by  mov- 
ing the  vertical  hair  the  proper  distance  to  one  side.  By  loosen- 
ing the  left-hand  screw  and  tightening  the  right-hand  one,  the 
ring,  and  with  it  the  cross-hairs,  will  be  drawn  to  the  right,  and 
vice  versa.  Two  holes  at  right  angles  to  each  other  pass  through 
the  outer  heads  of  the  screws.  Into  these  holes  a  stout  steel  wire 
is  inserted,  and  the  screws  can  thus  be  tnrned  around.  Screws  so 
made  are  called  "capstan-headed."  One  of  the  other  pair  of 
screws  may  need  to  be  loosened  to  avoid  straining  the  threads.  In 
some  French  instruments,  one  of  each  pair  of  screws  is  replaced  by 
a  spring. 

To  find  how  much  to  move  this  vertical  hair,  measure  from  0 
to  D,  Fig.  232  :  Set  a  stake  at  the  middle  point  E,  and  set  another 
at  the  point  F,  midway  between  D  and  E.  Move  the  vertical  hair 
till  the  line  of  sight  strikes  F.  Then  the  instrument  is  adjusted  ; 
and,  if  the  line  of  sight  be  now  directed  to  E,  it  will  strike  B  when 
the  telescope  is  turned  over,  since  the  hair  is  moved  half  of  the 
doubled  error,  D  E.  The  operation  will  generally  require  to  be 
repeated,  not  being  quite  perfected  at  first. 

It  should  be  remembered  that,  if  the  telescope  used  does  not 
invert  objects,  ite  eye-piece  will  do  so.  Consequently,  with  such  a 
telescope,  if  it  seems  that  the  vertical  hair  should  be  moved  to  the 
left,  it  must  be  moved  to  the  right,  and  vice  versa.  An  inverting 
telescope  does  not  invert  the  cross-hairs. 

If  the  young  surveyor  has  any  doubts  as  to  the  perfection  of 
his  rectification,  he  may  set  another  stake  exactly  under  the  instru- 
ment by  means  of  a  plumb-line  suspended  from  ite  center;  and 
then,  in  like  manner,  set  his  transit  over  B  or  E.  He  will  find 
that  the  other  two  stakes,  A  and  the  extreme  one,  are  in  the  same 
straight  line  with  his  instrument. 

In  some  instrumente,  the  horizontel  axis  of  the  telescope  can  be 
taken  out  of  ite  supports  and  turned  over,  end  for  end.  In  such  a 
case,  the  line  of  sight  may  be  directed  to  any  well-defined  point. 
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and  the  axis  then  taken  out  and  turned  oyer.     If  the  line  of  sight 
again  strikes  the  same  point,  this  line  is  perpendicular  to  the  axis. 

Fio.  2S7. 
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If  not,  the  apparent  error  is  double  the  real  error,  as  api)ear8  from 
the  figures,  the  obtuse  angle  0  coming  to  0',  and  the  desired  per- 
pendicular line  falling  at  C  midway  between  B  and  B'«  The  recti- 
fication may  be  made  as  before  ;  or,  in  some  large  instruments,  in 
which  the  telescope  is  supported  on  Ys,  by  moving  one  of  the  Ys 
laterally. 

324.  Third  A^juttment  To  cause  the  line  of  collimation  to 
revolve  in  a  vertical  plane. 

Verification.  Suspend  a  long  plumb-line  from  some  high  point 
Set  the  instrument  near  this  line,  and  level  it  carefully.  Direct 
the  telescope  to  the  plumb-line,  and  see  if  the  intersection  of  the 
cross-hairs  follows  and  remains  upon  this  line  when  the  telescope 
is  turned  up  and  down.     If  it  does,  it  moves  in  a  vertical  plane. 

The  angle  of  a  new  and  well-built  house  will  form  an  imperfect 
substitute  for  the  plumb-line. 

Otherwise :  The  instrument  being  set  up  and  leveled  as  above, 
place  a  basin  of  some  reflecting  liquid  (quicksilver  being  the  best, 
though  molasses,  or  oil,  or  even  water  will  answer,  though  less  per- 
fectly) so  that  the  top  of  a  steeple,  or  other  point  of  a  high  object, 
can  be  seen  in  it  through  the  telescope  by  reflection.  Make  the 
intersection  of  the  cross-hairs  cover  it  Then  turn  up  the  tele- 
scope, and,  if  the  intersection  of  the  cross-hairs  bisects  also  the 
object  seen  directly,  the  line  of  sight  has  moved  in  a  vertical  plane. 
If  a  star  be  taken  as  the  object,  the  star  and  its  reflection  will  be 
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equivalent  (if  it  be  nearly  overhead)  to  a  plumb-line  at  least  fifty 
million  million  miles  long. 

Otherwise :  Set  the  instrument  as  close  as  possible  to  the  base 
of  a  steeple  or  other  high  object ;  level  it,  and  direct  it  to  the  top 
of  the  steeple,  or  to  some  other  elevated  and  well- 
defined  point     Clamp  the  plates.     Turn  down  the      ^'^Q-^so. 
telescope,  and  set  up  a  pin  in  the  ground  precisely  'Mn 
line."    Then  loosen  the  clamp,  turn  over  the  telescope, 
and  turn  it  half-way  around,  or  so  far  .as  to  again 
sight  to  the  high  point.    Clamp  the  plates,  and  again 
turn  down  the  telescope.     If  the  line  of  sight  again 
strikes  the  pin,  the  telescope  has  moved  in  a  vertical 
plane.     If  not,  the  apparent  error  is  double  the  real 
error.     For,  let  S  be  the  top  of  the  steeple  (Fig.  239), 
an4  P'  the  pin ;  then  the  plane  in  which  the  telescope 
moves,  seen  edgewise,  is  S  P' ;  and,  after  being  tamed  around, 
the  line  of  sight  moves  in  the  plane  S  P",  as  far  to  one  side  of  , 
the  vertical  plane  S  P  as  S  P'  was  on  the  other  side  of  it. 

Rectification.  Since  the  second  adjustment  causes  the  line  of 
sight  to  move  in  a  plane  perpendicular  to  the  axis  on  which  it 
turns,  it  will  move  in  a  vertical  plane  if  that  axis  be  horizontal. 
It  can  be  made  so  by  raising  or  lowering  one  end  of  the  axis  by 
means  of  a  screw  placed  in  the  standard  for  that  purpose. 

326.  Centering  Eye-Piece.  In  some  instruments,  such  as  that 
of  which  a  longitudinal  section  is  shown  on  page  220,  the  inner 
end  of  the  eye-piece  may  be  moved  so  that  the  cross-hairs  shall  be 
seen  precisely  in  the  center  of  its  field  of  view.  This  is  done  by 
means  of  four  screws,  arranged  in  pairs,  like  those  of  the  cross-hair 
ring-screws,  and  capable  of  moving  the  eye-piece  up  and  down,  and 
to  right  or  left,  by  loosening  one  and  tightening  the  opposite  one. 
Two  of  them  are  shown  at  A,  A,  in  the  figure,  in  which  B,  B,  are 
two  of  the  cross-hair  screws. 

326.  Centering  Objeet-Olass.    In  some  instruments  four  screws, 

similarly  arranged,  two  of  which  are  shown  at  C,  C,  can  move,  in 

any  direction,  the  inner  end  of  the  slide  which  carries  the  object- 
15 
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glass.  The  recessity  for  such  an  arrangement  arises  from  the 
impossibility  of  drawing  a  tube  perfectly 
straight.  Consequently,  the  line  of  collima- 
tion,  when  the  tube  is  drawn  in,  will  not 
coincide  with  the  same  line  when  the  tube 
is  pushed  out.  If  adjusted  for  one  position, 
it  will  therefore  be  wrong  for  the  other. 
These  screws,  however,  can  make  it  right 
in  both  positions.  They  are  used  as  fol- 
lows : 

Sight  to  some  well-defined  point  as  far  off 
as  it  can  be  distinctly  seen.  Then,  having 
the  plates  firmly  clamped,  move  out  the  ob- 
ject-glass slide,  and  fix  a  point  in  the  line  of 
sight  as  close  to  the  instrument  as  can  be 
distinctly  seen.  Then  turn  the  limb  half- 
way around  horizontally,  reverse  the  tele- 
scope, and  again  sight  to  the  near  point,  by 
clamping  the  plates  and  bringing  the  verti- 
cal cross^hair  on  the  point  by  means  of  the 
tangent-screw.  Then  draw  in  the  object- 
glass  slide  until  the  distant  object  is  distinct- 
ly seen.  If  the  vertical  cross-hair  bisects  it, 
no  adjustment  is  necessary.  If  not,  correct 
one  half  of  the  apparent  error  by  means  of 
the  screws  C  C  in  Fig,  240.  This  may  dis- 
turb the  second  adjustment.  Try  that  over 
again,  and  again  perform  the  operation  of 
centering  the  object-glass. 

This  adjustment  is  always  performed  by 
the  maker,  and  its  screws  are  covered  by  a 
short  tube. 

All  the  adjustments  should  be  meddled 
with  as  little  as  possible,  lest  the  screws 
should  get  loose  ;  and,  when  once  made 
right,  they  should  be  kept  so  by  careful 
usage. 


* 
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827.  Fourth  Ac^iuitment  To  cause  the  line  of  collimation  of  the 
telescope  to  he  horizontal  when  the  bubble  of  the  level  attached  to  it 
is  in  the  center  of  its  tube. 

Drive  two  pegs  several  hundred  feet  apart,  and  set  the  instru- 
ment midway  between  them.  Level,  and  sight  to  the  rod  held  on 
each  peg.  The  difference  of  the  readings  will  be  the  true  differ- 
ence of  the  heights  of  the  pegs,  no  matter  how  much  the  level 
may  be  out  of  adjustment. 

Then  set  the  instrument  over  one  peg,  and  sight  to  the  rod  held 
at  the  other.  Measure  the  height  of  the  cross-hairs  above  the  first 
peg.  The  difference  of  this  height  and  the  reading  on  the  rod 
should  equal  the  difference  of  the  heights  of  the  two  points,  as 
previously  determined.  If  it  does  not,  set  the  target  to  the  sum  or 
difference  of  the  height  of  the  cross-hairs  above  the  first  peg  and 
the  true  difference  of  height  of  the  points,  according  as  the  first 
point  is  higher  or  lower  than  the  second,  and  hold  the  rod  on  the 
second  point.  Sight  to  it,  and  raise  or  lower  one  end  of  the  bubble- 
tube  until  the  horizontal  cross-hair  does  bisect  the  target  when  the 
bubble  is  in  the  center. 

Instead  of  setting  over  one  peg,  it  is  generally  more  convenient 
to  set  near  to  it,  and  sight  to  a  rod  held  on  it,  and  use  this  reading 
instead  of  the  measured  height  of  the  cross-hairs. 

328.  Fifth  Acyufltment.  To  make  the  vernier  of  the  vertical 
circle  read  zero  when  the  bubble  of  the  telescope  -  level  is  in  the 
center. 

This  is  verified  in  various  ways : 

1.  By  simple  inspection, 

2.  By  reversion.  Sight  to  some  point.  Note  the  reading  on 
the  vertical  circle.  Turn  the  telescope  half-way  around  horizon- 
tally. Turn  over  the  telescope  and  again  observe  the  same  point, 
and  note  the  reading.  Half  the  difference  (if  any)  of  the  two  read- 
ings is  the  error. 

3.  By  reciprocal  observations.  Observe  successively  from  each 
of  two  points  to  the  other.  Half  the  difference  of  the  readings 
equals  the  index-error. 

When  the  verification  has  been  made,  the  error  may  be  rectified 
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on  the  instrnment  by  moving  the  vernier-plate,  or  the  circle,  or 
noted  as  a  correction  to  each  observation  when  the  instrument  is 
large  and  delicate. 

THE  FIELD-WOBK. 

329.  To  measore  a  Horisontal  Angle.  Set  np  the  instrument 
80  that  its  center  shall  be  exactly  over  the  angular  point,  or  in  the 
intersection  of  the  two  lines  whose  difference  of  direction  is  to  be 
measured,  as  at  B  in  the  figure.  A  plumb-line  must  be  suspended 
from  under  the  center.  Dropping  a  stone  is  an  imperfect  substi- 
tute for  this.  Set  the  instru- 
ment so  that  its  lower  paral- 
lel plate  may  be  as  nearly  hor- 
izontal as  possible.     The  lev- 

^^ ^^J)  els  will  serve  as  guides  if  the 

four  parallel-plate  screws  be 
first  so  screwed  np  or  down  that  equal  lengths  of  them  shall  be 
above  the  upper  plate.  Then  level  the  instrument  carefully. 
Direct  the  telescope  to  a  rod,  stake,  or  other  object,  A  in  the 
figure,  on  one  of  the  lines  which  form  the  angle.  Tighten  the 
clamps,  and  by  the  tangent-screw  move  the  telescope  so  that  the 
intersection  of  the  cross-hairs  shall  very  precisely  bisect  this  ob- 
ject. Note  the  reading  of  the  vernier.  Then  loosen  the  clamp 
of  the  vernier,  and  direct  the  telescope  on  the  other  line  (as  to  C) 
precisely  as  before,  and  again  read.  The  difference  of  the  two 
readings  will  be  the  desired  angle,  ABC.  Thus,  if  the  first  read- 
ing had  been  40''  and  the  last  190°,  the  angle  would  be  150^  If 
the  vernier  had  passed  360°  in  turning  to  the  second  object,  360° 
should  be  added  to  the  last  reading  before  subtracting.  Thus,  if 
the  first,  reading  had  been  300°,  and  the  last  reading  90°,  the  an- 
gle would  be  found  by  calling  the  last  reading,  as  it  really  is, 
360°  +  90°  =  450°,  and  then  subtracting  300°.       * 

It  is  best  to  sight  first  to  the  left-hand  object  and  then  to  the 
right-hand  one,  turning  "  with  the  sun "  or  like  the  hands  of  a 
watch,  since  the  numbering  of  the  degrees  usually  runs  in  that 
direction. 

It  is  convenient,  though  not  necessary,  to  begin  by  setting  the 
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vernier  at  zero  by  the  upper  movement  (that  of  the  vernier-plate 
on  the  circle),  and  then,  by  means  of  the  lower  motion  (that  of  the 
whole  instrument  on  its  axis),  to  direct  the  telescope  to  the  first 
object  Then  fasten  the  lower  clamp,  and  sight  to  the  second 
object  as  before.  The  reading  will  then  be  the  angle  desired.  An 
objection  to  this  is  that  the  two  verniers  seldom  read  alike.* 

After  one  or  more  angles  have  been  observed  from  one  point, 
the  telescope  must  be  directed  back  to  the  first  object,  and  the 
reading  to  it  noted,  so  as  to  make  sure  that  it  has  not  slipped.  A 
watch-telescope  renders  this  unnecessary. 

The  error  arising  from  the  instrument  not  being  set  precisely 
over  the  center  of  the  sta;tion  will  be  greater  the  nearer  the  object 
sighted  to.  Thus,  a  difference  of  one  inch  would  cause  an  error  of 
only  3"  in  the  apparent  direction  of  an  object  a  mile  distant,  but 
one  of  nearly  3'  at  a  distance  of  a  hundred  feet. 

330.  Seduotion  of  High  and  Low  Objects.  When  one  of  the 
objects  sighted  to  is  higher  than  the  other,  the  "  plunging  tele- 
scope" of  this  instrument  causes  the  angle  measured  to  be  the 
true  horizontal  angle  desired — i.  e.,  the  same  angle  as  if  a  point 
exactly  under  the  high  object  and  on  a  level  with  the  low  object 
(or  vice  versa)  had  been  sighted  to.  For  the  telescope  has  been 
caused  to  move  in  a  vertical  plane  by  the  third  adjustment,  and 
the  angle  measured  is  therefore  the  angle  between  the  vertical 
planes  which  pass  through  the  two  objects,  and  which  *' project*' 
the  two  lines  of  sight  on  the  same  horizontal  plane. 

This  constitutes  the  gteat  practical  advantage  of  these  instru- 
ments over  those  which  are  held  in  the  planes  of  the  two  objects 
observed,  such  as  the  sextant  and  the  ''circle,"  much  used  by  the 
French. 

331.  Votation  of  Angles.  The  angles  observed  may  be  noted 
in  various  ways.     Thus,  the  observation  of  the  angle  ABC,  in 

*  Tbe  learner  will  do  well  to  gauge  his  own  precision  and  that  of  the  inBtniment 
(and  he  may  rest  assured  that  his  own  will  be  the  one  chiefly  in  fault)  by  measurinjr, 
from  any  station,  the  angles  between  successive  points  all  around  him,  till  he  gets 
back  to  the  first  point,  beginning  at  dififerent  parts  of  the  circle  for  each  angle.  The 
sum  of  all  these  angles  thould  exactly  equal  860"*.  He  will  probably  find  quite  a 
difiTerenoc  from  that. 
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Pig.  241,  may  be  noted  "  At  B,  from  A  to  C,  150'',"  or,  better, 
"At  B,  between  A  and  C,  150°."    In  column  form,  this  becomes 
Between  Al60°jand  C. 
At        I   B  1 

When  the  vernier  had  been  set  at  zero  before  sighting  to  the 
first  object,  and  other  objects  were  then  sighted  to,  those  objects, 
the  readings  to  which  were  less  than  180°,  will  be  on  the  left  of  the 
first  line,  and  those  to  which  the  readings  were  more  than  180°  will 
be  on  its  right,  looking  in  the  direction  in  which  the  survey  is  pro- 
ceeding, from  A  to  B,  and  so  on. 

In  surveying  a  farm,  the  angle  of  deflection  at  station,  or  the 
traverse  angle,  may  be  noted,  together  with  the  lengths  of  the 
courses. 

332.  To  repeat  an  Angle.  Begin  as  in  Art.  329,  and  measure 
the  angle  as  there  directed.  Then  unclamp  below,  and  turn  the 
circle  around  till  the  telescope  is  again  directed  to  the  first  object, 
and  made  to  bisect  it  precisely  by  the  lower  tangent-screw.  Then 
unclamp  above  and  turn  the  vernier-plate  till  the  telescope  again 
points  to  the  second  object,  the  first  reading  remaining  unchanged. 
The  angle  will  now  have  been  measured  a  second  time,  but  on  a 
part  of  the  circle  adjoining  that  on  which  it  was  first  measured, 
the  second  arc  beginning  where  the  first  ended.  The  difference  be- 
tween the  first  and  last  readings  will  therefore  be  twice  the  angle. 

This  o]^)eration  may  be  repeated  a  third,  a  fourth,  or  any  num- 
ber of  times,  always  turning  the  telescope  back  to  the  first  object 
by  the  lower  movement  (so  as  to  start  with  the  reading  at  which 
the  preceding  observation  left  off),  and  turning  it  to  the  second 
object  by  the  upper  movement.  Take  the  difference  of  the  first 
and  last  readings  and  divide  by  the  number  of  observations. 

The  advantage  of  this  method  is  that  the  errors  of  observation 
(i.  e.,  sighting  sometimes  to  the  right  and  sometimes  to  the  left  of 
the  true  point)  balance  each  other  in  a  number  of  repetitions, 
while  the  constant  error  of  graduation  is  reduced  in  proportion  to 
this  number.  This  beautiful  principle  has  some  imperfections  in 
practice,  probably  arising  from  the  slipping  and  straining  of  the 
clamps. 
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333.  Angles  of  Deflectioiu  The  angle  of  deflection  of  one  line 
from  another  is  the  angle  which  one  line  makes  with  the  other  line 
produced.  Thus,  in  the 
figure,  the  angle  of  deflec- 
tion of  B  C  from  A  B  is 
B'BC.     It  is  evidently  the 

supplement   of    the    angle       a© ff-ey^ » 

ABC. 

To  measure  it  with  the  Transit,  set  the  instrument  at  B,  direct 
the  telescope  to  A,  and  then  turn  it  over.  It  will  now  point  in  the 
direction^of  A  B  produced,  or  to  B',  if  the  second  adjustment  has 
been  performed.  Note  the  reading.  Then  direct  the  telescope  to 
C.  Note  the  new  reading,  and  their  difference  will  be  the  re- 
quired angle  of  deflection,  B'  B  C. 

If  the  vernier  be  set  at  zero  before  taking  the  first  observation, 
the  readings  for  objects  on  the  right  of  the  first  line  will  be  less 
than  180**,  and  more  than  180°  for  objects  on  the  left,  conversely 
to  Art.  331. 

334.  Line -Surveying.  The  survey  of  a  line,  such  as  a  road, 
etc.,  can  be  made  by  the  transit  with  great  precision,  measuring 
the  angle  which  each  line  makes  with  the  preceding  line,  and 
noting  their  lengths,  and  the  necessary  offsets  on  each  side. 

Short  lines  of  sight  should  be  avoided,  since  a  slight  inaccuracy 
in  setting  the  center  of  the  instrument  exactly  over  or  under  the 
point  previously  sighted  to  would  then  much  affect  the  angle. 
Very  great  accuracy  can  be  obtained  by  using  three  tripods.  One 
would  be  set  at  the  first  station  and  sighted  back  to  from  the 
instrument  placed  at  the  second  station,  and  a  forward  sight  be 
then  taken  to  the  third  tripod  placed  at  the  third  station.  The 
instrument  would  then  be  set  on  this  third  tripod,  a  back-sight 
taken  to  the  tripod  remaining  on  the  second  station,  and  a  fore- 
sight taken  to  the  tripod  brought  from  the  first  station  to  the 
fourth  station,  to  which  the  instrument  is  next  taken,  and  so  on. 
This  is  especially  valuable  in  surveys  of  mines. 

The  field-notes  may  be  taken  as  directed  in  compass-surveying, 
the  angles  taking  the  place  of  the  bearings.     The  ^^  checks  by 
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intersecting  bearings,"  before  explained,  sbould  also  be  employed. 
The  angles  made  on  each  side  of  the  stations  may  both  be  meas- 
ured, and  the  equality  of  their  sum  to  360°  would  at  once  prove 
the  accuracy  of  the  work. 

If  the  magnetic  bearing  of  any  one  of  the  lines  be  given,  and 
that  of  any  of  the  other  lines  of  the  series  be  required,  it  can  be 
deduced  by  constructing  a  diagram,  or  by  modifications  of  the 
rules  given  for  the  reverse  object. 

336.  Trayening ;  or,  surveying  by  the  Back-Angle.    This  is  a 
method  of  observing  and  recording  the  different  directions  of  suc- 
cessive portions  of  a  line 
^^•^*^-  ,  (such  as  a  road,  the  bound. 

fi o^;;;;--;--—  — '-/^ arics  of  a  farm,  etc.),  so  as 

-"^"7 y^      \^     to  read  off  on  the  instm- 

\     y/^  ment,  at  each  station,  the 

v^T/" —  angle    which     each     line 

makes — not  with  the  pre- 
ceding line— but  with  the  first  line  observed,  or  some  other  con- 
stant line.  This  line  is,  therefore,  called  the  meridian  of  that  sur- 
vey. 

The  operation  consists  essentially  in  taking  each  back-sight  by 
the  lower  motion  (which  turns  the  circle  without  changing  the 
reading),  and  taking  each  forward  sight  by  the  upper  motion, 
which  moves  the  vernier  over  the  arc  measuring  the  new  angle ; 
and  thus  adds  it  to  or  subtracts  it  from  the  previous  reading. 

Set  up  the  instrument  at  some  station,  as  B  ;  put  the  vernier  at 
zero,  and,  by  the  lower  motion,  sight  back  to  A.  Tighten  the 
lower  clamp,  reverse  the  telescope,  loosen  the  upper  clamp,  sight 
to  C  by  the  upper  motion,  and  clamp  the  vernier-plate  again.  Re- 
move the  instrument  to  C,  sight  back  to  B  by  the  lower  motion. 
Then  clamp  below,  reverse  the  telescope,  loosen  the  upper  clamp, 
and  sight  to  D  by  the  upper  motion.  Then  go  to  D  and  pro- 
ceed as  at  C  ;  and  so  on.  The  reading  gives  the  angles  measured 
to  the  right  or  "with  the  sun,"  as  shown  by  the  arcs  in  the 
figure. 

Care  should  be  taken  to  keep  the  same  side  of  the  instrument 
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ahead,  and,  if  only  one  vernier  is  read,  to  read  from  the  same  ver- 
nier. 

The  chief  advantage  of  this  method  is  its  greater  rapidity  in 
the  field  and  in  platting,  the  angles  being  all  laid  down  from  one 
meridian,  as  in  compass-snrveying. 

336.  Use  of  the  Compass.  The  chief  use  of  the  compass  at- 
tached to  a  transit  is  as  a  check  on  the  observations ;  for  the 
difference  between  the  magnetic  bearings  of  any  two  lines  should 
be  the  same,  approximately,  as  the  angle  between  them,  measured 
by  the  more  accurate  instruments.  The  bearing  also  prevents  any 
ambiguity  as  to  whether  an  angle  was  taken  to  the  right  or  to 
the  left. 

The  instrument  may  also  be  used  like  a  simple  compass,  the 
telescope  taking  the  place  of  the  sights,  and  requiring  similar  tests 
of  accuracy.  A  more  precise  way  of  taking  a  bearing  is  to  turn 
the  plate  to  which  the  compass-box  is  attached,  till  the  needle 
points  to  zero,  and  note  the  reading  of  the  vernier ;  then  sight  to 
the  object,  and  again  read  the  vernier.  The  bearing  will  thus  be 
obtained  more  minutely  than  the  divisions  on  the  compass-box 
could  give  it. 

337.  Banging  out  Lines.  This  is  the  converse  of  surveying- 
lines.  The  instrument  is  fixed  over  the  first  station  with  great 
precision,  its  telescope  being  very  carefully  adjusted  to  move  in  a 
vertical  plane.  A  series  of  stakes,  with  nails  driven  in  their  tops, 
or  otherwise  well  defined,  are  then  set  in  the  desired  line  as  far  as 
the  power  of  the  instrument  extends.  It  is  then  taken  forward  to 
a  stake  three  or  four  from  the  last  one  set,  and  is  fixed  over  it, 
first  by  the  plumb  and  then  by  sighting  backward  and  forward  to 
the  first  and  last  stake.  The  line  is  then  continued  as  before.  A 
good  object  for  a  long  sight  is  a  board  painted  like  a  target,  with 
black  and  white  concentric  rings,  and  made  to  slide  in  grooves  cut 
in  the  tops  of  two  stakes  set  in  the  ground  about  in  the  line.  It 
IS  moved- till  the  vertical  hair  bisects  the  circles  (which  the  eye 
can  determine  with  great  precision),  and  a  plumb-line  dropped 
from  their  center  gives  the  place  of  the  stake.  "  Mason  and  Dix- 
on's Line''  was  thus  ranged. 
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When  the  transit  is  used  for  ranging,  its  '*  Second  Adjust- 
ment ^'  is  most  important^  to  insure  the  accuracy  of  the  reyersal  of 
its  telescope. 

338.  Farm-Surveying,  eta  A  farm  can  be  much  more  accu- 
rately surveyed  with  the  transit  than  with  the  compass.  The  farm 
should  be  kept  on  the  right  hand^  and  then  the  angles  measured 
will  be  the  supplements  of  the  interior  angles.  If  the  angles  to  the 
right  be  called  positive^  and  those  to  the  left  negative^  their  alge- 
braic sum  should  equal  360°. 

If  the  boundary-lines  be  surveyed  by  "  Traversing,"  the  read- 
ing, on  getting  back  to  the  last  station  and  looking  back  to  the 
first  line,  should  be  360°,  or  0°. 

The  content  of  any  surface  surveyed  by  "  Traversing  "  with  the 
transit  can  be  calculated  by  the  traverse-table,  by  the  following 
modification  :  When  the  angle  of  deflection  of  any  side  from  the 
first  side,  or  meridian,  is  less  than  90°,  call  this  angle  the  bearing, 
find  its  latitude  and  departure,  and  call  them  both  plus.  When 
the  angle  is  between  ^0°  and  180°,  call  the  difference  between  the 

Fio.  244. 


m'/^ 
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angle  and  180^  the  bearings  and  call  its  latitude  minus  and  its  de- 
parture plus.  When  the  angle  is  between  180°  and  270°,  call  its 
difference  from  180°  the  bearing,  and  call  its  latitude  minus  and 
its  departure  minus.  When  the  angle  is  more  than  270°,  call  its 
difference  from  360°  the  bearing,  and  call  its  latitude  j^Zt^^  and  its 
departure  minus.  Then  use  these  as  in  getting  the  content  of  a 
compass-survey.  The  signs  of  the  latitudes  and  departures  follow 
those  of  the  cosines  and  sines  in  the  successiye  quadrants. 

Fig.  244  is  a  plat  of  the  survey  worked  out  in  Art.  255. 

The  following  table  gives  the  deflection  angle  at  each  station, 
the  traverse  angle  (i.  e.,  the  angle  which  each  line  makes  with  the 
first  one),  and  the  reduced  bearing,  calling  the  first  line  (1  to  2) 
the  meridian  : 


STATIOirS. 

DEFLBCTION  ANGLES. 

TRAVBRSB  AMOLBS. 

1 

2 
8 
4 
5 

91i° 
48i° 
89i° 
91J° 
89i° 

0°  or  860° 

48i° 

88° 

179i° 

268i° 

North. 
N.  48i°  E. 
N.  88°  E. 
8.  *°  E. 
S.  88i°  W. 

If  the  deflection  angle  at  station  1  (91^°)  be  added  to  the  trav- 
erse  angle  at  station  5,  the  sum  will  be  360°. 

Any  side  may  be  taken  as  the  meridian  of  the  survey. 

If  the  true  bearing  of  one  side  be  known,  the  true  bearings  of 
the  other  sides  may  be  determined  by  Art.  189.  .>^^ 

The  content  is  calculated  by  latitudes  and  departures,  as  in 
compass-surveying. 

The  latitudes  and  departures  may  be  taken  from  the  tables,  in- 
terpolating for  minutes  as  in  Art.  242,  or  they  may  be  calculated 
with  a  table  of  natural  sines  and  cosines,  as  in  Art.  240. 


Example. 


FIELD-FOOK. 


STATIONS. 

1 

2 
8 
4 
5 

ANGLES  OF  DEFLECTION. 

DISTANCES  IN  CHAINS. 

62°    15' 

86°  88' 
59°  20' 
80°     6' 
71°  41' 

4-64 
8-60 
4-15 
4-22 
8-25 

Digitized  by  VjOOQ IC 


230 


LAND-SUB  VEYISO, 


CALCCJLATION  OP  AREAS,  CALLING  COURSE  1  TO  2   THE  MERIDIAN,  AND  ITBIHG 
BINES  AND  COSINES  INSTEAD  OF  A  TRAVERSE  TABLE. 


'  i 


i 

w 

BEARINGS. 

4 

Q 

-j-OO**, 

00'  + 

4-64 

+  86% 

38  + 

8-60 

-84% 

2'  + 

416 

-46% 

4'- 

4-22 

+  62% 

15- 

325 

•00000 
•99827 
•65968 
•72015 
•88499 


l-OOOOO 
•06878 
•82871 
•69382 
•46561 


LATI- 
TUDES. 


LRES.      ,   LONQi.    I 
" — ^-,  TUDBS.  ,  


4^64  0^00 

0-21  3-69 

3^44  2-32 
298 

1-62 


6-37  637  691  6-91 


0-00 
+  3-69 
+  9-60 
8-04  +8-78 


0-OOOOj 
•7689 


287  +2-87  "4-8624 


82-6800 
26-7254 


I  6-1168  58^4064 
_6^1I63 

2)63^289^ 

Square  chains,      26*6446 


When  the  lengths  of  the  sides  are  measured  with  an  engi- 
neer's chain,  and  the  distances  are  determined  in  feet,  the  process 
of  calculating  the  area  is  the  same  as  for  chains  and  decimals.  The 
area  is  obtained  in  square  feet  instead  of  square  chains,  and  to 
reduce  it  to  acres  it  will  be  necessary  to  divide  by  43560,  the  num- 
ber of  square  feet  in  an  acre. 


340.  Platting.  Any  of  these  surveys  can  be  platted  by  any  of 
the  methods  explained  and  characterized  in  Chapter  III.  A  circu- 
lar protractor  may  be  regarded  as  a  theodolite  placed  on  the  paper. 
**  Platting  Bearings "  can  be  employed  when  the  purvey  has  been 
made  by  *' Traversing."  But  the  method  of  "Latitudes  and  de- 
partures "  is  by  far  the  most  accurate. 

THE  GBADIEKTEB. 

311.  This  is  an  attachment  to  the  transit  for  determining  grades 
and  distances.  It  consists  of  an  arm,  attached  to  the  axis  of  the 
telescope,  and  a  micrometer-screw,  by  means  of  which  the  move- 
ment of  the  arm,  and  consequently  of  the  telescope,  can  be  accu- 
rately measured. 

The  arm  is  placed  on  the  inside  of  one  of  the  standards,  and  is 
attac  led  to  the  telescope  axis  by  means  of  a  clamp-sorew,  so  that 
it  may  be  clamped  or  loosened  at  pleasure. 
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The  method  of  measuring  the  movement  of  the  arm  is  shown 
in  Fig.  245. 

C  is  a  section  of  the  axis  of  the  telescope.     B  is  the  arm^  which 


Fio.  216. 


is  clamped  to  the  axis  by  the  screw  D.  M  is  the  micrometer-screw. 
A  is  a  lip  projecting  from  a  plate  fastened  to  the  standards. 

The  screw  is  accurately  cut,  so  that  one  revolution  of  the  screw 
will  cause  the  horizontal  cross-hair  of  the  telescope  to  move  over  a 
given  space  (say  one  foot)  on  a  rod  held  at  a  given  distance,  as  100 
feet  The  head  of  the  screw  is  graduated  into  equal  parts,  usually 
50  or  100.  Above  the  graduated  head  is  a  scale  so  graduated  that 
one  revolution  of  the  screw  will  move  the  head  over  one  space  on 
the  scale.  Thus  the  number  of  whole  revolutions  given  to  the 
screw  may  be  read  on  the  scale,  and  the  parts  of  a  revolution  read 
on  the  graduated  head. 

The  point  of  the  screw  presses  against  the  lip,  A,  and  is  held 
firmly  against  it  by  the  opposing  spiral  spring,  S. 

When  the  arm  is  made  fast  to  the  axis  by  the  clamp-screw,  D, 
and  the  gradienter-screw,  M,  is  turned,  it  will  turn  the  telescope 
vertically  on  its  axis,  and  the  distance  which  the  horizontal  cross- 
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hair  will  pass  over  on  a  rod,  toward  which  the  telescope  is  pointed, 
will  vary  directly  with  the  distance  from  the  transit  to  the  rod. 

342.  To  eitabliih  GradeB.  Let  as  suppose  that  one  reyolntion 
of  the  gradienter-Bcrew  will  move  the  horizontal  cross-hair  over  a 
space  of  one  foot,  on  a  rod  held  at  a  distance  of  100  feet  from  the 
transit.  Then,  to  set  grades,  we  have  only  to  level  the  telescope, 
clamp  the  gradienter-arm,  and  turn  the  micrometer-screw  through 
as  many  divisions  of  the  head  (graduated  into  100  parts)  as  there 
are  hundredths  of  a  foot  rise  or  fall  per  hundred  feet  of  horizontal 
distance  ;  raising  the  cross-hair  for  an  up-grade,  and  lowering  it 
for  a  down-grade.  The  line  of  sight  will  then  be  on  the  required 
grade. 

If  the  transit  be  set  over  a  point  of  the  required  grade-line,  set 
the  target  on  the  rod  at  the  height  of  the  center  of  the  telescope- 
axis  above  the  given  point,  and  then  the  bottom  of  the  rod,  held 
at  any  point  on  the  line,  will  be  at  a  point  m  the  desired  grade- 
line  when  the  horizontal  cross-hair  bisects  the  target. 

Thus,  if  the  grade  is  to  be  1*64  feet  per  hundred,  turn  the 
screw  one  entire  revolution  and  64  of  the  divisions  on  the  gradu- 
ated head,  and  the  line  of  sight  will  then  be  on  the  required  grade. 

343.  To  measure  Dutanoee.  When  the  ground  is  level  or  ap- 
proximately so,  see  what  space  on  the  rod  the  horizontal  cross-hair 
moves  over  for  one  revolution  of  the  gradienter-screw.  Then  the 
distance  in  feet  will  be  equal  to  the  space  on  the  rod,  expressed  in 
feet  and  decimals,  multiplied  by  100. 

Thus,  if  the  space  on  the  rod,  moved  over  by  the  cross-hair 
^    -.^  for   one   revolution  of 

FlO.  246. 

E     the    gradienter  -  screw, 

0^ '  was  4-27  feet,  the  dis- 

jTft.  tance  at  which  the  rod 

lOOfeet  'b D       ^^  ^^'^  ^^  *2''  '^^^* 

For,  in  Pig.  246,  let 
A  be  the  position  of  the  transit ;  0  B,  the  reading  on  the  rod,  held 
at  a  distance  of  100  feet,  for  one  revolution  of  the  screw  ;  and  D  E 
the  space  passed  over  on  the  rod  for  one  revolution  of  the  screw 
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when  the  rod  is  held  at  the  unknowD  distance  AD.     It  is  eri- 
dent  that  the  triangles  ABC  and  A  D  E  are  similar,  and  that 
CB:  AB::ED:  AD, 
or,     1  :  100  ::  4-27  :  427. 
If  the  rod  sighted  to  is  only  graduated  to  feet — as  an  ordinary 
transit-rod — find  how  many  reyolutions  and  parts  of  reyolutions 
will  move  the  horizontal  cross-hair  over  a  whole  number  of  feet  on 
the  rod.     Then,  since  one  revolution  of  the  screw  will  move  the 
cross-hair  over  a  space  of  one  foot  on  the  rod  at  a  distance  of  100 
feet,  we  have  the  proportion  :  As  the  number  of  revolutions  of  the 
screw  (whole  numbers  and  decimals)  i%  to  100  feet,  so  is  the  num- 
ber of  feet  passed  over  on  the  rod  by  the  cross-hair  to  the  required 
distauce.     For,  from  Fig.  246  we  have,  as  before  : 
CB:AB::DE:AD. 
C  B  now  represents  what  the  reading  on  the  rod  (in  feet  and 
decimals),  held  at  a  distance  of  100  feet,  would  be  for  the  given 
number  of  revolutions  :  A  B  is  100',  D  E  is  the  reading  on  the  rod 
in  feet,  and  A  D  is  the  required  distance. 

Suppose,  for  example,  the  gradienter-screw  be  turned  1*25 
time,  and  the  space  passed  over  on  the  rod  by  the  cross-hair  be  3 
feet.     Then  we  have  : 

1-25  :  100  ::  3  :  240. 
.-.  The  required  distance  is  240  feet. 

Problem. — When  no  graduated  rod  is  available,  to  determine  a  distance 
by  using,  in  place  of  a  rod,  a  stick  whose  length  can  afterward  be  measured. 

On  sloping  ground,  the  methods  given  will  apply,  if  the  rod  be 

held  perpendicular  to  the  line  of  sight.     This,  however,  is  not 

easily  done.     It  will  _,     „_ 

•^  Fio.  247. 

be  better    to    apply  ^D 

methods      specially 

adapted    to  sloping 

ground. 

344.  On  Sloping 
around.  In  Fig. 
247,  let  A  be  the 
position  of  the  tran- 
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sit ;  O  the  point  over  whicli  it  is  set ;  C  where  the  rod  is  held ; 

A  B  a  horizontal  line  through  the  axis  of  the  telescope ;  A  G 

the  distance  from   the  horizontal  axis  of   the  telescope  to  the 

foot   of    the    rod  ;    and  C  D  the   distance,   on    a  vertical    rod, 

passed  over  by  the  horizontal  cross-hair  for  one  revolution  of 

the   gradienter-screw.      Let  C  P   be  perpendicular  to  A  C,   and 

D  B  to  A  B. 

Bepresent  the  angle  of  elevation,  BAG,  by  e^  the  angle  CAD 

by  «,  and  the  distance  D  G  by  i.     Then  vire  have  : 

DB  =  DG  +  GB. 

.  •.  A  B  tan.  {«  -|-  «)  =  i  +  A  B  tan.  e, 

k 

and  A  B  = -, — ; — r . 

tan.  {«  +  e)  —  tan.  e  \ 

For  convenience  of  computation,  this  may  be  put  in  another 

form.     Add  and  subtract  100  i,  and  we  have  : 

AB=100i- 100i+,       ,    -   * . 

tan.  («v  +  e)  —  tan.  s 

And,  since  tan.  s  =  jj^, 
A  B  =  100  A  —  i  (100  sin.  e  +  cos.  e)  sin.  e.* 

The  quantity  (100  sin.  e  -j-cos.  e) 
sin.  e,  for  angles  from  1°  to  20°  will 
be  found  in  the  table  for  the  gradi- 
enter.     Hence  the  rule  : 

Multiply  the  rod-reading  by  100, 
and  deduct  the  product  of  the  rod- 
reading  by  the  tabular  number  corre- 
sponding to  the  angle  of  elevation,  e. 
The  result  will  be  the  horizontal  dis- 
tance A  B. 

Example,  Angle  of  elevation,  4^ ; 
rod-reading,  2*63  feet. 

2-63  X  100  =  263 
2-63  X     .5=      1-3 


TABLE  FOR  ORADIENTEE. 


ANOLB  OF 

(100  8IN.  €  +  CX)8.e) 

ELEVATIOM. 

X   SIN.**. 

0° 

•0 

r 

•1 

r 

•2 

8° 

•8 

4° 

•5 

6** 

•8 

6° 

1-2 

r 

l-« 

8*^ 

21 

9^ 

2-6 

10° 

8-2 

11° 

3-8 

12° 

4-5 

18° 

5-3 

14°    ' 

6-1 

15° 

7-0 

16° 

7-9 

17° 

8-8 

18° 

9-8 

19° 

l()-9 

20° 

12-0 

Horizontal  distance,  261*7 
The  table  for  the  correction  is  com- 
puted to  tenths  only,  as  the  unavoid- 


This  formula  and  table  is  by  Prof.  T.  W.  Wright. 


Digitized  by  VjOOQLC 


THE  STADIA    OR  TELEMETER  28» 

able  errors  in  using  the  instrument  would  render  any  more  exact 
computation  useless. 

For  ordinary  cases,  when  the  angle  of  elevation  is  small,  the 
computation  for  the  distance  and  correction  can  be  made  mentally. 

346.  The  horizontal  distance,  AB,  is  the  one  almost  always 
required,  as  all  measurements  of  distances  in  suryeying  and  engi- 
neering should  be  made  horizontally. 

The  distance  from  the  transit  to  the  point  at  which  the  rod  is 
held  (i.  e.,  AC)  is  equal  to  the  horizontal  distance,  AB,  divided 
by  COS.  e.  • 

The  distance  G  C  may  be  found  by  solving  the  triangle  C  A  6, 
of  which  the  sides  A  G  and  A  C,  and  the  included  angle  C  A  G,  are 
known. 

When  the  angle  e  is  an  angle  of  depression,  the  top  of  the  rod 
is  taken  for  the  point  C,  and  the  distance  C  D  is  measured  down- 
ward from  the  top  of  the  rod. 

In  using  the  micrometer-screw,  care  must  be  taken,  when  meas- 
uring, to  always  turn  the  screw  in  the  same  direction,  in  order 
to  avoid  any  lost  motion  in  the  screw.  In  determining  the  space 
passed  over  by  the  cross-hair  for  one  revolution  of  the  screw,  set 
the  screw  back  of  the  first  reading,  and  bring  it  up  by  turning  the 
screw  in  the  same  direction  in  which  it  is  to  be  turned  for  making 
the  measurement. 

THE  STADIA  OB  TELEMETER. 

846.  On  the  cross-hair  ring  of  the  telescope  stretch  two  more 
horizontal  cross-hairs  of  spider-web  or  platinum  wire,  at  equal 
distances  above  and  below  the  original  one.  The  two  additional 
wires  are  called  Stadia  Wires.  The  stadia  wires  may  be  either 
fixed  or  adjustable.  In  the  former  case  they  may  be  attached 
directly  to  the  cross-hair  ring.  When  they  are  adjustable,  each 
may  be  fastened  to  a  separate  slide,  actuated  by  a  capstan-screw  on 
the  outside  of  the  telescope-tube,  as  shown  in  Figs.  248  and  249. 

The  slides  to  which  the  stadia  wires  b  b  and  ccdiXQ  attached  are 
held  apart  by  the  hoop-spring,  shown  in  the  figure,  and  are  ad- 
justed by  the  capstan-screws  dd. 
16 
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It  is  evident  that,  in  looking  through  the  telescope  at  a  gradu- 
ated rod^  a  certain  portion 


Fio.  248. 


Fio.  249. 


of  the  rod  will  be  inter- 
cepted between  the  stadia 
wires,  and  that  the  greater 
the  distance  at  which  the 
rod  is  held,  the  longer  will 
be  the  space  on  the  rod  in- 
tercepted by  the  stadia 
wires. 

Eeferring  to  Art.  287, 
Fig.  201,  we  see  that  the 
objective  of  the  telescope  forms  an  image,  B,  of  the  arrow,  A. 
A  may  represent  the  part  of  the  rod  intercepted  by  the  stadia 
wires,  and  B  the  distance  between  the  wires.  The  farther  the  rod 
is  carried  from  the  telescope,  the  nearer  the  image  is  formed  to 
the  objective.  If  the  rod  were  at  an  infinite  distance,  the  image 
would  be  formed  at  the  principal  focus  of  the  objective. 

Call  the  distance  of  the  principal  focus  from  the  lens,  /;  the 
distance  from  the  lens  to  the  rod  held  at  any  point, /? ;  the  dis- 
tance from  the  lens  to  the  image,  q;  the  space  intercepted  on 
the  rpd  by  the  stadia  wires,  k;  and  the  distance  apart  of  the  stadia 
wires,  a. 

Aap  increases,  k  increases,  q  decreases,  and  a  remains  constant. 
From  similar  triangles.  Fig.  201,  we  have  : 
p  :  q  ::  k  :  ttf 


and  from  the  principles  of  optics — 

From  [1]^=-. 
q      a 


[1-] 


[2.] 


From 


[3]  2  =  ^-1. 


and  p=z<-k+f. 


[3.] 
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Formula  [3]  is  not  perfectly  accurate,  as  p  and  q  are  measured 
from  the  surface  of  the  lens  instead  of  its  center,  and  the  objectiye 
of  the  telescope  is  not  a  simple  double-convex  lens.  It  is,  how- 
ever, suflSciently  exact  for  this  purpose. 

We  see  by  the  formula  [3]  that,  as  /  and  a  are  constants,  the 
distance,  p,  from  the  objective  to  the  rod  is  equal  to  the  reading 
on  the  rod,  multiplied  by  a  constant  quantity,  plus  the  principal 
focal  distance  of  the  objective.  To  obtain  the  distance  from  the 
center  of  the  instrument  to  the  rod,  it  is  also  necessary  to  add  the 
distance  from  the  center  of  the  instrument  to  the  objective.  Call 
this  distance  c.  Then,  for  the  distance  from  the  center  of  the  in- 
strument to  the  rod,  we  have  : 


distance 


^l 


A+/+C. 


[4.] 


Fio.  250. 


The  distance  from  the  objective  to  the  center  of  the  instrument 
is  not  precisely  the  same  for  all  lengths  of  sight.  The  farther  off 
the  object  sighted  to  is,  the  nearer  the  image  will  be  formed  to  the 
objective,  and  hence  the  objective  must  be  drawn  in,  in  order  that 
the  image  may  be  formed  at  the  cross-hairs.  When  the  object 
sighted  to  is  near,  the  image  is  formed  farther  from  the  objective, 
and  the  objective-slide  must  be  moved  out  in  order  that  the  image 
may  be  formed  at  the  cross-hairs.  Hence,  we  see  that  the  quantity 
e  is  not  rigidly  con- 
stant. The  differ- 
ence in  value,  how- 
ever, is  not  enough 
to  be  taken  into 
consideration.  A 
mean  value  of  c  can 
be  determined  by 
sighting  to  some 
object  at  a  distance 
of  the  mean  length 
of  sight  (say  five 
hundred  feet),  and 

then  measuring  the  distance  from  the  objective  to  the  center  of 
the  telescope-axis. 
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847.  Formula  [4]  is  for  level  ground.  For  sloping  ground,  this 
must  be  modified.  In  Fig.  250  let  A  be  the  center  of  the  telescope- 
axis  ;  C  E,  the  reading  on  the  rod ;  D,  the  point  on  the  rod  where 
the  center  cross-hair* intersects  the  rod;  A  B,  the  horizontal  dis- 
tance; H,  a  point  in  front  of  the  object-glass,  and  at  a  distance 
equal  to  its  focal  length ;  6,  the  angle  of  elevation ;  M  L,  perpen- 
dicular to  the  line  of  sight;  /,  a,  <?,  and  ^  as  in  [4].     Then  we 

have :  /• 

M  L  =  C  E  COS.  e^k,  cos.  e  and  H  D  =  -^  cos.  e. 

a 
f 
H  I  =  H  D  COS.  e=-k  co&»  e, 
a 

A  B  =  A  N  +  N  B  (  =  H  I). 

f 
.  • .  A  B  =  -A?  cos.»  e'\-{c  +/)  COS.  «.  [5.] 

The  height  B  D  =  A  B  tan.  « 

B  D  =  4  ?^'  +  {c  +/)  sin.  e.  [6.] 

To  find  the  value  of  a  in  any  case,  measure  off  from  the  point 
over  which  the  instrument  is  set  a  base-line,  B  (say  one  thousand 
feet),  and  hold  the  stadia-rod  at  the  farther  end.  Let  the  reading 
on  the  rod  be  k'. 

Then,  by  [4]  B  =  ^k'  +/+  c, 

and  a  =  .^  '  ^ . 

Substituting  this  value  of  a  in  equations  [5]  and  [6],  we  have: 

k 
Horizontal  distance  =  y  (B  — /—  c)  cos.*  e  +  (c  +/)  cos.  e.      [7.] 

k 
Difference  of  level  =     , ,  (B  — /—  c)  sin.  2  c  -f  (d;  +/)  sin.  e.     [8.] 

348.  The  Stadia-Tables  *  given  in  this  volume  were  calculated 
from  formulas  [7]  and  [8],  using  the  following  values : 

The  measured  base,  B  =  1,000  feet,  and  k'  =  the  reading  on 
the  rod  for  that  distance — i.  e.,  the  distance  indicated  by  the  stadia- 
reading  is  1,000  feet. 

*  Calculated  by  Alfred  Noble  and  William  T.  Casgrain,  and  osed  on  the  United 
States  Lake  Surrey. 
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(c  +/)  =  1-4  feet. 

The  quantities  in  the  columns  headed  a  and  b  are  computed 
respectively  from  the  expressions  (c+/)  cos.  e,  and  (c+/)  sin.  e, 
iu  the  formulas.  They  are  constant  for  all  readings  if  the  angle  e 
remains  the  same. 

The  horizontal  distances,  and  the  differences  of  level,  are  com- 
puted by  the  tables  in  a  manner  similar  to  that  employed  in  calcu- 
lating latitudes  and  departures  with  a  table. 

Example.  Let  6  =  4°  27',  and  k  =  reading  corresponding  to 
1,384  feet  when  the  ground  is  horizontal. 

Take  from  the  table  as  follows : 

HORIZONTAL  DISTANCE.  DIFFERENCE  OF  LEVEL. 

For  1,000 992-6  For  1,000 077-2 

**      300 297-78  "      800 23-17 

80 79-407  «        80 6-180 

4 3-9703  «  4 -3090 

**  (c  +  f)cos. «....        1-3958  "(c  +  f)sin.c -1086 

1375-1531  106-9676 

The  difference  of  level  given  by  formula  [8]  is  D  B,  the  differ- 
ence between  the  elevation  of  the  axis  of  the  telescope  at  A  and 
the  point  where  the  central  cross-wire  strikes  the  rod  at  D.  The 
point  D  upotf  the  rod  should  be  taken  at  a  height  above  the  ground 
equal  to  the  height  of  the  telescope-axis  (A)  above  the  ground  at 
that  point.  Then  the  difference  of  level,  D  B,  will  be  the  difference 
in  elevation  of  the  ground  at  the  two  points. 

If  the  point  D  is  not  taken  as  above,  the  difference  between  the 
height  of  the  instrument  and  the  height  of  the  point  D  above  the 
ground,  must  be  applied  as  a  correction  to  the  difference  of  level 
obtained  by  the  formula  in  order  to  get  the  true  difference  in 
elevation  of  the  ground  at  the  two  points. 

349.  The  stadia-wires  may  be  adjusted  to  use  with  a  rod  already 
graduated  to  feet  and  decimals,  or,  if  the  wires  are  fixed,  a  rod  may 
be  graduated  to  suit  the  wires. 

When  the  wires  are  fixed  the  necessity  of  verifying  their  dis- 
tance at  the  beginning  and  end  of  each  survey,  and  the  introduction 
of  an  error  due  to  their  changing  during  the  work  is  avoided. 
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The  advantage  of  having  the  wires  adjustable  is  that  they  may 
be  set  so  as  to  use  any  stadia-rod  previously  graduated,  or  a  self- 
reading  level-rod. 

860.  The  method  to  be  used  in  graduating  a  rod  will  depend 
upon  the  table  to  be  used  in  the  reduction  of  the  notes.  If  the 
tables  given  in  this  volume  are  to  be  used,  the  following  method 
should  be  adopted : 

A  level  base  (B)  of  1,000  feet  should  be  measured,  and  the 
instrument  set  up  at  one  end  of  the  base  and  the  rod  at  the  other. 

To  graduate  a  rod  for  fixed  wires,  divide  the  distance  inter- 
cepted on  the  rod  into  ten  equal  parts,  each  of  which  will  represent 
100  feet. 

Generally,  when  the  wires  are  not  fixed,  they  are  adjusted  so 
that  one  foot  is  included  between  the  wires  at  a  given  distance 
(50  or  100  feet)  plus  the  constant  (c+/).  Suppose  the  space  in- 
cluded between  the  wires  was  one  foot,  at  a  distance  from  the 
center  of  the  instrument  of  100  feet  +  (c  +/).  Then,  if  the  read- 
ing on  the  rod  held  at  some  unknown  distance  was  3*46  feet,  the 
distance  would  be  346  feet+(c+/)« 

If  the  wires  are  fixed,  measure  off  from  the  center  of  the  instru- 
ment 500  feet  -f-  (c  +/),  and  note  the  space  on  the  rod,  intercepted 
by  the  cross-hairs  at  that  distance.  Divide  this  space  into  five  equal 
parts,  subdivide  the  parts  to  tenths  and  hundredths,  and  graduate 
the  remainder  of  the  rod  with  similar  divisions.  This  rod  can  then 
be  used  in  the  same  way  as  the  rod,  graduated  to  feet,  was  in  the 
first  case.  Suppose,  on  holding  up  this  rod  at  an  unknown  dis- 
tance, that  the  stadia-wires  intercepted  3  67  of  the  parts.  Then 
the  distance  is  367  feet  +  (c+/). 

If  the  wires  be  adjustable,  and  it  is  desired  to  use  a  rod  previ- 
ously graduated,  set  up  the  rod  and  instrument  as  before  and  adjust 
the  distance  between  the  wires  until  the  reading  on  the  rod  gives  the 
length  of  the  base — i.  e.,  1,000  feet.  Readings  taken  with  the  above 
rods  and  reduced  with  the  aid  of  tables  given  will  give  correct  re- 
sults only  with  instruments  for  which  (/+  c)  =  1*4  foot,  the  tables 
having  been  computed  assuming  that  value.  With  instruments  for 
which  (/+  ^)  h^  ft  different  value  there  will  be  an  error,  not,  how- 
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ever,  greater  than  the  small  difference  between  1*4  and  this  con- 
stant for  the  instrument  used. 

An  inspection  of  the  formulae  shows  that  the  distance  inter- 
cepted on  the  rod  varies  directly  with  its  distance  from  a  point  a 
distance  (/+  c)  in  front  of  the  instrument.  If  the  rod  were  held 
at  a  distance  200  feet  plus  (/+  c\  the  distance  intercepted  on  the 
rod  would  be  just  twice  as  great  as  when  the  rod  was  held  at  a  dis- 
tance 100  feet  plus  (/-f  c). 

The  distance  is  more  conveniently  read  when  one  of  the  wires, 
usually  the  lower,  is  set  upon  an  even  division  of  the  rod,  than  when 
the  central  wire  is  set  on  the  division  corresponding  to  the  height 
of  the  instrument.  If  the  reading  be  made  in  the  part  of  the  rod 
near  which  the  center  wire  should  be  set  in  reading  the  vertical 
angle,  there  will  be  no  appreciable  error  in  the  distance  read.  But 
before  reading  the  vertical  angle  the  center  wire  should  be  set  as 
described  above. 

The  formulse  for  the  reduction  of  notes,  taken  using  rods  gradu- 
ated according  to  this  method,  may  be  written  as  follows  by  sub- 

f 
stituting  K  for  —k  in  [5]  and  [6],  R  being  the  distance  as  read  on 

the  rod. 

A  B  =  R  cos.«  e  +  (/ -f  c)  cos.  e.  [5\] 

B  D  =  R  i  sin.  %e  +  (/+  c)  sin.  e.  [6^] 

The  best  tables  for  the  reduction  of  notes  by  the  above  formulae  are 
W.  Jordan's  Tables  Tachym6triques,  published  by  Gauthier-Villaig, 
Qnai  des  Augustins  55,  Paris.  These  tables  give  R  cos.*  e  and 
R  ^  sin.  2  e  for  values  of  R  from  10  to  250  and  for  values  of  e  as 
high  as  are  ever  needed. 

In  all  graphic  diagrams  for  the  reduction  of  stadia  notes  R  cos.*  e 
and  R  ^  sin.  2  e  are  the  quantities  determined.  The  quantities 
(/-fc)  cos.  e  and  (/+^)  si^*  *  must  be  added  as  a  correction  in 
the  use  either  of  the  above  tables  or  graphic  diagrams. 

The  rod  may  be  supplied  with  one  or  two  targets,  or  may 
be  used  as  a  "speaking-rod" — that  is,  it  may  be  graduated  and 
marked  so  as  to  be  read  by  the  observer  at  the  instrument. 

For  forms  of  targets,  and  methods  of  graduating  and  marking 
rods,  see  subject  "Rods,"  Chapter  VIII. 
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CHAPTER  V. 

OBSTACLES  IN  ANGULAR   SURVEYING. 

858.  The  obstacles,  sacli  as  trees,  houses,  hills,  valleys,  rivers, 
etc.,  which  prevent  the  direct  alinement  or  measurement  of  anj 
desired  course,  can  be  overcome  much  more  easily  and  preciselj 
with  any  angular  instrument  than  with  the  chain,  methods  foi 
using  which  were  explained  in  Chapter  11.  They  will,  however, 
be  taken  up  in  the  same  order.  As  before,  the  given  and  measured 
lines  are  drawn  with  fine  full  lines  ;  the  visual  lines  with  broken 
lines  ;  and  the  lines  of  the  result  with  heavy  full  lines.  Part  of 
the  demonstrations  of  the  problems  are  given,  and  part  are  left  as 
exercises  for  the  student 

PEBPEKDICTTLABS  AND  PABALLBLS. 

364.  Erecting  Perpendioolars.  To  erect  a  perpendicular  to  a 
line  at  a  given  point,  set  the  instrument  at  the  given  point,  and,  if 
it  be  a  compass,  direct  its  sights  on  the  line,  and  then  turn  them 
till  the  new  bearing  differs  90°  from  the  original  one.  A  conven- 
ient approximation  is  to  file  notches  in  the  compass-plate,  at  the 
90°  points,  and  stretch  over  them  a  thread,  sighting  across  which 
will  give  a  perpendicular  to  the  direction  of  the  sights. 

The  transit  being  set  as  above,  note  the  reading  of  the  vernier, 
and  then  turn  it  till  the  new  reading  is  90**  more  or  less  than  the 
former  one. 

865.  To  erect  a  perpendicular  to  an  inacessible  line,  at  a  given 
point  of  it.  Let  A  B  be  the  line  and  A  the  point.  Calculate  the 
distance  from  A  to  any  point  C,  and  the  angle  CAB,  by  the 
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method  of  Art.  381.    Set  the  instrument  y\q.  251. 

at  C,  sight  to  A,  turn  an  angle  =  C  A  B, 
and  measure  in  the  direction  thus  ob- 
tained a  distance  C  P  =  0  A  .  cos.  GAB. 
PA  will  be  the  required  perpendicular. 

356.  Letting  &11  Perpendioulars.     To 

let  fall  a  perpendicular  to  a  line  from  a  given  point.    With  the 

coinpassy  take  the  bearing  of  the  given  line^  and  then  from  the 

given  point  run  a  line^  with  a  bearing  differ- 

®'   ^^'  ing  90°    from    the    original    bearing,   till  it 


reaches  the  given  line. 

With  the  transit,  set  it  at  any  point  pf 
the  given  line,  as  A,  and  observe  the  angle 
between  this  line  and  a  line  thence  to  the 
*^  given  point,  P.  Then  set  at  P,  sight  to  the 
former  position  of  the  instrument,  and  turn  a  number  of  degrees 
equal  to  what  the  observed  angle  at  A  wanted  of  90**.  The  in- 
strument will  then  point  in  the  direction  of  the  required  per- 
pendicular P  B. 

367.  To  let  fall  a  perpendicular  to  a  line  from  an  inaccessible 
point.  Let  AB  be  the  line  and  P  the 
point.  Measure  the  angles  P  A  B  and 
P  B  A.  Measure  A  B.  The  angles  A  P  C 
and  B  P  0  are  known,  being  the  comple- 
ments of  the  angles  measured.  Then 
tan.  A  P  0 


i3AC  =  AB. 


tan.  A  PC  +  tan.  B  P  0* 


Proof:  A  0  =  P  0  .  tan.  A  P  0 ;  and   C  B  =  P  C  .  tan.  B  P  0  [Trigo- 

Dometry,  Art.  4]. 

Hence  AO:OB  ::  ten.  APO  :tan.  BPO:  and 

AO:AO  +  OB::tan.  APO  :  tan.  APC  +  tan.  BPO. 

tan  APO 

Consequently, flince A 0  +  0B  =  AB,  A0  =  AB. ' T-^r;:,* 

^  '  tan.APC  +  tan.  BPO 

368.  To  let  fall  a  perpendicular  to  an  inaccessible  line  from  a 
given  point.     Let  C  be  the  point  and  A  B  the  line.     Calculate  the 
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angle  G  A  B  by  the  method  of  Art  381. 
Set  the  instrument  at  G,  sight  to  A, 
and  tnm  an  aogle  =  90  — C  AB.  It 
will  then  point  in  the  direction  of  the 
required  perpendicular,  C  E. 

369.  Buimiiig  ParalleU  To  trace  a 
line  through  a  given  point  parallel  to  a  given  line.  With  the  com- 
pass,  take  the  bearing  of  the  given  line,  and  then,  from  the  given 
poiut,  run  a  line  with  the  same  bearing. 

With  the  transit  or  theodolite,  set  it  at  any  convenient  point 
of  the  given  line,  as  A,  direct  it 
an  this  line,  and  note  the  reading. 

Then    turn   the  vernier   till  the     '^\  ^ 

cross-hairs  bisect  the  given  point, 

P.     Take  the  instrument  to  this  \ 

point  and  sight  back  to  the  former  P  Q 

station,  by  the  lower  motion,  with- 
out changing  the  reading.  Then  move  the  vernier  till  the  reading 
is  the  same  as  it  was  when  the  telescope  was  directed  on  the  given 
line,  or  180°  different.  It  will  then  be  directed  on  PQ,  a  parallel 
to  A  B,  since  equal  angles  have  been  measured  at  A  and  P.  The 
manner  of  reading  them  is  similar  to  the  method  of  "Traversing." 

360.   To  trace  a  line  through  a  given  point  parallel  to  an  inac- 
cessible line.     Let  C  be  the  riven  point 
Fio.  266.  ®  ' 

and  AB  the  inaccessible  line.     Find 

the  angle  C  A  B,  as  in  Art.  381.  Set 
the  instrument  at  C,  direct  it  to  A, 
and  then  turn  it  so  as  to  make  an  angle 
with  C  A  equal  to  the  supplement  of 
the  angle  CAB.  It  will  then  point  in  a  direction,  G  E,  par- 
allel to  A  B. 
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OBSTACLES  TO  ALINEMENT. 

A.  To  PBOLONo  A  Liins. 

361.  The  iDstrument  being  set  at  the  farther  end  of  a  line  and 
directed  back  to  its  beginning,  the  sights  of  the  compasSy  if  that 
be  used,  will  at  once  give  the  forward  direction  of  the  line.  A  dis- 
tant point  being  thus  obtained,  the  compass  is  taken  to  it  and  the 
process  repeated.  The  use  of  the  transit  for  this  purpose  has 
been  fully  explained. 

362.  By  Perpendiculars.  When  a  tree  or  house  obstructing  the 
line  is  met  with,  place  the  instrument 

at  a  point  B  of  the  line,  and  set  off  ^'**-  ^'^''• 

there  a  perpendicular  to  C ;  set  off      a 


another  at  C  to  D,  a  third  at  D  to  I  ^1 

E,  making  D  E  =  B  C,  and  a  fourth 

at  E,  which  last  will  be  in  the  direction  of  A  B  prolonged.     If 

perpendiculars  can  not  be  conveniently  used,  let  B  C  and  D  E 

make  any  equal  angles  with   the  line  A  B,  so  as  to  make  C  D 

parallel  to  it. 

863.  By  an  Equilateral  Triangle.    At  B  turn  aside  from  the  line 

^       „  at  an  angle  of  60°,   and  measure 

Fio.  258.  ° 

^^  _  „      some  convenient  distance  B  C.    At 

JB  ^^^  D E 

C  turn  60°  in  the  contrarv  direc- 


\<i 


tion,  and  measure  a  distance  G  D 
=  B  C.  Then  will  D  be  a  point  in 
the  line  A  B  prolonged.     At  D  turn 

60°  from  C  D  prolonged,  and  the  new  direction  will  be  in  the  line 

of  A  B  prolonged.    This  method 

requires  the  measurement  of  one 

angle  less  than  the  preceding. 

364.  By  Triangnlation.     Let 

A  B  be  the  line  to  be  prolonged.  ^^\y'' 

Choose  some  station  C,  whence  ^ 

can  be  seen  A,  B,  and  a  point  beyond  the  obstacle.     Measure  A  B 
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and  the  angles  A  and  B  of  the  triangle  ABC,  and  thence  calculate 
the  side  AC.  Set  the  instrument  at  C,  and  measure  the  angle 
A C D,  CD  being  any  line  which  will  clear  the  obstacle.  Let  E  be 
the  desired  point  in  the  lines  AB  and  CD  prolonged.  Then  in 
the  triangle  ACE  will  be  known  the  side  A  C  and  its  including 
angles,  whence  C  E  can  be  calculated.  Measure  the  resulting  dis- 
tance on  the  ground,  and  its  extremity  will  be  the  desired  point 
E.  Set  the  instrument  at  E,  sight  to  C,  and  turn  an  angle  equal 
to  the  supplement  of  the  angle  A  E  C,  and  you  will  have  the  di- 
rection, E  P,  of  A  B  prolonged. 

366.  When  the  Line  to  be  prolonged  is  inacceuiUe.  In  this 
case,  before  the  preceding  method  can  be  applied,  it  will  be  neces- 
sary to  determine  the  lengths  of  the  lines  A  B  and  A  C,  and  the 
angle  A,  by  the  method  given  in  Art.  381. 

366.  To  prolong  a  Line  with  only  an  Angular  Xngtmment    This 

may  be  done  when  no  means 
of  measuring  any  distance  can 
be  obtained.  Let  A  B  be  the 
line  to  be  prolonged.  Set  the 
instrument  at  B  and  deflect 
angles  of  45°  in  the  directions 
C  and  D.     Set  at  some  point, 

C,  on  one  of  these  lines  and 
deflect  from  C  B  45°,  and  mark  the  point  D  where  this  direction 
intersects  the  direction  BD.  Also,  at  C,  deflect  90°  from  B. 
Then,  at  D,  deflect  90°  from  D  B.  The  intersections  of  these  last 
directions  will  fix  a  jwint  E.  At  E  deflect  135°  from  E  C  or 
ED,  and  a  line  EF,  in  the  direction  of  A  B,  will  be  obtained  and 
may  be  continued.* 

B.    To   INTBBPOLATE  PoiNTS  IN  A   LiKB. 

367.  The  instrument  being  set  at  one  end  of  a  line  and  directed 
to  the  other,  intermediate  points  can  be  found,  etc.     If  a  valley  in- 

*  This  ingenious  contrivance  is  due  to  Mr.  R.  Hood,  in  whose  practice,  while  run- 
ning  an  air- line  for  a  railroad,  the  necessity  occurred. 
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tervenes,  the  sights  of  the  compass  (if  the  compass-plate  be  very 
carefully  kept  level  crosswise),  or  the  telescope  of  the  transit, 
answer  as  substitutes  for  the  plumb-line. 

368.  By  a  Bandom  Line.    When  a  wood,  hill,  or  other  obstacle 
prevents  one  end  of  the  line,  Z,  from  being  seen  from  the  other,  A, 
run  a  random  line  A  B  with  the  com- 
pass or  transit,  etc.,  as  nearly  in  the  **' 
desired  direction  as  can  be  guessed,  till          -g^^^4^4^^^^  ^ 
you  arrive  opposite  the  point  Z.    Meas-  -^^-Sij^ 
ure  the  error,  BZ,  at  right  angles  to 

A  B,  as  an  offset.  Multiply  this  error  by  57yV>  a^d  divide  the 
product  by  the  distance  A  B.  The  quotient  will  be  the  degrees 
and  decimal  parts  of  a  degree  contained  in  the  angle  B  A  Z.  Add 
or  subtract  this  angle  to  or  from  the  bearing  or  reading  with 
which  AB  was  run,  according  to  the  side  on  which  the  error  was, 
and  start  from  A,  with  this  corrected  bearing  or  reading,  to  run 
another  line,  which  will  come  out  at  Z,  if  no  error  has  been  com- 
mitted. 

Example :  A  random  line  was  run,  by  compass,  with  a  bearing 
of  S.  80°  E.  At  twenty  chains  distance  a  point  was  reached  oppo- 
site to  the  desired  point,  and  ten  links  distant  from  it  on  its  right. 
Bequired  the  coiTect  bearing. 

Ans.  By  the  rule,    ^^'      =  0°-2865  =  17'.      The  correct 
•^  '      2,000 

bearing  is  therefore  S.  80°  17'  E.  If  the  transit  had  been  used,  its 
reading  would  have  been  changed  for  the  new  line  by  the  same 
17'.  A  simple  diagram  of  the  case  will  at  once  show  whether  the 
correction  is  to  be  added  to  the  original  bearing  or  angle,  or  sub- 
tracted from  it. 

If  trigonometrical  tables  are  at  hand,  the  correction  will  be 

B  7 

more  precisely  obtained  from  this  equation  :    Tan.  B  A  Z  =  j-^. 

B  7  10 

In  this  example,  t-v,  =  k-^zt:?.  =  '^05  =  tan.  17'. 
^      AB      2,000 

The   57°  "3  rule,  as  it  is  sometimes  called,  may  be  variously 

modified.     Thus,  multiply  the  error  by  86°,  and  divide  by  one  and 

a  half  time  the  distance ;    or,  to  get  the  correction  in  minutes, 
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multiply  by  3,438  and  divide  by  the  distance ;  or,  if  the  error  is 
given  in  feet  and  the  distance  in  four-rod  chains,  multiply  the 
former  by  52  and  divide  by  the  distance,  to  get  the  correction  in 
minutes. 

The  correct  line  may  be  run  with  the  bearing  of  the  random 
line  by  turning  the  vernier  for  the  correction. 

369.  By  Latitudes  and  Departurei.    When  a  single  line,  such  as 

A  B,  can  not  be  run  so  as  to  come  opposite  to  the 

Fio. 262.  gj^gj^  p^jjjj.  2,  proceed   thus  with  the  compass: 

Run  any  number  of  zigzag  courses,  A  B,  B  C,  C  D, 

^^       DZ,  in  any  convenient  direction,  so  as  at  last  to 

.OjAi  arrive  at  the  desired  point.  Calculate  the  latitude 
^^^I^P  ,^D  and  departure  of  each  of  these  courses  and  take 
^^A-i  their  algebraic  sums.  The  sum  of  the  latitudes 
yQl\  will  be  equal  to  A  X,  and  that  of  the  departures  to 

uh  XZ.     Then  is  tan.  Z  A  X  =  v^r^  ;  i.  e.,  the   algc- 

■B  A.  A 

i  braic  sum  of  the  departures  divided  by  the  alge- 

P  braic  sum  of  the  latitudes  is  equal  to  the  tangent 

of  the  bearing.* 

870.  When  the  transit  is  used,  any  line  may  be  taken  as  a 
meridian — i.  e.,  as  the  line  to  which  the  following  lines  are  re- 
ferred ;  as  in  "  Traversing,"  Art.  335,  all  the  successive  lines  were 
referred  to  the  first  line.  In  Fig.  263  the  same  lines  as  in  the 
preceding  figure  are  represented,  but  they  are  referred  to  the 
first  course,  A  B,  instead  of  to  the  magnetic  meridian  as  before, 
and  their  latitudes  are  measured  along  its  produced  line,  and  its 
departures  perpendicular  to  it.  As  before,  a  right-angled  triangle 
will  be  formed,  and  the  angle  Z  A  Y  will  be  the  angle  at  A  be- 
tween the  first  line  AB  and  the  desired  line  AZ. 

This  method  of  operation  has  many  useful  applications,  such  as 
in  obtaining  data  for  running  railroad-curves,  etc.,  and  the  student 
should  master  it  thoroughly. 

*  The  length  of  the  line  A  Z  can  also  be  at  once  obtained,  nince  it  is  equal  to  the 
square  root  of  the  sum  of  the  squares  of  A  X  and  X  Z,  or  to  the  latitude  divided  by 
the  cosine  of  the  bearing. 
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The  desired  angle  (and  at  the  same  time 
the  distance)  can  be  obtained^  approximately, 
in  this  and  the  preceding  case,  by  finding  in  a 
traverse-table  the  final  latitude  and  departure 
of  the  desired  line  (or  a  latitude  amd  departure 
having  the  same  ratio),  and  the  bearing  and 
distance  corresponding  to  these  will  be  the 
angle  and  distance  desired. 


Fig.  264. 


371.  By  Similar  Triangles.    Through  A  measure  any  line  0  D. 

Take  a  point  E,  on  the  line  0  B, 
beyond  the  obstacle,  and  from  it 
set  off  a  parallel  to  CD,  to  some 
point,  F,  in  the  line  D  B.  Meas- 
ure EF,  CD,  and  C  A.  Then 
this  proportion,  C  D  :  C  A  :  :  E  F  : 
E  G,  will  give  the  distance  E  G, 
from  E  to  a  point  in  the  line  A  B.     So  for  other  points. 


Fio.  266. 


372.  By  Triangnlation.  When  obstacles  prevent  the  preceding 
methods  being  used,  if  a  point,  C,  can  be  found  from  which  A  and 
B  are  accessible,  measure  the  distances 
0  A,  C  B,  and  the  angle  A  C  B,  and 
thence  calculate  the  angle  GAB. 
Then  observe  any  angle  A  G  D  beyond 
the  obstacle.  In  the  triangle  A  C  D 
a  side  and  its  including  angles  are 
known  to  find  G  D.  Measure  it,  and 
a  point,  D,  in  the  desired  line  will  be  obtained. 


OBSTACLES  TO  MEASUBEMENT. 

A.  Wheh  Both  Ends  of  thb  Link  abb  aoobssiblb. 

373.  The  methods  given  in  the  preceding  articles  for  prolong- 
ing a  line  and  for  interpolating  points  in  it  will  generally  give  the 
length  of  the  line  by  the  same  operation.  The  method  of  latitudes 
and  departures  is  very  generally  applicable.     So  is  the  following. 
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374.  By  Triaagiilation.    Let  AB 

be  the  inaccessible  distance.  From 
any  point,  C,  from  which  both  A 
and  B  are  accessible,  measure  CA, 
C  B,  and  the  angle  A  C  B.  Then  in 
the  triangle  ABC  two  sides  and  the 
included  angle  are  known  to  find  the 
side  A  B.* 


876.  By  Angles  to  Known  Pointi.  The  length  of  a  line,  both 
ends  of  which  are  accessible,  may  also  be  determined  by  angles 
measured  at  its  extremities  between  it  and  the  directions  of  two  or 
more  known  points.  But,  as  the  methods  of  calculation  involve 
subsequent  problems,  they  will  be  postponed. 

B.  Whbn  Onb  End  of  thb  Linb  is  ikaoobssiblb. 
376.  By  Perpendionlan.    Many  of  the  methods  given  for  the 
chain  may  be  still  more  advantageously  employed  with  angular 
instruments,  which  can  so  much  more  easily  and  precisely  set  off 
the  perpendiculars. 


Fig.  267. 


Atl 


^ 


:(( 


It 


B 


377.  By  Equal  Angles.  Let  A  B  be  the  inaccessible  line.  At  A 
set  off  A  C  perpendicular  to  A  B, 
and  as  nearly  equal  to  it,  by  estima- 
tion, as  the  ground  will  permit.  At  '^r — 
C  measure  the  angle  A  C  B,  and  turn 
the  sights  or  vernier  till  A  C  D  = 
A  C  B.  Find  the  point,  D,  at  the 
intersection  of  the  lines  C  D  and 
B  A  produced.     Then  is  A  D  =  A  B. 


378.  By  Triangulation.  Measure  a  distance  A  C,  about  equal 
to  A  B.  Measure  the  angles  at  A  and  C.  Then,  in  the  triangle 
ABC,  two  angles  and  the  included  side  are  known,  to  find  another 
A  C  sin.  A  C  B 


side,  A  B  = 


sin.  ABC 


*  In  this  figure  and  the  followinfc  ones  the  angular  point  inclosed  in  a  circle  indi- 
cates the  place  at  which  the  instrument  is  set 
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When  the  compass  is  used,  the  angles  be- 
tween the  lines  will  be  deduced  from  their  re- 
spective bearings. 

If  the  angle  at  A  is  90°,  A  B  =  A  C  .  tang. 
ACB. 

If  the  angle  A  C  B  =  45°,  then  A  C=  A  B ; 
but  this  position  could  not  easily  be  obtained, 
except  by  the  use  of  the  sextant^  a  reflecting 
instrument,  described  in  Part  V. 


Fig.  268. 


One  Point  can  not  be  seen  from  the  other.  Choose 
two  points,  0  and  D,  in  the  line  of  A, 
and  such  that  from  C,  A,  and  B  can  be 
seen,  and  from  D,  A,  and  B.  Measure 
AC,  AD,  and  the  angles  C  and  D. 
Then,  in  the  triangle  B  C  D,  are  known 
two  angles  and  the  included  side,  to 
find  CB.  Then,  in  the  triangle  ABC, 
are  known  two  sides  and  the  included 
angle,  to  find  the  third  side^  AB. 


380.  To  find  the  Distance  from  a  Oiven  Point  to  an  Inacoes- 
■ible  Line.  In  Fig.  254,  Art.  358,  the  required  distance  is  C  £. 
The  operations  therein  directed  give  the  line  C  A  and  the  angle 
C  A  B,  or  C  A  E.  The  required 
distance  C  E  =  C  A  .  sin.  C  AE. 


Fio.  269. 


C.  Whex  Both  Ends  op  the  Line 

ABB   INACCESSIBLE. 

381.  Oeneral  Method.  Let 
A  B  be  the  inaccessible  line. 
Measure  any  convenient  distance, 
C  D,  and  the  angles  A  C  D, 
BCD,  ADC,  BDC. 

Then,  in  the  triangle  C  D  A, 
two  angles  and  the  included  side 
are  given,  to  find  C  A.  In  the 
17 


-B 


.^' 


Digitized  by  VjOOQIC 


252  LAND-SURVEYmO. 

triangle  C  D  B,  two  angles  and  the  included  side  are  given,  to  find 
C  B.  Then,  in  the  triangle  ABC,  two  sides  and  the  included 
angle  are  given,  to  find  A  B. 

The  work  may  be  verified  by  taking  another  set  of  triangles, 
and  finding  A  B  from  the  triangle  A  B  D  instead  of  ABC. 

The  following  fortnulas  will,  however,  give  the  desired  distances  with 

leas  labor : 

_,.    -  .     ^        I  .v  *  *       TT      »in.  ADC.  sin.  CBD 

Find  an  angle  K,  such  that  tan.  K  =  -; — ^  ^  _ — : — ,,  ,,  ■  . 

Bin.  CAD.  sin.  B  D  0 

Then  find  the  difference  of  the  unknown  angles  in  the  triangle  CAB 

from  the  formula — 

Tan.  J(CAB-ABC)  =  tan.  (45*  -  K)  .  cot.  i  A  C  B. 

Then  i8CAB=i(CAB-ABC)  +  J(CAB  +  ACB). 

„.     „       .    T,       ^  Tx  sin.  B  D  0  .  sin.  A  C  B 
Fmally,  A  B  =  CD   .— — -^   — .-— ^^  ,.. 
sin.  CBD.  sin.  CAB 

Demonstration :  In  the  triangle  ABC,  designate  the  angles  as  A,  B,  C ;  and 

the  sides  opposite  to  them  as  a,  5,  c.    Let  0  D  =  <?.    The  triangle  BCD  gives 

[Trig.,  Art.  12,  Theorem  \\  a  =  d^^!^'-Z^.    The  triangle  ACD   simi- 

sin.  CBD 

,    ,      .       ,         ,    sin.  ADC 
larly  gives  6  =  rf  .  - — —^-~=  . 
sin.  CAD 

In  the  triangle  A  B  C,  we  have  [Trig.,  Art.  12,  Theorem  II], 

tan.  J  (A  —  B) :  cot.  4  0  ::  a  —  6  :  a  +  ft  ; 

whence  tan.  i  (A  —  B)  =  ^^-H-  .  cot.  i  C.  [1.] 

Let  K  he  an  auxiliary  angle,  such  that  6  =  a  .  tan.  K  ;  whence  tan.  K  =  — . 

(I 

Dividing  the  second  memher  of  equation  [1],  ahove  and  below,  by  a,  and  sub- 
stituting tan.  K  for  ~ ,  we  get  tan.  i  (A  —  B)  =  -^^— ^'  ^  .  cot.  \  C. 
«  1  +  tan.  K 

Since  tan.  45°=  1,  we  may  substitute  it  for  1  in  the  preceding  equation, 

,  ..       ,  ,.       T>N       tan. 45®— tan.  K        ^   ,^ 

and  we  get  tan.  i  (A  —  B)  = -— — .  cot.  \  C. 

tan.  46°+  tan.  K 

From  the  expression  for  the  tangent  of  the  difference  of  two  arcs  [Trig., 

Art.  8],  the  preceding  fraction  reduces  to  tan.  (46°—  K) ;  and  the  equation 

becomes 

tan.  J  (A  -  B)  =  tan.  (46°-  K)  .  cot.  \  C.  [2.] 

T     ,.  .  ft 

In  the  equation  tan.  K  =  - ,  substitute  the  values  of  ft  and  a  from  the 
a 

formulas  at  the  beginning  of  this  investigation.     This  gives 

tan  K  =  (^    -"—  — ^  -1.  (?    sin.  B  D  0  _  sin.  A  D  C  .  sin.  C  B  D 
'  sin.  C  A  D  *      '  sin.  0  B  D  ~  sin.  C  A  DTsin.^  D  C ' 
(A  —  B)  is  then  obtained  by  equation  [2] ;  (A  +  B)  is  the  supplement  of 
C ;  therefore,  the  angle  A  is  known. 
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Then 


<j=AB  = 


Fio.  271. 


o^sin.^  __  d^  sin.  B  D  C  .  sin.  AJO  B 
sin.  A  ""     sin.  C  ^D  .  sin.  CAB 
The  use  of  the  auxiliary  angle  K  avoids  the  calculation  of  the  sides  a  and  h. 

Example.    Let  0  D  =  7,106-26  feet ;  A  0  D  =  96°  17'  20'' ;  B  C  D  =  61° 
41'  60" ;  A  D  0  =  39°  88'  40" ;  B  D  0  =  78°  35'  10" ;  required  A  B. 

The  ^^UTQ  is  constructed  with  these  data  on  a  scale  of  5,000  feet  to  1 
inch  =  1  :  60000. 

By  the  above  formulas,  K  is  found  to  be  80° 26' 5";  CAB  =  118°55' 
37" ;  and,  lastly,  A  B  =  6598-82. 

Both  the  methods  may  be  nsed  as  mutual  checks  in  any  important  case. 

If  the  lines  A  B  and  C  D  crossed  each 
other,  as  in  Fig.  270,  instead  of  being  situ-  ^'o.  270. 

ated  as  in  the  preceding  figure,  the  same  Q. 

method  of  calculation  would  apply. 

382.  Problem.  To  measure  an  inae- 
eesaibls  dUtance^  A  B,  when  a  pointy  0,  in 
its  line  can  he  obtained.  Set  the  instru- 
ment at  a  point,  D,  from  which  A,  B,  and 
O  can  be  seen,  and  measure  the  angles 
C  D  A  and  A  D  B.    Measure  also  the  line  D  C  and  the  angle  C.    Then  in 

the  triangle  A  C  D  two  angles  and 
the  included  side  are  given  to  find 
A  D.  In  the  triangle  DAB,  the  an- 
gle D  A  B  is  known  (being  equal  to 
A  C  D  +  0  DA),  and  A  D  having 
been  fonnd,  we  again  have  two  an- 
gles and  the  included  side  to  find 
AB. 

888.  Problem.  To  measure  an 
inaccessible  distance^  A  B,  when  only 
one  point,   0,   can  he  found  from 

which  both  ends  of  the  line  can  be  seen.     Consider  0  A  and  C  B  as  distances 

to  be  determined,  having  one  end  ac- 
cessible.    Determine  them   as  in  Art. 

378,  by  choosing  a  point  D,  from  which 

O  and  A  are  visible,  and  a  point  E,  from 

which  C  and  B  are  visible.  At  C  ob- 
serve the  angles  D  C  A,  A  C  B,  and  B  C  E. 

Measure   the  distances  0.  D   and  C  E. 

Observe  the  angles  ADO   and  BEG. 

Then  in  the  triangle  ADO,  two  angles 

and  the  included  side  are  given,  to  find 

0  A ;  and  the  same  in  the  triangle  0  B  E, 

to  find  0  B.    Lastly,  in  the  triangle  A  C  B  two  sides  and  the  included  angle 

are  known,  to  fipd  A  B. 


B 


I-^G.  272. 


An 


.B 
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384.  Problem*  To  measure  an  inacemble  dietanee,  A  B,  wh^n  no  point 
can  be  found  from  which  the  two  ends  can  be  eeen.  Let  0  be  a  point  from 
which  A  is  visible,  and  D  a  point  from  which  B  is  visible,  and  also  C. 

Measure  0  D.     Find  the  distances  C  A 
Fio.  273.  and  D  B,  as  in  the  preceding  problem, 

l^     i.  e.,  choose  a  point  £,  from  which  A 
and  0  are  visible,  and  another  point,  F, 
from  which  D  and  B  are  visible.    Meas- 
V     —  « v?:i.'T  /  nre  E  0  and  D  F.     Observe  the  angles 

[^^^^:S^'        i      AEO,  EGA,  BDF,  and  DFB;  and 


P  at  the  same  time  the  angles  A  C  D  and 
0  D  B,  for  the  subsequent  work.  Then 
0  A  and  D  B  will  be  found,  as  were  C  A 
and  G  B  in  the  last  problem.  Then  in  the  triangle  G  D  B,  two  sides  and  the 
included  angle  are  known  to  find  G  B  and  the  angle  DOB;  and,  lastly,  in  the 
triangle  A  G  B,  two  sides  and  the  included  angle  (the  difference  of  A  C  D 
andDGB)  to  find  A  B. 

386.  Problem.  Oiten  the  angles  observed^  at  the  ends  of  a  line  which 
can  not  be  measured,  between  it  and  the  ends  of  a  line  of  known  length  but 
inaccessible,  required  the  length  of  the  former  line.  This  problem  is  the  con- 
verse of  that  given  in  Art.  881.  Its  figure,  269,  may  represent  the  case,  if 
the  distance  A  B  be  regarded  as  known  and  G  D  as  that  to  be  found.  Ut^e 
the  first  and  second  formulas  as  before,  and  invert  the  last  formula,  obtaining 

/^  T^       A  T>  Mn-  C  B  D  .  sin.  CAB 
\j  D  ^^  A  a  ,  — ^  ^  ^  -  .        ^  ^  • 
sin.  B  D  G  .  sin.  A  G  B 

This  problem  may  also  be  solved,  indirectly,  by  assuming  any  lengtli  for 
G  D,  and  thence  calculating,  as  in  the  first  part 
of  Art.  881,  the  length  of  A  B  on  this  hypothesis. 
The  imaginary  figure  thus  calculated  is  similar  to 
the  true  one;  and  the  true  length  of  CD  will  be 
given  by  this  proportion:  Calculated  length  of 
A  B  :  true  length  of  A  B  : :  assumed  length  of 
CD  :  true  length  of  GD. 

The  length  of  C  D  can  also  be  obtained  graph- 
ically.   Take  a  line  of  any  length,  as  C'  D',  and 
from  G'  and  D'  lay  off  angles  equal  to  those  ob- 
served at  G  and  D,  and  thus  fix  points  A,  B'.  """6ii 
Produce  A  B'  till  it  equals  the  given  distance  A  B, 

on  any  desired  scale.  From  B  draw  a  parallel  to  B'  D',  meeting  A  D'  pro- 
duced in  D ;  and  from  D  draw  a  parallel  to  D'G'  meeting  AG'  produced  in 
G.    Then  G  D  will  be  the  required  distance  to  the  same  scale  as  A  B. 


.^fi 


386.  Problem.  Three  points,  A  B  G,  being  given  by  their  distances  from 
each  other,  and  two  other  points,  P  and  Q,  being  so  situate  that  from  each  of 
them  two  of  the  three  points  can  be  seen  and  the  angles  A  P  Q,  B  P  Q,  0  Q  P, 
B  Q  P,  &6  measured,  it  is  required  to  determine  tlu  positions  ofT  and  Q. 
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Construction.  Begin  by  describing  a  circle  passing  tbrongb  A  and  B, 
and  having  the  central  angle  subtended  by  A  B,  equal  to  twice  the  given 
angle  A  P  B,  and  thus  containing 
til  at  angle.  The  poiut  P  will  lie 
somewhere  in  its  circumference. 
Describe  another  circle  passing 
through  B  and  G,  and  having  a 
central  angle  subtended  by  B  0 
equal  to  twice  the  given  angle 
BQC.     The  point  Q  will   lie        1   X  •    "^----^'-C  .'  ^"-<Sn 

somewhere  in  its  circumference,      '^wj  ""'     *  \    '  /  / 

From  A  draw   a   line   making  \^  \  /' 

with  A  B  an  angle  =  B  P  Q,  and  '^  .^  '  ».^   y 

meeting  at   X   the    circle   first  " ''  ^- — -'' 

drawn.  From  0  draw  a  line  mak- 
ing witli  C  B  an  angle  =  B  Q  P,  and  meeting  the  second  circle  in  Y.    Join 
X  Y  and  produce  it  till  it  cuts  the  circles  in  points  P  and  Q,  which  will 
be  those  required;   since  B  P  X  =B  AX  =  BPQ;  and  BQY  =  BCY  = 
BQP. 

Galoitlation.  In  the  triangle  ABC,  the  sides  being  given,  the  angle 
A  B  G  is  known.  In  the  triangle  A  B  X,  a  side  and  all  the  angles  are  known, 
to  find  B  X.  In  the  triangle  G  B  Y,  B  Y  is  similarly  found.  By  subtracting 
the  angle  AB  G  from  the  sum  of  the  angles  A  B  X  and  GB  Y,  the  angle 
X  B  Y  can  be  obtained.  Then  in  the  triangle  X  B  Y,  the  sides  B  X,  B  Y, 
and  the  included  angle  are  given  to  find  the  other  angles.  Then  in  the  tri- 
angle B  P  X  are  known  all  the  angles  and  the  side  B  X  to  find  B  P.  In  the 
triangle  B  Q  Y,  B  Q  is  found  in  like  manner.  Finally,  in  the  triangle  B  P  Q, 
P  Q  can  then  be  found. 

If  desired,  we  can  also  obtain  A  P  in  the  triangle  A  P  B ;  and  G  Q  in  the 
triangle  G  B  Q. 

387.  Problem.  Four  points^  A,  B,  0,  D,  being  given  in  position^  hy 
their  mutual  distance*  and  directions^  and  two  other  points^  P  and  Q,  "being 
90  situated  that  from  each  of  them  two  of  the  four  points  can  be  seen  and  the 
angles  APB,  APQ,  PQG,  and  P Q D  measured^  it  is  required  to  determine 
the  position  ofV  and  Q. 

CoNSTBUOTioN.  Begin,  as  in  the  last  article,  by  describing  on  A  B  the 
segment  of  a  circle  to  contain  an  angle  equal  to  APB.  From  B  draw  a 
chord  B  E,  making  an  angle  with  B  A  equal  to  the  supplement  of  the  angle 
APQ.  On  G D  describe  another  segment  to  contain  an  angle  equal  to 
C  QD.  From  G  draw  a  chord  GF,  making  an  angle  with  G  D  equal  to  the 
supplement  of  the  angle  DQP.  Draw  the  line  £F,  and  it  will  cnt  the  two 
circles  in  the  required  points  P  and  Q. 

For,  the  angle  A P Q  in  the  figure  equals  the  measured  angle  APQ,  l)e- 
cause  the  supplement  of  the  former,  EPA,  equals  the  supplement  of  the  lat- 
ter, since  it  is  measured  by  the  same  arc  as  the  angle  ABE,  equal  to  that 
supplement  by  construction.     So  too  with  the  angle  DQP. 
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Calculation.  To  obtain  PQ  =  EF— EP  — QF,  we  proceed  to  find 
those  three  lines  thus:  In  the  triangle  ABE,  we  know  the  side  AB,  the 
angle  ABE,  and  the  angle  AEB  =  APB;  whence  to  find  EB.  In  the 
same  way,  the  triangle  G  F  D  gives  F  G.    In  the  triangle  E  B  G  are  known 


EB  and  B  0,  and  the  angle  EBC=ABG--ABE;  whence  EC  and  the 
angle  E G B  are  found.  In  the  triangle  E G F  are  known  EC,  F G,  and  the 
angleEGF=  HGO  — EGB  — FGD;  whence  wefindEF,  and  the  angles 
GEFandGFE. 

In  the  triamTle  BEP,  we  have  EB,  the  angle  BEP  =  BEO  +  CEP, 
andtheangleBP£  =  BPA  +  APE;  to  find  E  P  and  P  B.  In  the  triangle 
QGF,  we  have  GF,  and  the  angles  GQF  and  GFQ,  to  find  QG  and  QF. 
Then  we  know  PQ  =  E  F  —  E  P  —  QF. 

The  other  distances,  if  desired,  can  be  easily  found  from  the  above  dati, 
some  of  the  calculations,  not  needed  for  P  Q,  being  made  with  reference  to 
them.  In  the  triangle  A  B  P,  we  know  A  B,  B  P,  and  the  angle  BAP,  to 
find  the  angle  A  B  P  and  A  P.  In  the  triangle  Q  D  G  we  know  Q  C,  C  D, 
and  the  angle  C  Q  D,  to  find  the  angle  Q  G  D  and  Q  D.  In  the  triangle 
P  B  G,  we  know  P  B,  B  G,  and  the  angle  P  B  G  =  A  B  C  —  A  B  P.  to  find 
P  G.  Lastly,  in  the  triangle  Q  G  B,  we  know  Q  G,  G  B,  and  the  angle  Q  G  B 
=  D  G  B  -  I)  G  Q.  to  find  Q  B. 

The  solution  of  this  problem  includes  the  two  preceding ;  for,  let  the  line 
B  G  be  reduced  to  a  point  so  that  its  two  ends  come  together  and  the  three 
lines  become  two,  and  we  have  tlie  problem  of  Art.  386;  and  let  the  line 
A  B  be  reduced  to  a  point,  B,  and  G  D  to  a  point,  G,  and  we  have  but  one 
line,  and  the  problem  becomes  that  of  Art.  885. 

In  these  three  problems,  if  the  two  stations  lie  in  a  right  line  with  one  of 
the  given  points,  the  problem  is  indeterminate. 

388.  Problem  of  the  Eight  Points.  Four  points,  A,  B,  C,  D,  are  inac- 
cessible, hut  vimhle  from  four  other  points,  E,  F,  G,  H ;  it  is  required  to  find 
the  relative  distances  of  these  eight  points  ;  the  only  data  being  the  observa- 
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tion^  from  each  of  the  points  of  the  second  system^  of  the  angles  under  which 
are  seen  the  points  of  the  first  system. 


Fio.  211, 


B 


C 


D 


This  problem  can  be  solved, 
bat  tbe  great  lengtb  and  com- 
plicatioD  of  tbe  investigation 
and  resulting  formulas  render  it 
more  a  matter  of  curiosity  tban 
of  utility.  It  may  be  found  in 
Paissant^s  ^^  Topographie,"  page 
65 ;  Lefevre^s  **  Trigonom6trie," 
page  90,  and  Lefevre's  "  Arpen- 
tage,"  No.  887. 


TO  SUPPLY  OMissioira 

389.  Any  two  omissions 
in  a  closed  survey,  whether 
of   the  direction  or  of  the 

length,  or  of  both,  of  one  or  more  of  the  sides  bounding  the  area 
surveyed,  can  always  be  supplied  by  a  suitable  application  of  the 
principle  of  latitudes  and  departures,  although  this  means  should 
be  resorted  to  only  in  cases  of  absolute  necessity,  since  any  omis- 
sion renders  it  impossible  to  "test  the  survey."    In  the  following 

articles  the  survey  will  be  considered 
to  have  been  made  with  the  compass. 
All  the  rules  will,  however,  apply  to 
a  transit  survey,  the  angles  being  re- 
ferred to  any  line  as  a  meridian,  as  in 
"traversing." 

To  save  unnecessary  labor,  the  ex- 
amples  in  the  various  cases  now  to 
be  examined  will  all  be  taken  from 
the  same  survey,  a  plat  of  which  is 
given  in  the  margin  on  the  scale  of  40  chains  to  1  inch  (1 :  31,680), 
and  the  field-notes  of  n^hich,  with  the  latitudes  and  departures 
carried  out  to  five  decimal  places,  are  given  on  page  258.* 


Fig.  278. 


*  The  teacher  can  make  any  number  of  examples  for  his  own  use  by  taking  a 
tolerably  accurate  survey,  striking  out  the  bearing  and  distance  of  any  one  course, 
and  calculating  it  precisely  as  in  Case  1,  given  below.  He  can  then  omit  any  two 
quantities  at  will,  to  be  supplied  by  the  student  by  means  of  the  rules  now  to  be 
given. 
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?«5 

is 

LATITIIDBS. 

DBPABTUREB. 

H 

N. 

8. 

E. 

w. 

A 
B 

I 

E 
F 

North. 
N.  82°  E. 
N.  80°  E. 
8.  48°  E. 
8.  18°  W. 
N.  78°  28'  21"  W. 

1284 
1782 
2400 
2700 
2860 
4C21i 

1284-00000 

1511-22171 

416-75668 

1814-69682 

1806-65262 
2720-02159 

0 

944-81619 

2863-58872 

2006-49096 

0 

888-78862 
4480-55725 

4526  674214526-67421 

5314-84587 

5314-34587 

Case  1.  When  the  length  and  the  bearing  of  any  one  side  are 
wanti/ig. 

390.  Find  the  latitades  and  the  departures  of  the  remaining 
sides.  The  difference  of  the  north  and  south  latitudes  of  these 
lines  is  the  latitude  of  the  omitted  line,  and  the  difference  of  their 
departures  is  its  departure.  This  latitude  and  departure  are  two 
sides  of  a  right-angled  triangle  of  which  the  omitted  line  is  the 
hypotenuse.  Its  length  is  therefore  equal  to  the  square  root  of 
the  sum  of  their  squares,  and  the  quotient  of  the  departure  divided 
by  the  latitude  is  the  tangent  of  its  bearing. 

In  the  above  survey,  suppose  the  course  from  F  to  A  to  have 
been  omitted  or  lost.  The  difference  of  the  latitudes  of  the  re- 
maining courses  will  be  found  to  be  1314 '69682,  and  the  difference 
of  the  departures  to  be  4430 '55725.  The  sqnare  root  of  the  sum 
of  their  squares  is  4621*5  ;  and  the  quotient  of  the  departure 
divided  by  the  latitude  is  the  tangent  of  73°  28'  21".  The  defi- 
ciencies were  in  north  latitude  and  west  departure,  and  the  omitted 
course  is  therefore  N.  73°  28'  21"  W.,  4621-5. 

Case  2.  When  the  le^igth  of  one  side  and  the  bearing  of  an- 
other are  wanting. 

391.  When  the  Befioient  Sidei  adjoin  Each  Other.  Find,  as  in 
Case  1,  the  length  and  bearing  of  the  line  joining  the  ends  of  the 
remaining  courses.  This  line  and  the  deficient  lines  will  form  a 
triangle,  in  which  two  gides  will  be  known,  and  the  angle  between 
the  calculated  side  and  the  side  whose  bearing  is  given  can  be 
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found.  The  parts  wanting  can  then  be  obtained  by  the  common 
rules  of  trigonometry. 

In  the  figure,  let  the  length  of  E  P  and  the  bearing  of  F  A  be 
the  omitted  parts*  The  difference  of  the  sums  of  the  N.  and  S. 
latitudes,  and  the  E.  and  W.  depart- 
ures of  the  complete  courses  from  A 
to  E,  are  respectively  1405-32477  north 
latitude,  and  5314*34587  east  depart- 
ure. The  course,  E  A,  corresponding 
to  this  deficiency,  we  find,  by  proceed- 
ing as  in  Case  1,  to  be  S,  75?  11'  15^ 
W.,  5497-026.  The  angle  AEP  is 
therefore  =  75°  11'  15'  -  18°  =  57° 
11'  15'.     Then  in  the  triangle  AEP 

are  given  the  sides  AE,  AP,  and  the  angle  AEP  to  find  the  re- 
maining  parts,  viz.,  the  angle  APE  =  91°  28'  21',  whence  the 
bearing  of  P  A  =  91°  28'  21'  -  18°  =  N.  73°  28'  21'  W. ;  and  the 
side  E  P  =  28-60. 


392.  When  the  Beflcient  Sidei  are  separated  from  Each  Other. 

A  modification  of  the  preceding  method  will  still  apply.     In  this 
figure  let  the  omissions  be  the  bearing  of  P  A  and  the  length  of 

G  D.     Imagine  the  courses  to  change 
places  without  changing  bearings  or 
lengths,  so  as  to  bring  the  deficient 
lines  next  to  each  other  by  transfer- 
ring CD  to  AG,  AB  to  GH,  and  B  C 
to  HD.     This  will  not  affect  their 
latitudes  or  departures.      Join  GP. 
Then  in  the  figure  D  E  P  G  H  the  lati- 
tudes  and  departures  of  all  the  sides 
but  P  G  are  known,  whence  its  length 
and  bearing  can  be  found  as  in  Case  1.     Then  the  triangle  AGP 
may  be  treated  like  the  triangle  A  E  P  in  the  last  article,  to  obtain 
the  length  of  A  G  =  C  D,  and  the  bearing  of  P  A. 

OthermsBy  by  changing  the  meridian.     Imagine  the  field  to 
turn  around  till  the  side  of  which  the  distance  is  unknown  be- 


Digitized  by  VjOOQIC 


260 


LAND-SUR  VEYIKG. 


comes  the  meridian — i,  e.,  comes  to  be  due  north  and  south — all 
the  other  sides  retaining  their  relative  positions,  and  continuing  to 
make  the  same  angles  with  each  other.  Change  their  bearings  ac- 
cordingly. Find  the  latitudes  and  departures  of  the  sides  in  their 
new  positions.  Since  the  side  whose  length  was  unknown  has  been 
made  the  meridian,  it  has  no  departure,  whatever  may  be  its  un- 
known length  ;  and  the  difference  of  the  columns  of  departure  will 
therefore  be  the  departure  of  the  side  whose  bearing  is  unknown. 
The  length  of  this  side  is  given.  It  is  the  hypotenuse  of  a  right- 
angled  triangle,  of  which  the  departure  is  one  side.  Hence  the 
other  side,  which  is  the  latitude,  can  be  at  once  found,  and  also  the 
unknown  bearing. 

Put  this  latitude  in  the  table  in  the  blank  where  it  belongs. 
Then  add  up  the  columns  of  latitude,  and  the  diffei-ence  of  their 
sums  will  be  the  unknown  length  of  the  side  which  had  been  made 
a  meridian.* 

Let  the  omitted  quantities* be,  as  in  the  last  article,  the  length 
of  CD  and  the  bearing  of  FA.     Make  CD  the  meridian.     The 

changed  bearings  can  then  be 
found  to  be  as  in  the  margin. 
To  aid  the  imagination,  turn 
the  book  around  till  C  D 
points  up  and  down,  as  north 
lines  are  usually  placed  on  a 
map.  Then  obtain  the  lati- 
tudes of  the  courses  with 
their  new  bearings  and  old  distances,  and  proceed  as  has  been 
directed. 

Case  3.    When  the  lengths  of  two  sides  are  wanting. 

393.  When  the  Deficient  Sides  acljoiii  Each  Other.  Find  the 
latitudes  and  departures  of  the  other  courses,  and  then,  by  Case  1, 
find  the  length  and  bearing  of  the  line  joining  the  extremities  of 
the  deficient  courses.     Then,  in  the  triangle  thus  formed,  are 

*  This  conception  of  thus  changing  the  bearings  la  stated  to  be  due  to  Professor 
Robert  Patterson,  of  Philadelphia,  by  whom  it  was  communicated  to  Mr.  John  Qum- 
mere,  and  published  by  him,  in  1814,  in  his  "Treatise  on  Sunreying." 


STATIONS. 

NEW  BKARIN08. 

A 

North. 

N.  80°  W. 

B 

N.  32°  E. 

N.  48°  W. 

0 

N.  80°  E. 

North. 

D 

S.  48"  K. 

N.  52°  E. 

E 

S.  18°  AV. 

S.  62°  E. 

F 
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known  one  side  and  all  the  angles  (deduced  from  the  bearings)  to 
find  the  lengths  of  the  other  two  sides. 

Thus,  in  Fig.  279,  let  E  F  and  F  A  be  the  sides  whose  lengths 
are  unknown.  E  A  is  then  to  be  calculated,  and  its  length  will  bo 
found  to  be  5497-026,  and  its  bearing  S.  75^  11'  lb'  W.,  whence 
the  angle  A  E  F  =  75°  11'  15'  -  18°  =  57°  11'  15'  ;  A  F  E  =  18° 
+  73°  28' 21' =  91°  28' 21' ;  and  E  A  F  =  31°  20' 24' ;  whence 
can  be  obtained  E  F  =  28-60  and  F  A  =  46-215. 

394.  When  the  Deficient  Sides  are  separated  from  Each  Other. 
Let  the  lengths  of  B  C  and  D  E  be  those  omitted.  Again  imagine 
the  courses  to  change  places,  so  as  to 
bring  the  deficient  lines  together,  D  E 
being  transferred  to  C  O,  and  C  D  to 
G  E.  Join  B  G.  Then  in  the  figure 
A  B  G  E  F  A  are  known  the  latitudes 
and  departures  of  all  the  courses  ex- 
cept B  G,  whence  its  length  and  bear- 
ing can  be  found,  as  in  Case  1.  Then 
in  the  triangle  B  C  G,  the  angle  C  B  G 
can  be  found  from  the  bearings  of 

C  B  and  B  G,  and  the  angle  C  G  B  from  the  bearings  of  B  G  and 
G  C.  Then  all  the  angles  of  the  triangle  are  known  and  one  side, 
B  G,  whence  to  find  the  required  sides,  B  C  =  1,782,  and  C  G  = 
DE  =  2,700. 

Otherwise,  hy  changing  the  meridian.  Imagine  the  field  to 
turn  around  till  one  of  the  sides  whose  length  is  wanting  becomes 
a  meridian  or  due  north  and  south.  Change  all  the  bearings  cor- 
respondingly. Find  the  latitudes  and  departures  of  the  changed 
courses.  The  difference  of  the  columns  of  departure  will  be  the 
departure  of  the  second  course  of  unknown  length,  since  the  course 
made  meridian  has  now  no  departure.  The  new  bearing  of  this 
second  course  being  given  in  the  right-angled  triangle  formed  by 
this  course  as  an  hypotenuse,  and  its  departure  and  latitude,  we 
know  one  side,  the  departure,  and  the  acute  angles,  which  are  the 
bearing  and  its  complement.  The  length  of  the  course  is  then 
readily  calculated,  and  also  its  latitude.     This  latitude  being  in- 
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STATIONB. 

OLD  BBABTOOS. 

A 

North. 

N.  82^  W. 

B 

N.  82°  E. 

North. 

C 

N.  80°  E. 

N.  48°  E. 

D 

S.  48°  E. 

S.  80°  E. 

E 

8.  18°  W. 

8.  14°  E. 

F 

N.  78°  28'  21"  W. 

8.  74°  81'  59"  W. 

serted  in  its  proper  place,  the  difference  of  the  colamns  of  latitude 
will  be  the  length  of  that  wanting  side  which  had  been  made  a 
meridian. 

Thns,  let  the  lengths  of  B  C  and  D  E  be  wanting,  as  in  the  pre- 
ceding example. 
Make  B  C  a  me- 
ridian. The  other 
bearings  are  then 
changed  as  in.  the 
margin.  Calculate 
new  latitudes  and 
departures.  The 
difference  of  the  departures  will  be  the  departure  of  D  E,  since 
B  0,  being  a  meridian,  has  no  departure.  Hence  the  length  and 
latitude  of  D  E  are  readily  obtained.  This  latitude  being  pnt  in 
the  table,  and  the  columns  of  latitude  then  added  up,  their  differ- 
ence will  be  the  length  of  B  C. 

Case  4.    When  the  hearings  of  two  aides  are  wanting. 

395.  When  the  Beficient  Sides  ac|jom  Each  Other.  Find  the 
latitudes  and  departures  of  the  other  sides,  and  then,  as  in  Case  1, 
tind  the  length  and  bearing  of  the  line  joining  the  extremities  of 
the  deficient  sides.  Then,  in  the  triangle  thus  formed,  we  have 
the  three  sides  to  find  the  angles  and  thence  the  bearings. 

396.  When  the  Beficient  Sides  are  separated  from  Each  Other. 

Change  the  places  of  the  sides  so  as  to 
bring  the  deficient  ones  next  to  each 
other.  Thus,  in  the  figure,  supposing 
the  bearings  of  CD  and  EF  to  be 
wanting,  transfer  E  F  to  D  G,  and 
D  E  to  G  F.  Then  calculate,  as  in 
Case  1,  the  length  and  bearing  of  the 
line  joining  the  extremities  of  the  de- 
ficient sides,  C  G  in  the  figure.  This 
line  and  the  deficient  sides  form  a  tri- 
angle in  which  the  three  sides  are  given  to  determine  the  angles 
and  thence  the  required  bearings. 
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LAYING   OUT,    PARTING    OFF,   AND  DIVIDING    UP  LAND. 

LAYING  OUT  X.Ain>. 

397.  Its  Hatnre.  This  operation  is  precisely  the  reverse  of  those 
of  surveying  properly  so  called.  The  latter  measures  certain  lines 
as  they  are  ;  the  former  marks  them  out  in  the  ground  where  they 
are  required  to  be,  in  order  to  satisfy  certain  conditions.  The 
same  instruments,  however,  are  used  as  in  surveying. 

Perpendiculars  and  parallels  are  the  lines  most  often  employed. 
Part  of  the  demonstrations  of  the  problems  are  left  as  exercises  for 
the  student. 

398.  To  lay  out  Squares.  Seduce  the  desired  content  to  square 
chains,  and  extract  its  square  root.  This  will  be  the  length  of  the 
required  side,  which  is  to  be  set  out  by  one  of  the  methods  indi- 
cated in  the  preceding  article. 

An  acre,  laid  out  in  the  form  of  a  square,  is  frequently  desired 
by  farmers.  Its  side  must  be  made  316^  links  of  a  Gunter's  chain  ; 
or  208^  feet ;  or  69^  yards.     It  is  often  taken  at  70  paces. 

The  number  of  plants,  hills  of  com,  loads  of  manure,  etc., 
which  an  acre  will  contain  at  any  uniform  distance  apart,  can  be  at 
once  found  by  dividing  209  by  this  distance  in  feet,  and  multiply- 
ing the  quotient  by  itself,  or  by  dividing  43,560  by  the  square  of 
the  distance  in  feet.  Thus,  at  3  feet  apart,  an  acre  would  contain 
4,840  plants,  etc.  ;  at  10  feet  apart,  436  ;  at  a  rod  apart,  160 ;  and 
so  on.  If  the  distances  apart  be  unequal,  divide  43,560  by  the 
product  of  these  distances  in  feet ;  thus,  if  the  plants  were  in  rows 
6  feet  apart,  and  the  plants  in  the  rows  were  3  feet  apart,  2,420  of 
them  would  grow  on  one  acre. 
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399.  To  lay  out  Rectangles.  The  content  and  length  being 
given,  both  as  measured  by  the  same  unit,  divide  the  former  by 
the  latter,  and  the  quotient  will  be  the  required  breadth.  Thus, 
1  acre  or  10  square  chains,  if  5  chains  long,  must  be  2  chains  wide. 

The  content  being  given  and  the  length  to  be  a  certain  number 
of  times  the  breadth.  Divide  the  content  in  square  chains,  etc.,  by 
the  ratio  of  the  length  to  the  breadth,  and  the  square  root  of  the 
quotient  will  be  the  shorter  side  desired,  whence  the  longer  side 
is  also  known.  Thus,  let  it  be  required  to  lay  out  30  acres  in  the 
form  of  a  rectangle  3  times  as  long  as  broad ;  30  acres  =  300 
square  chains.  The  desired  rectangle  will  contain  3  squares,  each 
of  100  square  chains,  having  sides  of  10  chains.  The  rectangle 
will  therefore  be  10  chains  wide  and  30  long. 

An  a>cre  laid  out  in  a  rectangle  twice  as  long  as  broad  will  be 
224  links  by  448  links,  nearly  ;  or,  147^^  feet  by  295  feet ;  or,  49J 
yards  by  98f  yards.  Fifty  paces  by  one  hundred  is  often  used  as 
an  approximation,  easy  to  be  remembered. 

The  content  being  given,  and  the  difference  between  the  length 
and  breadth.  Let  c  represent  this  content,  and  d  this  difference. 
Then  the  longer  side  =  i  rf  +  i  V  ('^  +  ^^)- 

Example,  Let  the  content  be  6*4  acres,  and  the  difference  12 
chains.  Then  the  sides  of  the  rectangle  will  be  respectively  16 
chains  and  4  chains. 

The  content  being  given,  and  the  sum  of  the  length  and  breadth. 
Let  c  represent  this  content,  and  s  this  sum.  Then  the  longer 
side  =  i  ^  H-i  V  (*' "~  ^^)* 

Example.  Let  the  content  be  6 '4  acres,  and  the  sum  20  chains. 
The  above  formula  gives  the  sides  of  the  rectangle  16  chains  and  4 
chains  as  before. 

400.  To  lay  out  Triangles.  The  content  and  the  base  being 
given,  divide  the  former  by  half  the  latter  to  get  the  height.  At 
any  point  of  the  base  erect  a  perpendicular  of  the  length  thus  ob- 
tained, and  it  will  be  the  vertex  of  the  required  triangle. 

The  content  being  given  and  the  base  having  to  be  m  times  the 
height,  the  height  will  equal  the  square  root  of  the  quotient  ob- 
tained by  dividing  twice  the  given  area  by  m. 
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The  content  being  given  and  the  triangle  to  be  equilateral,  take 
the  square  root  of  the  content  and  multiply  it  by  1*520.  The 
product  will  be  the  length  of  the  side  required.  This  rule  makes 
the  sides  of  an  equilateral  triangle  containing  one  acre  to  be  480^ 
links.  A  quarter  of  an  acre  laid  out  in  the  same  form  would  have 
each  side  240  links  long.  An  equilateral  triangle  is  very  easily  set 
out  on  the  ground,  as  directed  under  "  Platting,"  using  a  rope  or 
chain  for  compasses. 

The  content  and  base  being  given,  and  one  side  having  to  make 
a  given  angle,  as  B,  with  the  base  A  B, 

the  length  of  the  side  B  C  =  f'^  ' 

°  A  B  .  sm.  B 

Example,  Eighty  acres  are  to  be  laid 
out  in  the  form  of  a  triangle,  on  a  base, 
AB,  of  sixty  chains,  bearing  N.  80°  W.,  ^ 
the  bearing  of  the  side  B  C  being  N.  70°  * 
E.  Here  the  angle  B  is  found  from  the  bearings  (reversing  one  of 
them)  to  be  30°.  Hence  B  C  =  53-33.  The  figure  is  on  a  scale  of 
50  chains  to  1  inch  =  1  :  39600. 

Any  right-line  figure  may  be  laid  out  by  analogous  methods. 

401.  To  lay  out  Circles.  Multiply  the  given  content  by  7,  di- 
vide the  product  by  22,  and  take  the  square  root  of  the  quotient. 
This  will  give  the  radius,  with  which  the  circle  can  be  described 
on  the  ground  with  a  rope  or  chain.  A  circle  containing  one  acre 
has  a  radius  of  178f  links.  A  circle  containing  a  quarter  of  an 
acre  will  have  a  radius  of  89  links. 

402.  Town-Lota  House-lots  in  cities  are  usually  laid  off  as 
rectangles  of  25  feet  front  and  100  feet  depth,  variously  combined 
in  blocks-  Part  of  New  York  is  laid  out  in  blocks  200  feet  by  800, 
each  containing  64  lots,  and  separated  by  streets,  60  feet  wide, 
running  along  their  long  sides,  and  avenues,  100  feet  wide,  on 
their  short  sides.  The  eight  lots  on  each  short  side  of  the  block 
front  on  the  avenues,  and  the  remaining  forty-eight  lots  front  on 
the  streets.  Such  a  block  covers  almost  precisely  3f  acres,  and  17^ 
such  lots  about  make  an  acre.     But,  allowing  for  the  streets,  land 
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laid  out  into  lots,  25  by  100,  arranged  as  above,  would  contain  only 
11*9,  or  not  quite  12  lots  per  acre. 

Lots  in  small  towns  and  Tillages  are  laid  out  of  greater  size  and 
less  uniformity  :  50  feet  by  100  is  a  frequent  size  for  new  villages, 
the  blocks  being  200  feet  by  500,  each  therefore  containing  20  lots. 

403.  Land  sold  for  Taxes.  A  case  occurring  in  the  State  of 
New  York  will  serve  as  an  application  of  the  modes  of  laying  out 
squares  and  rectangles.  Land  on  which  taxes  are  unpaid  is  sold  at 
auction  to  the  lowest  bidder— i.  e.,  to  him  who  will  accept  the 
smallest  portion  of  it  in  return  for  paying  the  taxes  on  the  whole. 
The  lot  in  question  was  originally  the  east  half  of  the  square  lot 
ABCD,  containing  500  acres.  At  a  sale  for  taxes  in  1830,  70 
acres  were  bid  oflE,  and  this  area  was  set  off  to  the  purchaser  in  a 
square  lot,  from  the  northeast  comer.     Required  the  side  of  the 

square  in  links.  Again,  in 
1834,  29  acres  more  were  thus 
sold,  to  be  set  off  in  a  strip  of 
equal  width  around  the  square 
previously  sold.  Required  the 
width  of  this  strip.  Once 
more  :  in  1839,  42  acres  more 
were  sold,  to  be  set  off  around 
the  preceding  piece.  Required 
the  dimensions  of  this  third 
portion.  The  answer  can  be 
proved  by  calculating  if  the 
dimensions  of  the  remaining 

rectangle  will  give  the  content  which  it  should  have,  viz.,  250  — 

(70  +  29  +  42)  =109  acres. 

The  figure  is  on  a  scale  of  40  chains  to  1  inch  =  1  :  31680. 

404.  Hew  Countries.  The  operations  of  laying  out  land  for  the 
purposes  of  settlers  are  required  on  a  large  scale  in  new  countries, 
in  combination  with  their  survey.  There  is  great  difficulty  in 
uniting  the  necessary  precision,  rapidity,  and  cheapness.  "  Tri- 
angular surveying'*  will  insure  the  first  of  these  qualities,  but  is 
deficient  in  the  la^t  two,  and  leaves  the  laying  out  of  lots  to  be 
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subsequently  executed.  '^  Compass-survejing  "  possesses  the  last 
two  qualities,  but  not  the  first.  The  United  States  system  for 
surveying  and  laying  out  the  public  lands  admirably  combines  an 
accurate  determination  of  standard  lines  (meridians  and  parallels) 
with  a  cheap  and  rapid  subdivision  by  compass.  The  subject  is  so 
important  and  extensive  that  it  will  be  explained  by  itself. 

FABTIKO  OFF  LAND. 

405.  It  is  often  required  to  part  off  from  a  field,  or  from  an 
indefinite  space,  a  certain  number  of  acres  by  a  fence  or  other 
boundary-line,  which  is  also  required  to  run  in  a  particular  direc- 
tion, to  start  from  a  certain  point,  or  to  fulfill  some  other  condition. 
The  various  cases  most  likely  to  occur  will  be  here  arranged  accord- 
ing to  these  conditions.  Both  graphical  and  numerical  methods 
will  generally  be  given.* 

The  given  content  is  always  supposed  to  be  reduced  to  square 
chains  and  decimal  parts,  and  the  lines  to  be  in  chains  and  deci- 
mals. 

A.  By  ▲  Link  parallel  to  a  Side. 

406.  To  part  off  a  Rectangle.  If  the  sides  of  the  field  adja- 
cent to  the  given  side  make  right  angles  with  it,  the  figure  parted 
off  by  a  parallel  to  the  given  side  will  be  a  rectangle,  and  its 
breadth  will  equal  the  required  content  divided  by  that  side,  as 
in  Art.  398. 

If  the  field  be  bounded  by  a  curved  or  zigzag  line  outside  of  the 
given  side,  find  the  content  between  these  irregular  lines  and  the 
given  straight  side,  by  the  method  of  offsets,  subtract  it  from  the 
content  required  to  be  parted  off,  and  proceed  with  the  remainder 
as  above.     The  same  directions  apply  to  the  subsequent  problems, 

407.  To  part  off  a  ParaUelo-  ^'**-  ^^^' 
gram.    If  the  sides  adjacent  to  the                y^~ 
given  side  be  parallel,  the  figure            X  \     ^'^^ 

parted  off  will  be  a  parallelogram,  /  i ]] 

and  its  perpendicular  width,  C  E,  ^ 

♦  The  giyen  lines  will  be  represented  by  fine  full  lines,  the  lines  of  construction 
by  broken  lines,  and  the  lines  of  the  result  by  heavy  full  lines. 
18 
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Sinoe  similar  triangles  are  as  the  sqaares  of  their  homologoas  sides, 
BDE;BFQ::BD«:BF";  whence  BF  =  BD  |/(b3^)  • 

Example.  Let  B  D  =  30  chains  ;  E  D  = 
12  chains ;  and  the  desired  area  =  24*8  acres. 
Then  B  F  =  35-22  chains. 

The  scale  of  the  figure  is  30  chains  to  1 
inch  =  1  :  23760. 

When  the  field  is  given  by  bearings,  find 
the    angle    B    from    the    bearings  ;    then    is 

^  \    tan.  B    / 

Example.  Let  B  A  bear  S.  75*"  E.,  and  B  C  N.  GO''  E.,  and  let 
five  acres  be  required  to  be  parted  of  from  the  field  by  a  perpen- 
dicular to  B  A.  Here  the  angle  B  =  45%  and  B  F  =  10-00 
chains. 

The  scale  of  the  figure  is  20  chains  to  1  inch  =  1  :  15840. 

411.  To  part  off  a  QuadrilateraL  Produce  the  converging 
sides  to  meet  at  B.     Calculate  the 

Fio  291 

content   of    the   triangle    H  K  B, 
whether  on  the  ground  or  plat,  or 
from  bearings.     Add  it  to  the  con- 
tent of  the  quadrilateral   required     j 
to  be  parted  off,  and  it  will  give 

that  of  the  triangle  FOB,  and  the  method  of  the  preceding  case 
can  then  be  applied. 

412.  To  part  off  any  Figure.  If  the  field  be  very  irregularly 
shaped,  find  by  trial  any  line  which  will  part  off  a  little  less  than 
the  required  area.  This  trial-line  will  represent  II K  in  the  pre- 
ceding figure,  and  the  problem  is  reduced  to  parting  off,  accord- 
ing to  the  required  condition,  a  quadrilateral,  comprised  between 
the  trial-line,  two  sides  of  the  field,  and  the  required  line,  and  con- 
taining the  difference  between  the  required  content  and  that  parted 
off  by  the  trial-line. 
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0.  By  a  Liwb  BUKNiNa  m  ant  Givbk  Dikbotion. 

413.  To  part  off  a  Triangle.  By  coDstmction,  on  the  ground 
or  the  plat,  proceed  nearly  as  in  Art  410,  setting  out  a  line  in  the 
required  direction,  calculating  the  triangle  thus  formed,  and  ob- 
taining B  F  by  the  same  formula  as  in  that  article. 


CBAandGFB;  then  is  B  F  =  |//?-^ 


414.  If  the  field  be  given  by  bearings,  find  from  them  the  angles 

:.BFG8in.  (B  +  F)\ 

sin.  B  .  sin.  F         /  * 

Examph.  Let  B  A  bear  S.  30°  E.  ;  B  C, 
N.  80°  E.  ;  and  a  fence  be  required  to  run  from 
some  point  in  B  A,  a  due  north  course,  and  to 
part  off  one  acre.  Bequired  the  distance  from 
B  to  the  point  F,  whence  it  must  start.  Ans. 
The  angle  B  =  70°,  and  F  =  30°.  Then  B  F 
=  6-47. 

The  scale  of  Fig.  292  is  6  chains  to  1  inch 
=  1  :  4752. 

415.  To  part  off  a  QnadrilateraL    Let  it  be 

required  to  part  off,  by  a  line  running  in  a  given  direction,  a 
quadrilateral  from  a  field  in  which  are  given  the  side  A  B,  and 

the  directions  of  the  two 
other  sides  running  from  A 
and  from  B. 

On  the  ground  or  plat 
produce  the  two  converging 
sides  to  meet  at  some  point 
E.  Calculate  the  content  of 
the  triangle  ABE.  Meas- 
ure the  side  A  E.  From 
ABE  subtract  the  area  to 
be  cut  off,  and  the  remain- 
der will  be  the  content  of 
the  triangle  C  D  E.  From  A  set  out  a  line  A  F  parallel  to  the 
given   direction.      Find  the  content  of  A  B  F.      Take  it  from 
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thus  obtain  A  F  E.     Then  this 
will  fix  the  point  D,  since  AD  =  AE  —  ED. 


ABE,  and  thus  obtain  A F E.     Then  this  formula,  E D  =  A E 
CDE 


/' 


F  AE^ 

When  the  field  and  the  dividing  line  are  given  by  bearings, 
produce  the  sides  as  in  the  last  article.  Find  all  the  angles  from 
the  bearings.  Calculate  the  content  of  the  triangle  ABE,  by  the 
formula  for  one  side  and  its  including  angles.  Take  the  desired 
content  from  this  to  obtain  CDE.     Calculate  the  side  A  E  =  A  B 

sin.  B 
8in.E' 


Then  is  A  D  =  A  E  -  ^p-  X^^^  !  -^^) . 
y  \    Sin.  E  .  sm.  CDE     / 


Demonstration,    Since  triangles  which  have  an  angle  in  each  equal,  are 
as  the  products  of  the  sides  about  the  equal  angles,  we  have 
ABE:ODE::AExBE:OExDE. 

'  sm.  (A  +  B;  sin.  E 

BE  =  AB.r--|.  CE  =  DE.-"'^S^-|. 

gin.  E  sin.  DOE 

Substituting  these  values  in  tlie  preceding  proportion,  canceling  the  common 

factors,   observing  that  sin.  (A  +  B)  =  sin.  E,   multiplying  extremes  and 

,,..,.  ^-.„         //2.  COE.sin.DCEX 

means,  and  dividmg,  we  get  D E  =|/  ^ -r^;^^^.^  0  DE J  ' 

Example.  Let  D  A  bear  S.  20 J°  W.  ;  A  B,  N.  51  J°  W.,  8-19  ; 
B  C,  N.  73J°  E ;  and  let  it  be  required  to  part  oflf  two  acres  by  a 
fence,  D  C,  running  N".  45"*  W.  Ans.  A  B  E  =  32*56  square 
chains  ;  whence  C  D  E  =  12-56  square  chains.  Also,  A  E  =  8-37  ; 
and,  finally,  AD  =  8-37  -  5-51  =  2-86  chains. 

The  scale  of  Fig.  293  is  5  chains  to  1  inch  =  1  :  3960. 

If  the  sum  of  the  angles  at  A  and  B  were  more  than  two  right 
angles,  the  point  E  would  lie  on  the  other  side  of  A  B.  The  neces- 
sary modifications  are  apparent. 

416.  To  part  off  any  Figure.  Proceed  in  a  similar  manner  to 
that  described  in  Art.  412,  by  getting  a  suitable  trial-line,  pro- 
ducing the  sides  it  intersects,  and  then  applying  the  method  just 
given. 

D.  By  A  Line  starting  from  a  Given  Point  in  a  Side. 

417.  To  part  off  a  Triangle.  Let  it  be  required  to  cut  of  from 
a  corner  of  a  field  a  triangular  space  of  given  content,  by  a  line 
starting  from  a  given  point  on  one  of  the  sides,  A  in  the  figure, 
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the  base,  A  B,  of  the  desired  triangle  being  thus  given.  If  the 
field  be  given  on  the  ground  or  on 
a  plat,  divide  the  given  content 
by  half  the  base,  and  the  quotient 
will  be  the  height  of  the  triangle. 
Set  o£E  this  distance  from  any 
point  of  A  B,  perpendicular  to  it, 
OS  from  A  to  C  ;  from  C  set  out 
a  parallel  to  AB,  and  its  inter- 
section with  the  second  side,  as  at 
D,  will  be  the  vertex  of  the  required  triangle. 

Otherwise :  Divide  the  required  content  by  half  of  the  perpen- 
dicular distance  from  A  to  B  D,  and  the  quotient  will  be  B  D, 

If  the  field  be  given  by  the  bearings  of  two  sides  and  the 
length  of  one  of  them,  deduce  the  angle  B  (Fig.  294)  from  the 

bearings.     Then  is  B  D  =  x-is — •  -  fi  • 
°  A  B  .  sm.  B 

If  it  is  more  convenient  to  fix  the  point  D,  by  the  second 
method,  that  of  rectangular  co-ordinates,  we  shall  have  B  E  = 
B  D  .  COS.  B ;  and  E  D  =  B  D  .  sin.  B. 

The  bearing  of  A  D  is  obtained  from  the  angle  BAD,  which  is 

ED  ED  X       T,  AT^ 

known,  since  ^^r-r  =  AB'^^B  E  ^  i>  A  D. 

Example.  Eighty  acres  are  to  be  set  off  from  a  corner  of  a 
field,  the  course  A  B  being  N.  80°  W.,  sixty  chains  ;  and  the  bear- 
ing of  B  D  being  K  70°  E.  Ans.  B  D  =  53-33  ;  B  E  =  46-19  ; 
ED  =  26-67  ;  and  the  bearing  of  A  D,  N.  17°  23'  W. 

The  scale  of  Fig.  294  is  40  chains  to  1  inch  =  1  :  31680. 

If  the  field  were  right-angled  at  B,  of  course  D  B  =  —r  >.—  . 

418.  To  part  off  a  ftuadrilateraL  Imagine  the  two  converging 
sides  of  the  field  produced  to  meet,  as  in  Art.  415.  Calculate  the 
content  of  the  triangle  thus  formed,  and  the  question  will  then  be 
reduced  to  the  one  explained  in  the  last  two  articles. 


419.  To  part  off  any  Pignre. 

Otherwise,  proceed  as  follows  : 


Proceed  as  directed  in  Art.  416. 
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The  field  being  given  on  the  ground  or  on  a  plat,  find  on  which 

aide  of  it  the  required  line  will 

Fxo.  296.  ^ 

j^  end,     by    drawing    or    ranning 

^^x"^\.  "  guess-lines  *'  from    the    given 

f      j        /%.  point    to    various    angles,     and 

/     /         \v  roughly  measuring    the    content 

/  /         ^^^'^^"^^^^  *^^^  parted  off.      If,  as  in  the 

\^;^,*..'^-;^__ -^B     figure,  A  being  the  given  point, 

/^  /        the  guess-line  A  D  parts  off  less 

than  the  required  content,  and 
A  E  parts  off  more,  then  the  desired  division-line  A  Z  will  end  in 
the  side  D  E.  Subtract  the  area  parted  off  by  A  D  from  the  re- 
quired content,  and  the  difference  will  be  the  content  of  the  tri- 
angle ADZ.  Divide  this  by  half  the  perpendicular  let  fall  from 
the  given  point  A  to  the  side  D  E,  and  the  quotient  will  be  the 
base,  or  distance  from  D  to  Z. 

Or,  find  the  cpntent  of  A  D  E  and  make  this  proportion  : 
ADE  :  ADZ  ::DE  :  D  Z. 

The  field  being  given  by  bearings  and  distances,  find  as  be- 
fore, by  approximate  trials  on  the  plat,  or  otherwise,  which 
side  the  desired  line  of  division  will  terminate  in,  as  D  E  in 
the  last  figure.  Draw  AD.  Find  the  latitude  and  departure 
of  this  line,  and  thence  its  length  and  bearing.  Then  calculate 
the  area  of  the  space  this  line  parts  off,  A  B  C  D  in  the  figure, 
by  the  usual  method,  explained  in  Part  I,  Chapter  III.  Sub- 
tract this  area  from  that  required  to  be  cut  off,  and  the  remainder 
will  be  the  area  of  the  triangle  ADZ.    Then,  as  in  Art  415,  D  Z  = 

2ADZ 

AD.  sin.  ADZ' 

This  problem  may  be  executed  without  any  other  table  than 
that  of  latitudes  and  departures,  thus  :  Find  the  latitude  and  de- 
parture of  D  A,  as  before,  the  area  of  the  space  A  B  C  D,  and 
thence  the  content  of  A  D  Z.  Then  find  the  latitude  and  departure 
of  E  A,  and  the  content  of  A  D  E.  I^astly,  make  this  proportion  : 
ADE  :ADZ  ::DE  :DZ.* 


*  The  problem  may  also  be  performed  by  making  the  side  on  which  the  diTiafam- 
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Example.  In  the  field  ABODE,  etc.,  part  of  which  is  shown 
in  Pig.  295  (oh  a  scale  of  4  chains  to  1  inch  =  1  :  3168),  one  acre 
is  to  he  parted  off  on  the  west  side,  by  a  line  starting  from  the 
angle  A.  Eequired  the  distance  from  D  to  Z,  the  other  end  of  this 
dividing  line.* 

The  only  courses  needed  are  these  :  A  B,  N.  53°  W.,  1'55  ;  B  C, 
N.  20°  E,  2-00  ;  C  D,  N.  53^°  E.,  1-32  ;  D  E,  S.  57°  K,  5-79.  A 
rough  measurement  will  at  once  show  that  A  6  G  D  is  less  than  an 
acre,  and  that  ABODE  is  more  ;  hence  the  desired  line  will  fall 
on  D  E.  The  latitudes  and  departures  of  A  B,  B  0,  and  0  D  are 
then  found.  From  them  the  course  A  D  is  found  to  be  N.  8°  1'  22" 
E.,  3-634.  The  content  of  ABCD  will  be  3*19  square  chains. 
Subtracting  this  from  one  acre,  the  remainder,  6*81  square  chains, 
is  the  content  of  A  D  Z.  A  P  =  3*63  X  sin.  65°  =  3-29.  Dividing 
A  D  Z  by  half  of  this,  we  obtain  D  Z  =  4*14  chains. 

By  the  second  method,  the  latitude  and  departure  of  D  A,  the 
area  of  A  B  0  D,  and  of  A  D  Z,  being  found  as  before,  we  next  find 
the  latitude  and  departure  of  E  A  from  those  of  A  D  and  D  E,  and 
thence  the  area  of  A  D  E  =  9 '53.  Lastly,  we  have  the  proportion 
9-53  :  6-81  :  :  5*79  :  D  Z  =  414,  as  before. 


E.  Bt  a  Link  passing  thbouoh  a  Giybn  Point  within  the  Field. 


420.  To  part  off  a  Triangle. 
Let  P  be  a  point  within  a  field 
through  which  it  is  required  to 
run  a  line  so  as  to  part  off  from 
the  field  a  given  area  in  the  form 
of  a  triangle. 

When  the  field  is  given  on 

line  is  to  fall,  a  meridian,  and  changing 
the  bearings.  The  difference  of  the  new 
def>arturea  will  be  the  departure  of  the 
division-line.  Its  position  can  then  be 
easily  determined. 

•  If  the  whole  field  has  been  surveyed 
and  balanced,  the  balanced  latitudes  and 
departures  should  be  used.  We  will  here 
suppose  the  survey  to  have  proved  per- 
fectly correct. 


Fig.  296. 
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the  ground  or  on  a  plat,  the  division  can  be  made  by  conetmction, 

thus :  Divide  the  giv^en  area  by  half  of  the  perpendicular  distance 

from  P  to  A  C,  and  set  off  the  quotient  from  C  to  G.      Bisect 

G  C  in  H.     From  P  draw  P  E,  parallel  to  the  side  B  C.     On  H  E 

describe  a  semicircle.     On  it  set  off  E  K  =  E  C.      Join  K  H.     Set 

off  H  L  =  H  K.     The  line  L  M,  drawn  from  L  through  P,  will 

be  the  division-line  required.*    If  H  K  be  set  off  in  the  contrary 

direction,  it  will  fix  another  line  L'  P  M',  meeting  C  B  produced, 

and  thus  parting  off  another  triangle  of  the  required  content. 

Demonstration.  By  constraction,  G  P  C  =  the  required  content.  Now, 
G  P  0  =  G  D  G,  since  they  have  the  same  base  and  equal  altitudes.  We  have 
now  to  prove  that  L  M  G  =  G  D  0.  These  two  triangles  have  a  common 
angle  at  G.  Hence,  they  are  to  each  other  as  the  rectangles  of  the  adjacent 
sides — i.  e., 

GDG:LMG::GOxGD::LGx  GM. 
Here  G  M  is  unknown,  and  must  be  eliminated.    We  ohtain  an  expression  for 
it  hy  means  of  the  similar  triangles  L  M  G  and  L  E  P,  which  give 
LE:LG::EP  =  GD:GM. 

C  D  X  L  O 

Hence,  G  M  =  — _     - — .     Substituting  this  value  of  G  M  in  the  first  pro- 

portion,  and  canceling  G  D  in  the  last  two  terms,  we  get 

GDG:LMG::GG:  ^';  orGDG:LMG::GGx  LE:LG«. 

L  G*  =  (L  H  +  H  G)»  =  L  H*  +  2  LH  X  n  G  +  n  G\ 
But,  by  construction, 

LH«=HK>=UE''-EK«=nE«-EC«=(HE+EG)(HE-EO)=HG(HE-EG). 
Also,  GG  =  2  H  G ;  and  LE  =  L  H  +  H  E. 

Substituting  these  values  in  the  last  proportion,  it  becomes 
GDG:LMG::2.HG(LH  +  HE):  H  G  (HE-E  G) +2LHx  H  G+HG\ 
:;2LH  +  2HE         :HE-EG  +  2LH  +  HG. 

:HE-EG  +  2LH  +  HE  +  E0. 
:2HE  +  2LH. 
The  last  two  terms  of  this  proportion  are  thus  proved  to  be  equal.     There- 
fore, the  first  two  terms  are  also  equal — ^i.  e.,  LMG  =  GDG  =  the  required 
content. 

Since  H  K  =  i^  (H  E*  —  E  K*),  it  will  have  a  negative  as  well  as  a  posi- 
tive value.  It  may  therefore  be  set  off  in  the  contrary  direction  from  L — 
i.  e.,  to  L'.  The  line  drawn  from  L'  through  P,  and  meeting  0  B  produced 
beyond  B,  will  part  oW  another  triangle  of  the  required  content. 

Example.  Let  it  be  required  to  part  off  31 '175  acres  by  a  fence 
passing  through  a  point  P,  the  distance  P  D  of  P  from  the  side 

*  As  some  lines  in  the  figure  are  not  used  in  the  construction,  though  needed  for 
the  demonstration,  the  student  should  draw  it  himself  to  a  Urge  scale. 
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B  C,  measured  parallel  to  A  C,  being  6  chains,  and  D  C  18  chains. 
The  angle  at  C  is  fixed  by  a  "  tie-line  "  A  B  =  48-00,  B  0  being 
42-00,  and  0  A  being  30-00.  Ans. 
C  L  =  27-31  chains,  or  C  U  =  7*69 
chains. 

The  figure   is   on   a  scale  of   20 
chains  to  1  inch  =  1  :  15840. 

If  the  angle  of  the  field  and  the 
position  of  the  point  P  are  given  by 
bearings  or  angles,  proceed  thus  : 
Find  the  perpendicular  distances,  P  Q 
and  P  K,  from  the  given  point  to 
the  sides,  by  the  formulas  P  Q  =  P  C  .  sin.  P  C  Q  ;  and  P  R  = 
P  C  .  sin.  P  C  R.     Let  P  Q  =  g,  P  R  =  j»,  and  the  required  con- 

'"jD       V  \p'      ^sin.  LCM/' 

Demonstration,    Suppose  the  line  L  M  drawn.     Then,  by  Art.  61,  note, 

the  required  content,  (;  =  ^.OLxCM.  sin.  L  C  M.     This  content  will  also 

equal  the  sum  of  the  two  triangles  LOP  and  M  C  P— i.  e.,  c  =  J.OLx/?  + 

2  6 
1 .  C  M  X  0".    The  first  of  these  equations  gives  C  M  =  — — — ; — ^-Tm  • 

Snbetitnting  this  in  the  second  equation,  we  have 

<5=|.  CL  X/?  +  — f^T  n\f  • 

0  L  .  sin.  L  C  M 
Whence,  |/?.  OL* .  sin.  LOM  +  cj^  =c  .  OL  .  sin.  LCM. 

Transposing  and  dividing  by  the  coefficient  of  0  L',  we  get 

p  p  .  sm.  C  L  M 

P  y  Xp^  p.  sin.  L  C  M/  • 
If  the  given  point  is  outHde  of  the  lines  G  L  and  0  M,  conceive  the  de- 
sired line  to  be  drawn  from  it,  and  another  line  to  join  the  given  point  to 
the  comer  of  the  field.  Then,  as  above,  get  expressions  for  the  two  triangles 
thus  formed,  and  put  their  sum  equal  to  the  expression  for  the  triangle  which 
comprehends  them  both,  and  thence  deduce  the  desired  distance,  nearly  as 
above. 

Example.  Let  the  angle  L  C  M  =  82*^.  Let  it  be  required  to 
part  off  the  same  area  as  in  the  preceding  example.  Let  P  C  = 
19-75,  P  C  Q  =17°  30f,  P  C  R  =  64°  29^.  Required  C  L.  Ans. 
PQ=  5-94,  PR  =  17-82,  and  therefore,  by  the  formula,  CL  = 
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27*31,  or  CL'  =  7*69;  corresponding  to  the  graphical  solution 
The  figure  is  on  the  same  scale. 

If  the  given  point  were  without  the  field,  the  division-line  could 
be  determined  in  a  similar  manner. 

421.  To  part  off  a  ftoadrilateral.  Conceive  the  two  sides  of  the 
field  which  the  division-line  will  intersect,  D  A  and  C  B,  produced 
till  they  meet  at  a  point  0,  not  shown  in 
the  figure.  Calculate  the  triangle  thus 
formed  outside  of  the  field.  Its  area,  in- 
creased by  the  required  area,  will  be  that 
of  the  triangle  E  F  G.  Then  the  problem 
is  identical  with  that  in  the  last  article. 
The  following  example  is  that  given  in 
Gummere's  '*  Surveying."  The  figure  rep- 
resents it  on  a  scale  of  20  chains  to  1  inch 
=  1  :  15840. 

Example.  A  field  is  bounded  thus  :  N.  14«>  W.,  15-20  ;  N.  70^** 
E.,  20-43  ;  8.  6°  E.,  22-79  ;  N.  86^^°  W.,  18-00.  A  spring  within 
it  bears  from  the  second  comer  8.  75"*  E.,  7*90.  It  is  required  to 
cut  off  10  acres  from  the  west  side  of  the  field  by  a  straight  fence 
through  the  spring.  How  far  will  it  be  from  the  first  comer  to 
the  point  at  which  the  division-fence  meets  the  fourth  side  ?  Ans. 
4*6357  chains. 


422.  To  part  off  any  Figure. 
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Let  it  be  required  to  part  off  from 
a  field  a  certain  area  by  a  line 
passing  through  a  given  point 
P  within  the  field.  Bun  a 
guess  -  line  A  B  through  P. 
Calculate  the  area  which  it 
parts  off.  Call  the  difference 
between  it  and  the  required 
area  =  d.  Let  C  D  be  the  de- 
sired line  of  division,  and  let 
P  represent  the  angle,  A  PC 
or  B  P  D,  which  it  makes  with  the  given  line.  Obtain  the  angles 
PAC  =  A,  and  PBD  =  B,  either   by   measurement,    or  by   de- 
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duction  from  bearings.     Measure  P  A  and  P  B.     Then  the  desired 
angle  P  will  be  given  by  the  following  formula: 

Cot.  P  =  -  i  (cot.  A  +  cot.  B  -  ^-c^^^^  )  =»= 

/A  P* .  cot.  B  -  B  P* .  cot.  A         ^    .         ^  ^  , 
cot.  A  .  cot.  B  + 


w- 


2d 


l(cot.A+cot.B--^^;^^^)']. 


If  the  guess-line  be  run  so  as  to  be  perpendicular  to  one  of  the 
Bides  of  the  field,  at  A,  for  example,  the  preceding  expression  re- 
duces to  the  following  simpler  form  : 

/  A  P'  —  T^  P»\ 

Cot.  P=  -i(cot.  B-  ^^^-^)  ± 

/rAPV  cot.  B  ^  ,  /    ,   ^        AP«-  B  P*V1 
VI 2d +  iK  » 2d )  -I- 

Demonstration,  The  difference  d^  between  the  areas  parted  off  by  the 
gness-line  A  B,  and  tlie  required  line  0  D,  is  equal  to  the  difference  between 
the  triangles  A  P  0  and  B  P  D. 

By  Art  61,  note,  the  triangle  AP 0  =  1 .  A  P» .  f^f.ij^^l'^Z . 

Similarly,  the  triangle  B PD  =  1 .  B P«  »^°'  ^  •  ^'^V  g . 

sm.  (B  +  P) 

J      t     A  T>«  sin*  A  sin.  P      ,  t,  t>«    sin.  B  .  sin.  P 

•■•  '^  =  *-^P  Bin.(A  +  P)-*^^  •  8ia.(B+P)- 

By  the  expression  for  sin.  (a  +  h)  [Trigonometry,  Art.  8],  we  have 

<?=i  A P'  sin.  A  .  sin.  P ^  p^  sin.  B  .  sin.  P 


sin.  A .  COS.  P + sin.  P .  cos.  A  '  sin.  B .  cos.  P + sin.  P.  cos.  B 

cos    €b 

Dividing  each  fraction  by  its  namerator,  and  remembering  that  —  * —  = 

siu.  a 

=  cot.  a,  we  have 

^  ^ i  AP^ \  B P«_ 

cot.  P  +  cot.  A        cot.  P  +  cot.  B  * 
For  convenience,  let  p  =  cot.  P ;  a  =  cot.  A ;  and  h  =  cot.  B.    The  above 
equation  will  then  read,  multiplying  both  sides  by  2, 

^  + A      p  -^-h 
Clearing  of  fractions,  we  have 

^dp^+^dap^'^dhp-k-'ldal^p.AY^^.  I.  AP«-;?.  BP»-a  .  B  P«, 
Transposing,  dividing  through  by  2  d^  and  separating  into  factors,  we  get 
.       /    ^-       AP«-BP«\         ft.AP«-o.BP«        - 

,/     ^,       AP«-BP^\^    ,  r&.AP«-a.BP» 
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-  aJ  +  }  ^a  +  ft  - 


AP«-BP' 


2<2 


?)■], 


If  A  =  90^,  cot.  A  =  0;  and  the  expression  redaces  to  the  simpler  form 
given  in  the  article. 

Examph.  It  was  required  to  cut  off  from  a  field  twelve  acres 
by  a  line  passing  through  a  spring  P.  A  guess-line,  A  B,  was  run 
making  an  angle  with  one  side  of  the  field,  at  A,  of  55°,  and  with 
the  opposite  side,  at  B,  of  81°.  The  area  thus  cut  off  was  found 
to  be  13*10  acres.  From  the  spring  to  A  was  9*30  chains,  and  to 
B  3*30  chains.  Required  the  angle  which  the  required  line,  C  D, 
must  make  with  the  guess-line,  A  B,  at  P.  Aiis,  20°  45' ;  or 
—  86°  25'.     The  heavy  broken  line,  C  D',  shows  the  latter. 

The  scale  of  the  figure  is  10  chains  to  1  inch  =  1  :  7920. 

If  the  given  point  were  outside  of  the  field,  the  calculations 
would  be  similar. 

F.  Bt  the  Shobtbst  Possible  Limb. 
423.  To  part  off  a  Triangle.     Let  it  be  required  to  part  off  a 
triangular  space,  BDE,  of  given  content,  from 
the  corner  of  a  field,  ABC,  by  the  shortest  pos- 
sible line,  D  E. 

From   B  set  off  BD  and  BE  each  equal  to 

|/^?_^J?^^  V     The  line  D  E  thus  obtained  will 

be  perpendicular  to   the  line,  B  F,  which    bi- 
sects   the    angle    B.      The    length    of    D  E  = 
y(2^DBE.  sin.  B) 
COS.  J^^B 

DemouBtration  Conceive  a  perpendicular,  B  F,  to  be  let  fall  from  B  to 
the  required  line  D  E.  Let  B  represent  the  angle  D  B  E,  and  /3  the  unknown 
angle  DBF.  The  angle  B  D  F  =  90°  —  /3 ;  and  the  angle  B  E  F  =  90°  ~ 
(B  —  3)  =  90°  —  B  +  /8.  By  Art.  61,  note,  the  area  of  the  triangle  D  B  E 
s=lDE*    ^I'^^^^-S'^-^^I^^  ,     r)E«    s»P-  (90°— /3)  sin.  (00°—B+/3) 

*         .*8in.(BDE'-|-BED)"**  '  sin.  B 


Fio.  800. 


Hence,  DE's 


2  X  DBE  X  sin.  B 


2  X  D  B  E  X  sin.  B 


sin.  (90°—  /3) .  (sin.  (90°—  B  +  Z^)       cos.  fi  .  cos.  (B  —  /3) 

Now,  in  order  that  D  E  may  be  the  least  possible,  the  denominator  of 

the  last  fraction  must  be  the  greatest  possible.     It  may  be  transformed,  by 

the  formula,  cos.  a  .  cos.  ft  =  i  cos.  {a  -\-  h)  ■\-  \ ,  cos.  (a  —  h)  [Trigonometry, 

Art.  8],  into  i  cos.  B  +  ^  .  cos.  (B  —  2  ^),    Since  B  is  constant,  the  value  of 
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this  expression  depends  on  its  second  term,  and  that  will  be  the  greatest  pos- 
uible  when  B  —  2  /3  =  0,  in  which  case  /3  =  i  B. 

It  hence  appears  that  the  reqalred  line  D  £  is  perpendicular  to  the  line, 
B  F,  which  bisects  the  given  angle  B.  This  gives  the  direction  in  which 
D  £  i;3  to  be  run. 

Its  starting-point,  D  or  £,  is  found  thus :  The  area  of  the  triangle  D  B  £ 
=:  i  B  D  .  B  £  .  sin,  B.    Since  the  triangle  is  isosceles,  tliis  becomes 

DBE=iBDV8in.B;  whence  B  D  =  ^/f-^^-^  V 

r    \  sm.  B   / 

D  E  is  obtained  from  the  expression  for  D  £',  which  becomes,  making  /3=}  B, 

^-.,      2xDB£x8in.  B       ,  ..  _,       f  (2  .  DBE  .  sin.  B) 

D  £•  = --=-  ,  whence,  D  £  =  — ^^ i- . 

COS.  \  B  .  cos.  i  B  COS.  i  B 

Example.  Let  it  be  required  to  part  off  1-3  acre  from  the  cor- 
ner of  a  field,  the  angle,  B,  being  30°.  Ana.  B  D  =  B  E  =  7*21  ; 
and  DE  =  3-73. 

The  scale  of  the  figure  is  10  chains  to  1  inch  =  1  :  7920. , 

G.  Land  of  Yariablb  Value. 

424.  Let  the  figure  represent  a  field  in  which  the  knd  is  of  two 
qualities  and  values,  divided  by  the  ^'  quality-line  " 
EF.     It  is  required  to  part  off  from  it  a  quantity         ^*®'  ^^' 
of  land  worth  a  certain  sum,  by  a  straight  fence 
parallel  to  A  B. 

Multiply  the  value  per  acre  of  each  part  by 
its  length  (in  chains)  on  the  line  AB,  add  the 
products,  multiply  the  value  to  be  set  off  by  10, 
divide  by  the  above  sum,  and  the  quotient  will  be 
the  desired  breadth,  B  C  or  A  D,  in  chains. 

Demonstration,  Let  a  =  value  per  acre  of  one  portion  of  the  land, 
and  b  that  of  the  other  portion.    Let  x  =  the  width  required,  BO  or  AD. 

Then  the  value  of  B  0  F  £=  a  x  ?-^ ,  and  the  value  of  A  D  F  £  =  J  x 

10 

X  X  A£ 

10 

Putting  the  sum  of  these  equal  to  the  value  required  to  be  parted  off,  we 

,  ^  .  value  required  x  10 

obtain  X  = — -~ — ^-- . 

a  X  BE  +  &  X  A  E 

Example.  Let  the  land  on  one  side  of  E  P  be  worth  |5200  per 
acre,  and  on  the  other  side  $100.  Let  the  length  of  the  former, 
B  E,  be  10  chains,  and  E  A  be  30  chains.     It  is  required  to  part  off 
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a  quantity  of  land  worth  $7,500.  Ans.  The  width  of  the  desired 
strip  will  be  15  chains. 

The  scale  of  the  figure  is  40  chains  to  1  inch  =  1  :  31680. 

If  the  ^^  quality-line  "  be  not  perpendicular  to  A  B,  it  may  be 
made  so  by  ^'giving  and  taking,"  or  as  in  the  article  following 
this  one. 

The  same  method  may  be  applied  to  land  of  any  number  of 
different  qualities  ;  and  a  combination  of  this  method  with  the 
preceding  problems  will  solve  any  case  which  may  occur. 

H.  Stbaiohtenino  Cbookbd  Fekges. 

425.  It  is  often  required  to  substitute  a  straight  fence  for  a 
crooked  one,  so  that  the  former  shall  part  off  precisely  the  same 
quantity  of  land  as  did  the  latter.     This  can  be  done  on  a  plat  by 

FxQ.  S02. 


the  method  given  in  Art.  76,  by  which  the  irregular  figure  1...2... 
3.. .4.. .5  is  reduced  to  the  equiyalent  triangle  1...5...3',  and  the 
straight  line  5.. .3'  therefore  parts  off  the  same  quantity  of  land  on 
either  side  as  did  the  crooked  one.  The  distance  from  1  to  3',  as 
found  on  the  plat,  can  then  be  set  out  on  the  ground  and  the 
straight  fence  be  then  ranged  from  3'  to  5. 

The  work  may  be  done  on  the  ground  more  accurately  by  run- 

Fio.  808. 


ning  a  guess-line,  AC,  Fig.  303,  across  the  bends  of  the  fence 
which  crooks  from  A  to  B,  measuring  offsets  to  the  bends  on  each 
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side  of  the  guess-line,  and  calculating  their  content.  If  the  sums 
of  these  areas  on  each  side  of  A  G  chanced  to  he  equal,  that 
would  he  the  line  desired  ;  but  if,  as  in  the  figure,  it  passes  too  far 
on  one  side,  divide  the  difference  of  the  areas  by  A  C,  and  set  off 
the  quotient  at  right  angles  to  A C,  from  A  to  D.  DC  will  then 
be  a  line  parting  off  the  same  quantity  of  land  as  did  the  crooked 
fence.  If  the  fence  at  A  was  not  perpendicular  to  A  C,  but  oblique, 
as  A  E,  then  from  D  run  a  parallel  to  A  C,  meeting  the  fence  at  E, 
and  EC  will  be  the  required  line. 

BIVIBIKa  UP  LAND. 

426.  Most  of  the  problems  for  ^'dividing  up"  land  may  be 
brought  nnder  the  cases  in  the  preceding  articles,  by  regarding  one 
of  the  portions  into  which  the  figure  is  to  be  divided  as  an  area 
to  be  ^'parted  off"  from  it.  Many  of  them,  however,  can  be  most 
neatly  executed  by  considering  them  as  independent  problems,  and 
this  will  be  here  done.  They  will  be  arranged,  first,  according 
to  the  simplicity  of  the  figure  to  be  divided  up,  and  then  sub- 
arranged,  according  to  the  manner  of  the  division. 

Division  of  Triangles. 

427.  By  Lines  parallel  to  a  Side.  Suppose  that  the  triangle 
ABC  is  to  be  divided  into  two  equivalent 
parts  by  a  line  parallel  to  AC.  The  desired 
point,  D,  from  which  this  line  is  to  start, 
will  be  obtained  by  measuring  B  D  =  A  B  -v^ 
f    So,  too,  E  is  fixed  by  B  E  =  B C  Vi- 

Generally,  to  divide  the  triangle  into  two 
parts,  B  D  E  and  A  C  E  D,  which  shall  have  to  each  other  a  ratio 

=  m  :n,  we  have  B  D  =  A  B  /i/  — i — . 

f   rn-Y-  n 

Fig.  806.  This  may  be  constructed  thus  :   Describe  a 

semicircle  on  A  B  as  a  diameter.    From  B  set  off 

B  F  =  .  B  A.     At  F  erect  a  perpendicular 

meeting  the  semicircle  at  O.     Set  off  B  G  from 
B  to  D.     D  is  the  starting-point  of  the  division 
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Fio.  806. 


line  required.     In  the  figure,  the  two  parts  are  as  2  to  3,  and 
B  F  is  therefore  =  |  B  A. 

To  divide  the  triangle  ABC  into  five  equivalent  parts,  we 
should  have,  similarly,  B  D  =  A  B  \/^  ; 
BD'=  AB  VI;BD'  =  ABVt;  BD'" 
=  ABVf 

The  same  method  will  divide  the  tri- 
angle into  any  desired  number  of  parts 
having  any  ratios  to  each  other. 

428.  By  Lines  perpendicular  to  a  Side. 
Suppose  that  A  B  G  is  to  be  divided  into 
two  parts  having  a  ratio  =  w  :  n,  by  a  line  perpendicular  to  A  C. 
Let  E  F  be  the  dividing  line  whose  po- 
sition is  required.     Let  B  D  be  a  per- 
pendicular let   fall  from   B   to  A  C. 

Then  is   A  E  =  J  (k  C  X  A  D  X 

''*     ).  Inthisfigure,AFE:EFBC 
m  -Y  n/ 

:  :  w  :  »  :  :  1  :  2. 

If  the  triangle  had  to  be  divided  into  two  equivalent  parts,  the 

above  expression  would  become  AE=  /^^(j^ACxA  D). 

Demonstration,    By  hypothesis,  AEFiEFBO::  m:  n;  whence  A  E  F: 

ABO:  :  m:  m  +  n;    and  AEF=ABO  = .  -  . 

m  +  n  2  f»  +  n 

Also,  AEF  =  i.AExEF. 

The  similar  triangles  A  E  F  and  A  BD  give  AD:DB::AE:EF  = 

D  B  X  A  E 

—  .    The  second   expression  for  A  E  F  then  becomes  A  E  F  = 

A  D 


iAE. 


DB  X  AE 


A  I) 


ACxDB 


Equating  this  with  the  other  value  of  A  E  F,  we  have 
AE'xDB 


-?-  =  i^_^_!.x^.whenceAE  =  v^/AOxADx-^-V 
m+n         2.  AD    *  V  \  m  +  n/ 


429,  By  Lines  running  in  any  Given  Bireetion.  Let  a  triangle, 
A  B  C,  be  given  to  be  divided  into  two  parts,  having  a  ratio  =  m  :  », 
by  a  line  making  a  given  angle  with  a  side.     Part  off,  as  in  Art 

413  or  414,  Fig.  292,  an  area  B  F  G  =  — "—  .ABC. 
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Fig.  308. 


480.  By  Lines  startiiig  from  an  Angle.  Divide  the  side  oppo- 
site to  the  given  angle  into  the  required  num- 
ber of  parts,  and  draw  lines  from  the  angle 
to  the  points  of  division.  In  the  figure  the 
triangle  is  represented  as  being  thus  divided 
into  two  equivalent  parts. 

If  the  triangle  were  required  to  be  divided 
into  two  parts,  having  to  each  other  a  ratio  = 


fw  :  n,  we  should  have  A  D  =  A  C 


m 


and  D  C  =  A  0  ' 


n 


Fig.  809. 


If  the  triangle  had  to  be  divided  into  three 
parts  which  should  be  to  each  other  :  :  m  :  « 

m 


we  should  have  A  D  =  A  C 

D  E  =  A  0 
P 


m 


m  +  /i+j^' 


and  E  C  =  A  0 


w  +  n-^-p 
Suppose  that  a  triangular  field,  ABC,  had  to  be  divided  among 
five  men,  two  of  them  to  have  a  quarter  each,  and  three  of  them 
each  a  sixth.  Divide  AC  into  two  equal  parts,  one  of  these  again 
into  two  equal  parts,  and  the  other  one  into  three  equal  parts. 
Bun  the  lines  from  the  four  points  thus  obtained  to  the  angle  B. 


431.  By  Lines  starting  from  a  Point  in  a  Side.  Suppose  that 
the  triangle  A  B  C  is  to  be  divided  into  two 
equivalent  parts  by  a  line  starting  from  a  point 
D  in  the  side  AC.  Take  a  point  E  in  the 
middle  of  A  C.  Join  B  D,  and  from  E  draw 
a  parallel  to  it,  meeting  A  B  in  P.  D  F  will 
be  the  dividing  line  required. 

The  point  P  will  be  most  easily  obteined 
on  the  ground  by  the  proportion  AD  :AB  ::AE  =  JAC  :AP. 

The  altitude  of  A  P  D  of  course  equals  ^ABC-5-^AD. 

If  the  triangle  is  to  be  divided  into  two  parts  having  any  other 
ratio  to  each  other,  divide  A  C  in  that  ratio,  and  then  proceed  as 


before.     Let  this  ratio  =  m  :  n,  then  A  F  = 


ABX  AJD 
AD 


m 
w  +  w' 
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Demonstration.  In  Fig.  310,  conceive  the  line  E  B  to  be  drawn.  The 
triangle  A£B  =  }ABO.  having  the  same  altitude  and  lialf  the  base ;  and 
A  F  D  =  A  E  B,  because  of  the  equivalency  of  the  triangles  E  F  D  and  E  F  B, 
which,  with  A  E  F,  make  up  A  F  D  and  A  E  B. 

The  point  F  is  fixed  bj  the  similar  triangles  A  D  B  and  A  E  F. 

The  expression  for  A  F,  in  the  last  paragraph,  is  given  by  the  proportion, 

ABO:ADF::ABxAO:ADxAF; 

^„      ABxAOADF       AB  x  AC       m 
whence,  A  F  = 


AD         ABC 


AD 


+  n 


Fig.  3U. 


KH 


Next  suppose  that  the  triangle  A  B  G  is  to  be  divided  into  fhrss 

equivalent  parts,  meeting  at  D.  The 
altitudes,  E  F  and  O  H,  of  the  parts 
A  D  E  and  D  C  G,  will  be  obtained  by 
dividing  J  ABC,  by  half  of  the  re- 
si^ctive  bases  A  D  and  D  0. 

If  one  of  these  quotients  gives  an 
altitude  greater  than  that  of  the  tri- 
angle ABC,  it  will  show  that  the  two  lines  D E  and  D 6  would 
both  cut  the  same  side,  as  in  Fig.  312,  in 
which  E  F  is  obtained  as  above,  and  G  H 
=  f  ABC-^iAD. 

In  practice  it  is  more  convenient  to 
determine  the  points  F  and  G,  by  these 
proportions  : 

BK  :  AK  ::EF  :  AF;  andBK  :  AK 
::GH:  AH. 
The  division  of  a  triangle  into  a  greater  number  of  parts,  hav- 
ing any  ratios,  may  be  effected  in  a  similar  manner. 

This  problem  admits  of  a  more  elegant  solution,  analogous  to 

that  given  for  the  division  into  two 
parts,  graphically.  Divide  AC  into 
three  equal  parts  at  L  and  M.  Join 
B  D,  and  from  L  and  M  draw  parallels 
to  it,  meeting  A  B  and  B  G  in  E  and 
G.  Draw  E  D  and  G  D,  which  will 
be  the  desired  lines  of  division.  The  figure  is  the  same  triangle 
as  Fig.  311. 

The  points  E  and  G  can  be  obtained  on  the  ground  by  measnr- 


H  K 


Fig.  318. 
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Fio.  315. 


iDg  A D  and  A B,  and  making  the  proportion  AD  :  A B  :  :  |  A G  : 
AE.     The  point  G  is  similarly  obtained. 

The  same  method  will  divide  a  triangle  into  a  greater  number 
of  parts. 

To  divide  a  triangle  into  four  equivalent  triangles  by  lines 
terminating  in  the  sides,  is  very  easy. 
From  D,  the  middle  point  of  A  B,  draw 
D  E  parallel  to  A  C,  and  from  F,  the 
middle  of  AC,  draw  FD  and  F  E. 
The  problem  is  now  solved. 

432.  By  Lines  passing  through  a  Point 
within  the  Triangle.     Let  D  be  a  given  point  (such  as  a  well,  etc.) 

within  a  triangular  field  ABC,  from 
which  fences  are  to  run  so  as  to  divide 
the  triangle  into  two  equivalent  parts. 
Join  A  D.  Take  E  in  the  middle  of  B  C, 
and  from  it  draw  a  parallel  to  D  A,  meet- 
ing A  C  in  F.  E  D  F  is  the  fence  required. 
If  it  be  required  to  divide  a  trian- 
gle into  two  equivalent  parts  by  a  straight  line  passing  through 
a  point  within  it,  proceed  thus  :  Let  P  be  the  given  point.  From 
P  draw  PD  parallel  to  AC,  and 
PE  parallel  to  BC.  Bisect  AC 
at  F.  Join  F  D.  From  B  draw 
BG  parallel  to  DF.  Then  hi- 
sect  G  C  in  H.  On  H  E  de- 
scribe a  semicircle.  On  it  set  off 
E  K  =  E  C.  Join  K  H.  Set  off 
H  L  =  H  K.  The  line  L  M  drawn 
from  L,  through  P,  will  be  the 
division-line  required. 

This  figure  is  the  same  as  that 
of  Art.  416.  The  triangle  ABC 
contains  62-35  acres,  and  the  dis- 
tance CL  =  27*31  chains,  as  in 
the  example  in  that  article. 


Fio.  316. 
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433.  Next  suppose  that  the  triangle  A  B  G  is  to  be  divided  into 
three  equivalent  parts  by  lines  starting 
from  a  point  D,  within  the  triangle, 
given  by  the  rectangular  co-ordinates 
A  E  and  E  D.  Let  E  D  be  one  of  the 
lines  of  division,  and  F  and  G  the 
other  points  required.  The  point  P 
will  be  determined  if  A  K  is  known ; 

A  H  and  H  F  being  its  rectangular  co-ordinates.     From  B  let  fall 

the  perpendicular  B  K  on  A  G. 

-,       .    .„       AK(IABG-AExED)      ^,  .^.        ,  ^, 

ThenisAH=     aE  X  BK^E^D^^K   '     The  position  of  the 

other  point,  G,  is  determined  in  a  similar  manner. 

Demorutration.    Let  AE  =  a?,  ED  =  y,  AH  =  fl?',  HF  =  y',  AK  =  a, 

The  quadrilateral  A  F  D  E,  eqnivalent  to  )^  A  B  0,  bnt  which  we  will 
represent  generally  by  m',  is  made  up  of  the  triangle  A  F  H  and  the  trape- 
zoid F  H  E  D. 

A  F  H  =  i  .  ar'  y'.  F  H  E  D  =  1  (ar  -  «')  (y  +  y ')• 

/.  AFDE  =  m»  =  i  .  a-'y'  +  i  (z  -  a?')  (y  +  y')  =  J  «  (y  +  y)  -  J  x'y. 
The  Bimilar  triangles,  A  H  F  and  A  £  B,  gi^e 

a  :  ft  : :  «' :  y'  =  — . 
a 

Sabstitnting  this  value  of  y'  in  the  expression  for  m\  we  have 

/        hx\ 


whence, 


,  _  a(2m*'^xy)  _  AK  (f  A  B  0  ~  A  E  x^E  D) 


hx^ay  KBxAE— AKxED 

The  formnia  is  general,  whatever  may  be  the  ratio  of  the  area  m*  to  that 
of  the  triangle  ABC. 


Let  D  B,   instead  of  D  E,   be  one  of  the  required  lines  of 
division.      Divide  J  A  B  G  by 
half  of  the  perpendicular  D  H,  ^'<*-  ^^®- 

let  fall  from  D  to  A  B,  and  the 
quotient  will  be  the  distance 
BF.  To  find  G,  if,  as  in  this 
figure,  the  triangle  B  D  C  (= 
B  C  X  J  D  K)  is  less  than  \ 
ABC,  divide  the  excess  of  the    '^  ~~^tr^ 
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latter  (which  will  be  C  D  G)  by  J  D  E,  and  the  quotient  will 
be  CG. 

Example.  Let  A  B  =  30-00  ;  B  C  =  45-00  ;  C  A  =  50-00.  Let 
the  perpendiculars  from  D  to  the  sides  be  these:  DE±:  10*00; 
DH  =  20-00;  DK  =  5-17i.  The  content  of  the  triangle  ABC 
will  be  666*6  square  chains.  Each  of  the  small  triangles  must 
therefore  contain  222*2  square  chains,  BD  b^ing  one  diyision-line. 
We  shall  therefore  have  B  F  =  222*2  h-  J  D  H  =  22*2  chains. 
BDC=45XiX  5*17^  =  116*4  square  chains,  not  enough  for  a 
second  portion,  but  leaving  105*8  square  chains  for  C  D  G  ;  whence 
C  G  =  21*16  chains.  To  prove  the  work,  calculate  the  content  of 
the  remaining  portion,  GDP  A.  We  shall  find  DGA  =  144*2 
square  chains,  and  ADF=78-0  square  chains,  making  together 
222*2  square  chains,  as  required. 

The  scale  of  Fig.  318  is  30  ch^ns  to  1  inch  =  1  :  23760. 

434.  The  preceding  case  may  be  also  solved  graphically,  thus : 
Take  C  L  =  ^  A  C.  Join  D  L, 
and  from  B  draw  B  G  parallel 
tx>  D  L.  Join  D  G.  It  will  be 
a  second  line  of  division.  Then 
take  a  pointy  M,  in  the  middle 
of  B  G,  and  from  it  draw  a  line, 
M  F,  parallel  to  DA.  DF  wiH 
be  the  third  line  of  division. 
This  method  is  neater  on  paper  than  the  preceding,  but  less  con- 
venient on  the  ground. 

Demonstration.  In  Fig.  819  D  G  is  a  second  line  of  division,  because, 
drawing  B  L,  the  triangle  B  L  C  =  }  A  B  0 ;  and  B  D  G  C  is  equivalent  to 
BL  0,  because  of  the  common  part  BOLD,  and  the  equivalency  of  the  tri- 
angles D  L  G  and  D  L  B. 

To  prove  that  D  F  is  a  third  line  of  division,  join  M  D  and  M  A.  Then 
BMA  =  JBGA.  From  B  M  A  take  M  F  A  and  add  its  equivalent  MFD, 
and  we  have  MDFB=iBGA  =  J(ABDG  — BDG)  =  J(^ABC- 
BDG)  =  i  AB  0  —  J  B  D  G.  To  M  DFB  add  MDB,  and  add  its  equiva- 
lent, I  B  D  G,  to  the  other  side  of  the  equation,  and  we  have 
MDFB  +  MDB  =  iABO-iBDG  +  jBDG;  or,  BDF  =  iABO. 

436.  Let  it  be  required  to  divide  the  triangle  ABC  into  three 
equivalent  triangles,  by  lines  drawn  from  the  three  angular  points 
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Fio.  320. 


Fio.  821. 


to  some  unknown  point  within  the  triangle.     This  point  is  now  to 

be  found.  On  any  side,  as  A  B,  take 
AD  =  iAB.  From  D  draw  D E  par- 
allel to  A  C.  The  middle,  F,  of  D  E, 
is  the  point  required. 

If  the  three  small  triangles  are  not 
to  be  equivalent,  but  are  to  have  to 
each  other  the  ratios  ::  972  :  n  :/?,  di- 
vide a  side,  AB,  into  parts  having  these  ratios,  and  through 
each  point  of  division,  D,  E,  draw  a 
parallel  to  the  side  nearest  to  it. 
The  intersection  of  these  parallels,  in 
F,  is  the  point  required.  In  the  fig- 
ure the  parts  ACF,  ABF,  BCF, 
are  as  2  :  3  :  4. 

436.  Let  it  be  required  to  find  the 

position  of  a  point,  D,  situated  within  a  given  triangle,  ABC, 

and  equally  distant  from  the  points, 
A,  B,  C  ;  and  to  determine  the  ratios 
to  each  other  of  the  three  triangles 
into  which  the  given  triangle  is  di- 
vided. 

By  construction,  find  the  center  of 
the  circle  passing  through  A,  B,  C. 
This  will  be  the  required  point. 

By  calculation,  the  distance  DA  =  DB  =  DC=    . .-^  ^ . 

4:  X  area  a  d  \j 

The  three  small  triangles  will  be  to  each  other  as 

the  sines   of   their    angles  at  D — i.  e.,  A  D  B  : 

A  D  C  :  B  D  0  : :  sin.  A  D  B  :  sin.  ADC:  sin. 

li  D  C.     These  angles  are  readily  found,  since  the 

sine  of  half  of  each  of  them   equals  the  opposite 

side  divided  by  twice  one  of  the  equal  distances. 

437.  By  the  Shortest  Possible  Line.    Ijet  it  be 
required  to  divide  the  triangle  A  B  C  by  the  short-  * 


Fio.  822. 


Fio.  828. 
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est  possible  line,  D  E,  into  two  parts,  which  shall  be  to  each 
other  ::r/i:«;orDBE:ABC::w:7w  +  n. 

From  the  smallest  angle,  B,  of  the  triangle,  measure  along  the 

sides,  B  A  and  B  C,  a  distance  B  D=BE=|/r^~^  X  A  BxB  cj. 

D  E  is  the  line  required.     It  is  perpendicular  to  the  line  BF  which 
bisects  the  angle  ABC;  and  it  is 

=  >^B    V(_^XABXBC). 
cos.  t  B  y  \w  +  ^  ^ 

The  formulas  are  obtained  from  Art.  419. 


Division  of  Rectangles, 

438.  By  Lines  parallel  to  a  Side.  Divide  two  opposite  sides 
into  the  required  number  of  parts,  either  equal  or  in  any  given 
ratio  to  each  other,  and  the  lines  joining  the  points  of  division  will 
be  the  lines  desired. 

The  same  method  is  applicable  to  any  parallelogram. 

Example.  A  rectangular  field  A  B  C  D,  measuring  15-00  chains 
by  8*00,  is  bought  by  three  men, 
who  pay  respectively  $300,  $400, 
and  $500.  It  is  to  be  divided 
among  them  in  that  proportion. 
Ans.  The  portion  of  the  first, 
A  E  E'B,  is  obtained  by  making  the 
proportion  300  +  400  +  500  :  300 
::  15-00  :  A  E  =  3-75.     E  F  is  in 

like  manner  found  to  be  5-00  ;  and  PD  =  6-25.  BE'  is  made 
equal  to  AE  ;  E'F  to  EP;  and  FC  to  PD.  Fences  from  E  to 
E',  and  from  F  to  P',  will  divide  the  land  as  required. 

The  scale  of  the  figure  is  10  chains  to  1  inch  =  1  :  7920. 

The  other  modes  of  dividing  up  rectangles  will  be  given  under 
the  head  of  '*  Quadrilaterals,"  Art.  443,  etc. 

Division  of  Trapezoids. 

489.  By  Lines  parallel  to  the  Bases.  Given  the  bases  and  a 
third  side  of  the  trapezoid,  A  B  C  D,  to  be  divided  into  two  parts, 
such  that  BCPE:EFDA::w:n. 
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The  length  of  the  desired  dividing  line, 

rrX.    A'  .  T,^        AB(EF-BC) 

The  distance  B  E  = t\t^ — vv-^ — ^. 

AD  —  BC 

DemoTMtratian.  In  Fig.  825,  conoeive  the  sides 
A  B  and  D  G,  produced,  to  meet  in  some  point  P. 
Then,  by  reason  of  the  similar  triangles,  A  D  P : 
B  0  P  :  :  A  D*  :  B  0",  whence,  by  **  division," 
ADP-BOP  =  ABOD:BCP::AD'- 
B  C» :  B  0«. 

In  like  manner,  comparing  E  F  P  and  B  C  P, 
we  get  E  B  0  F  :  B  0  P  :  E  F«  -  B  €•  :  B  C\ 
Combining  these  two  proportions,  we  have 
A  B  C  D  :  E  B  0  F  : :  A  D«  -  B  C* :  E  P  -  BC» ; 
or,  w  +  n  :  f?» : :  A  D«  -  B  C  :  E  F*  -  B  C«. 

Whence,   (m  +  w)  E  F»  —  m  .  B  C  —  »  BC«  =  m  . 
AD«-m.BO*; 


E  F  =  A/(y^^^'  +  nxBCy 


Also,  from  the  similar  triangles  formed  by  drawing  B  L  parallel  to  C  D,  we 
have 

AL:EK::BA:BE=?>^?-^  =  M^^-?,C). 

AL  AD  —  BC 

Example.  Let  A  D  =  30  chains  ;  B  C  =  20  chains  ;  and  A  B  = 
54^  chains  ;  and  the  parts  to  be  as  1  to  2  ;  required  E  F  and  B  E. 
Am.  EF  =  23-80  ;  and  B  fi  =  20-65. 

The  figure  is  on  a  scale  of  30  chains  to  1  inch  =  1:  23760. 

440.  Given  the  bases  of  a  trapezoid,  and  the  perpendicular  dis- 
tance, B  H,  between  them  ;  it  is  required  to  divide  it  as  before, 
and  to  find  E  F,  and  the  altitude,  B  O^  of  one  of  the  parts.     Let 

BCFE  :EFDA  ::wi  :n.     Then  BG  =  -  J^^3^  + 

/r    ^      ^2x  ABCDXBH      /BOj^BHx'l 
Vlm  +  n^         AD^BU         "•"VAD-BCy    J' 

EF=BC+BGx^^3^^. 

Demonstration.    Let  BEFO  =  — ^— .  ABOD  =  a;  letBC  =  *;  BH 

m  +  n 

ssh;  and  A  D  —  B  0  =  c.     Also,  let  B  G  =  « :  and  E  F  =  y.    Draw  B  L 

parallel   to  C  D.     By  similar    triangles,  AL:£K::BA:BE::BH: 


Digitized  by  VjOOQIC 


DIVIDING   UP  LAND. 

BG;or,  AD--BC:EF-BO::BH:BG;i.e.,  c:y-J::A;x; 

,  A  (y  -  *) 

whence  x  =  — ^ . 

c 

Also,  the  area  BEFO  =  a  =  f.BG(EF  +  BO)  =  Jaj(y  +  &);  whence 

Substituting  this  value  of  y  in  the  expression  for  x^  and  reducing,  we  obtain 

«*  + a;  = :  whence  we  have  a?  = ±4/1 h /. 

tf  e  c        f    \     e  e'  J 

The  second  proportion  above  gives  y  —  J  =  ^  ;  whence  y  =  5  +  —  .  a?. 

Replacing  the  symbols  by  their  lines,  we  get  the  formulas  in  the  text. 

Example.  Let  A  D  =  30-00 ;  B  C  =  20-00 ;  B  H  =  54-00  ;  and 
the  two  parts  to  be  to  each  other  :  :  46  :  89. 

The  above  data  give  the  content  of  A  B  C  D  =  1,350  square 
chains.  Substituting  these  numbers  in  the  above  formula,  we  ob- 
tain B  G  =  20-96,  and  E  P  =  23-88. 

441.  By  LineB  starting  bom  Points  in  a  Side.  To  divide  a 
trapezoid  into  parts  equivalent,  or  having  any  ratios,  divide  its  par- 
allel sides  in  the  same  ratios,  and  join  the  corresponding  points. 

If  it  be  also  required  that  the  division-lines  shall  start  from 
given  points  on  a  side,  proceed 
thus  :  Let  it  be  required  to  ^  ^^^* 

divide  the  trapezoid  A  B  C  D  ^ 

into  three  equivalent  parts  by  / 

fences  starting  from  P  and  Q.  / 

Divide  the  trapezoid,  as  above  / 

directed,  into  three  equivalent         / 
trapezoids    by  the  lines  E  P     ^ 
and  6  H.     These  three  trap- 
ezoids must  now  be  transformed,  thus :  Join  E  P,  and  from  P 
draw  P  E  parallel  to  it.     Join  P  E,  and  it  will  be  one  of  the  divis- 
ion-lines required. 

The  other  division-line,  Q  S,  is  obtained  similarly.* 

44S.  Other  Cases.  For  other  cases  of  dividing  trapezoids,  apply 
those  for  quadrilaterals  in  general,  given  in  the  following  articles. 

*  If  a  line  be  drawn  joining  the  middle  points  of  the  parallel  bases  of  a  trapc- 
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F:q.  327. 
G 


Division  of  Qnadrilatertds. 
443.  By  Lines  parallel  to  a  Side.    Let  A  B  C  D  be  a  quadri- 
lateral which  it  is  required  to  divide,  by  a  line  E  F,  parallel  to 

A  D,  into  two  parts,  B  E  F  C 
and  EFD  A,  which  shall  be 
to  each  other  as  m  :  n.  Pro- 
long A  B  and  C  D  to  inter- 
sect in  G.  Let  a  be  the 
area  of  the  triangle  A  D  G, 
obtained  by  any  method, 
graphical  or  trigonometrical, 
and  a'  =  the  area  of  the  tri- 
angle B  C  G,  obtained  by 
D  subtracting  the  area  of  the 
given  quadrilateral  from  that 

of  the  triangle  AD G.  Then  GK  ===  G  H  ^(J^J^+^/)  .  Hav- 
ing measured  this  length  of  G  K  from  G  on  G  H,  set  off  at  K  a 
perpendicular  to  G  K,  and  it  will  be  the  required  line  of  division. 

Demomtration.    In  Fig.  827,  since  E  F  is  parallel   to   A  D,  we  have 
A  D  G  :  E  G F  : :  G  H«  :  G  K».     E G  F  is  tnude  up  of  tlie  triangle  B  OG  =  a\ 


tL 


ABCD=  - 


m 


f»  +  » 


(a-aO. 


and  the  quadrilateral   BEFO  =  — 

m  +  n 

Hence  the  above  proportion  becomes 

a-.a'  ^-  -'^  (o  -  a') : :  G  \V  :  G  K» ;  or, 
w  +  n 

(m  +  n)  a  :  ma^-na' : :  GI1« :  G  K»;  whence  GK  =  G  H  J {^^-'^^\  . 

G  E  is  given  by  the  proportion  Gn:GK::GA:GE=GA.  ^?  . 

G  H 

In  Fig.  328,  the  division  into  p  parts  is  founded  on  the  same  principle. 

ThetriangleEFG  =  GBC  +  EFCB  =  a'-f -.     Now  ADGiEFG:: 

P 

AG":EG»;  or,  o'  +  Q:a'  +  —  ::  AG»:EG»; 

P 


whence  G  E  =  A  G 


Va'+Q  / 


zoid,  awy  Urn  drawn  through  the  middle  of  the  first  line,  and  intersecting  the  bases, 
will  divide  the  trapezoid  into  two  er^uivalent  parts. 
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2Q 
G  L  is  obtained  by  taking  the  triangle  L  M  G  =  o'  +  — ;  and  so  for  the 

P 
rest. 

Otherwise,  take  G  E  =  G  A  4/  (f^^.    ^,^)  ;  and  from  E  run 

y    ^111+  n)  fl/ 

a  parallel  to  A  D. 

If  the  two  parts  of  the  quadrilateral  were  to  be  equivalent, 

m  =  w,  and  we  have  6  K  =  G  H  ^/  \^ — )  >  ^^^  consequently 
G  E  to  G  A  in  the  same  ratio. 

Example.  Let  a  quadrilateral,  A  B  C  D,  be  required  to  be  thus 
divided,  and  let  its  angles,  B  and  C,  be  given  by  rectangular  co- 
ordinates, viz.,  A  B'  =  6-00  ;  B'  B  =  9-00 ;  D  C  =  800  ;  C  C  = 
13-00;  B;C'  =  24-00.  Here  G  H  is  readily  found  to  be  2964; 
A  D  G  =  563-16  square  chains  ;  and  B  G  C  =  220*16  square  chains. 
Hence,  by  the  formula,  G K  =  24*72  ;  whence  KH  =  GH— GK 
=  4*92  ;  and  the  abscissas  for  the  points  E  and  F  can  be  obtained 
by  a  simple  proportion. 

The  scale  of  the  figure  is  20  chains  to  1  inch  =  1  :  15840. 

If  the  quadrilateral  be  given  by  bearings,  part  off  the  desired 

*^*  =  ,7^-  ABCD,  by  y,^328. 

the  formulas  of  Art.  403. 

Suppose  now  that  a  quad- 
rilateral, A  B  C  D,  is  to  be  di- 
vided intoj9  equivalent  parts, 
by  lines  parallel  to  A  D. 
Measure,  or  calculate  by  trig- 
onometry, A  G.  Let  Q  be 
the  quadrilateral  ABCD,  and,  as  before,  a'  =  B  C  G.     Then 

GE  =  AGi/]^'+;^[  ;  GL 


GN  =  AG4/'|^  +  y  J;  etc. 


If  the  quadrilateral  be  given  by  bearings,  part  off  -  .  A  B  0  D, 
then  part  off  —  .  ABCD,  etc.  ;  so  in  any  similar  case. 
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M4L  By  Lines  perpendionlar  to  a  Side.    Let  A  B  C  D  be  a 

quadrilateral  which  is  to  be  divided,  by 

a  line  perpendicular  to  A  D,  into  two 

c  parts  having  a  ratio  =  w  :  n.     By  hy- 

N  ._    ..^„  m 


FiQ.  829. 
E 


pothesis,  A  B  E  F  = 


ABCD. 


of 
to 


m  +  n 
Taking  away  the  triangle  A  B  G,  the 
remainder^  G  B  E  F,  will  be  to  the  rest 
the  figure  in  a  known  ratio,  and  the  position  of  EF,  parallel 
BG,  will  be  found  as  in  the  last  article. 


446.  By  Lines  running  in  any  Given  Direotion.    To  divide  a 
quadrilateral  ABCD  into  two  parts  :  :m  :  n,  part  off  from  it  an 

area  =  -  ^  .ABCD,  by  the  methods  of  Art.  407  or  408,  if 

the  area  parted  off  is  to  be  a  triangle,  or  Art.  409  if  the  area  parted 
off  is  to  be  a  quadrilateral. 


446.  By  Lines  starting  from 
an  Angle.  A  B  G  D  is  to  be  di- 
vided, by  the  line  C  E,  into  two 
parts  having  the  ratio  m  :  n. 
h>ince  the  area  of  the  triangle 
m 


Fio.  S80. 


CDE  = 


.ABCD,    D  E 


will  be  obtained  by  dividing  this  area  by  half  of  the  altitude  C  F. 

447.  By  Lines  starting  from  Points  in  a  Side.  Liet  it  be  re- 
quired to  divide  ABCD  into  two 
parts  :  :  771  :  w,  by  a  line  starting 
from  the  point  E.     The  area  A  B  F  E 

is  known  (beins:  =  --    —  .    ABCD) 

as  also  ABE;  AB,  BE,  and  EA 

being  given  on  the  ground.     B  E  F 

will    then   be  known  =  A  B  F  E  — 

B  E  F 
ABE.     Then  G F  =  t-re '   *^^    ^^^   point  F  is  obtained    by 
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Fig.  882. 


running  a  parallel  to  B  E,  at  a  perpendicular  distance  from  it 
=  GP. 

To  divide  a  quadrilateral,  A  B  C  D,  graphically,  into  two  equiv- 
alent  parts  by  a  line  from  a  point, 
E,  on  a  side,  proceed  thus  :  Draw  the 
diagonal  C  A,  and  from  B  draw  a 
parallel  to  it,  meeting  D  A  prolonged 
in  F.  Mark  the  middle  point,  G,  of 
FD.  Join  GE.  From  0  draw  a 
parallel  to  EG,  meeting  DA  in  H. 
E  H  is  the  required  line.  The  quad- 
rilateral could  also  be  divided  in  any  ratio  =  wi  :  w,  by  dividing 
FD  in  that  ratio. 

If  the  quadrilateral  be  given  by  bearings,  proceed  to  part  off  the 
desired  area,  as  in  Art.  412  or  413. 


448.  Let  it  be  required  to 

Fio.  888. 
H 


B 


divide  a  quadrilateral,  A  B  C  D,  into 
three  equivalent  parts. 
From  any  angle,  as  C, 
draw  C  E,  parallel  to  D  A. 
Divide  AD  and  E  C,  each 
into  three  equal  parts,  at 
F,  F',  and  G,  G'.  Draw 
BF,  BF.  From  G  draw 
G  H,  parallel  to  F  B,  and 
from  G'  draw  G'  H',  par- 
allel to  F'  B.      F  H  and 


F'  H'  are  the  required  lines 
Let  it  be  required  to 
make  the  above  division  by 
lines  starting  from  two  given 
points,  P  and  Q.  Reduce 
the  quadrilateral  to  an  equiv- 
alent  triangle  C  B  E.  Divide 
E  B  iuto  three  equal  parts  at 
F  and  G.  Join  C  Q,  and, 
from   G,  draw  G  K  parallel 


of  division. 


Pio.  834. 
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to  it.     Join  C  P,  and  from  P  draw  F  L  parallel  to  it.     Join  P  L 
and  Q  E,  and  they  will  be  the  division-lines  required. 

449.  By  Lines  pawing  throngli  a  Point  witbin  the  Figure. 

Proceed  to  part  off  the  desired  area  as  in  Art.  416  or  417,  accord- 
ing to  the  circumstances  of  the  case. 

Division  of  Polygons. 
460.  By  Lines  running  in  any  Direction.    Let  ABCDEFG 

be  a  given  polygon,  and  B  H  the 
direction  parallel  to  which  is  to 
be  drawn  a  line  P  Q,  dividing 
the  polygon  into  two  parts  in 
any  desired  ratio  =  m  :  ».     The 

areaPCDEQ=-^-.  ABC 

m-\-n 

D  E  F  G.  Taking  it  from  the 
area  B  C  D  E  H,  the  remainder 
will  be  the  area  B  P  Q  H.  The 
quadrilateral  B  C  E  H,  C  E  being 

supposed  to  be  drawn,  can  then  be  divided  by  the  method  of  Art. 

443  into  two  parts,  B  P  Q  H  and  P  Q  E  C,  having  to  each  other 

a  known  relation. 

If  D  K  were  the  given  direction,  at  right  angles  to  the  former, 

the  position  of  a  dividing  line  RS  could  be  similarly  obtained. 

Fio.  886. 
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461.  By  Lines  starting  from  an  Angle.  Produce  one  side^  A  B, 
of  the  given  polygon,  both  ways,  and  reduce  the  polygon  to  a  sin- 
gle equivalent  triangle,  X  Y  Z.  Then  divide  the  base,  X  Y,  in  the 
required  ratio,  as  at  W,  and  draw  Z  W,  which  will  be  the  division- 
line  desired.  In  this  figure  the  polygon  is  divided  into  two  equiva- 
lent parts. 

If  the  division- line  should  pass  outside  of  the  polygon,  as  does 
Z  P,  through  P  draw  a  parallel  to  B  Z,  meeting  the  adjacent  side 
of  the  polygon  in  Q,  and  Z  Q  will  be  the  division-line  desired. 


462.  By  Lines  starting  from  a  Point  on  a  Side. 
414  and  415. 


See  Articles 


Fio.  887. 


463.  By  Lines  passing  through  a  Point  within  the  Figure.  Part 
off,  as  in  Art.  416  or  418,  if  a  straight  line  be  required,  or  by 
guess-lines  and  the  addition  of  triangles,  as  in  Art.  433,  if  the 
lines  have  merely  to  start  from  the  point,  such  as  a  spring  or  well. 

464.  Other  Problems.  The  following  is  from  Gummere's  "  Sur- 
veying" :  Question.  A  tract  of  laud  is  bounded  thus  :  N".  35^°  E., 
23-00  ;  N.  75i°  E.,  30-50  ;  S.  3^°  E.,  46*49  ;  N.  66^°  W.,  49-64. 
It  is  to  be  divided  into  four  equivalent  parts  by  two  straight  lines, 
one  of  which  is  to  run  parallel  to  the 

third  side  ;  required  the  distance  of  the 
parallel  division-line  from  the  first  corner, 
measured  on  the  fourth  side  ;  also  the 
bearing  of  the  other  division-line,  and  its 
distance  from  the  same  corner  measured 
on  the  first  side.  Arts.  Distance  of  the 
parallel  division-line  from  the  first  corner, 
32-50  ;  the  bearing  of  the  other,  S.  88° 
22'  E.  ;  and  its  distance  from  the  same 
comer  5-99. 

The  scale  of  the  figure  is  40  chains  to  1  inch  =  1  :  31680. 

An  indefinite  number  of  problems  on  this  subject  might  be  pro- 
posed, but  they  would  be  matters  of  curiosity  rather  than  of  utility, 
and  exercises  in  geometry  and  trigonometry  rather  than  in  survey- 
ing. 

20 
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Fio.  888. 


Digitized  by  VjOOQIC 


CHAPTER  VII. 

THE  PUBLIC  LANDS   OF  THE   UNITED   STATES.* 

465.  Oeneral  System.  The  public  lands  of  the  IJiiited  States 
of  America  are  generally  divided  and  laid  out  into  squares  (ap- 
proximately), the  sides  of  which  run  truly  north  and  south,  or 
east  and  west. 

This  is  effected  by  means  of  meridian  lines  and  parallels  of  lati- 
tude, established  six  miles  apart.  The  squares  thus  formed  are 
called  Townships.  They  contain  36  square  miles,  or  23,040  acres, 
*'  as  nearly  as  may  be.'*  A  principal  meridiaUy  running  due  north 
and  south,  and  a  base-line,  running  due  east  and  west,  are  first 
established  astronomically,  and  the  half-mile,  mile,  and  six-mile 
corners  are  permanently  marked  on  them.  These  two  lines  form 
the  basis  of  all  the  subsequent  subdivision  into  townships  and  sec- 
tions. All  of  the  lines  on  the  public  surveys,  except  these  two  and 
the  standard  parallels,  are  run  with  compass  and  chain. 

The  map.  Fig.  338,  represents  a  portion  of  the  State  of 
Oregon  thus  laid  out.  The  scale  is  10  miles  to  1  inch  =  1  : 
633600.  On  it  will  be  seen  the  "  Willamette  meridian,"  running 
truly  north  and  south,  and  a  "  base-line,"  which  is  a  "  parallel  of 
latitude,"  running  truly  east  and  west.  Parallel  to  these,  and  six 
miles  from  them,  are  other  lines,  forming  townships.  All  the 
townships,  situated  north  or  south  of  each  other,  form  a  range. 
The  ranges  are  named  by  their  number  east  or  west  of  the  princi- 
pal meridian.     In  the  figure  are  seen  three  ranges  east  and  west  of 

*  Arts.  465  to  462  of  this  chapter  are  mainly  taken  from  "  Instructions  to  the  Sur* 
▼eyor-General  of  Oregon,  being  a  Manual  for  Field  Operations,"  prepared,  in  March, 
1861,  by  John  M.  Moore,  Principal  Clerk  of  Surveys. 
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the  Willamette  meridian.  They  are  noted  as  R,  I.  R,  R.  L  W., 
etc.  The  townships  in  each  range  are  named  by  their  number 
north  or  south  of  the  base-line.  In  the  figure,  along  the  principal 
meridian^  are  seen  four  north  and  five  south  of  the  base-line.  They 
are  noted  as  T.  1  N.,  T.  2  N.,  T  1  S.,  etc.* 

Each  township  is  divided   into  36  sections,  each  one  mile 
square,  and  therefore  containing,  ''as 
nearly  as  may  be,"  640  acres.     The  sec- 
tions in  each  township  arc  numbered, 
as  in  the  margin,  from  1  to  36,  begin- 
ning at  the    northeast    angle   of    the 
township,  and  going  west  from  1  to  6, 
then  east  from  7  to  12,  and  so  on  alter- 
nately to  section  36,  which  will  be  in 
the  southeast    angle  of  the  township. 
The  sections  are  subdiyided  into  quar- 
ter-sections, half  a  mile  square,  and  containing  160  acres,  and  some- 
times into  half-quarter-sections  of  80  acres,  and  quarter-quarter- 
sections  of  40  acres. 

By  this  beautiful  system,  the  smallest  subdivision  of  land  can 
be  at  once  designated  ;  such  as  the  northeast  quarter  of  section  31, 
in  township  two  south,  in  range  two  east  of  Willamette  meridian. 


W 


6 

5 

4  8 

2 

1 

1  7 

8 

9  10 

11 

12 

•  18 

17 

16  15 

14 

13 

:  19 

20 

21  22 

23 

24 

80 

29, 

28 '  27 

26 

20 

31 

32 

33|34 

36 

36 

466.  Difficulty.  **  The  law  requires  that  the  lines  of  the  public 
surveys  shall  be  governed  by  the  true  meridian,  and  that  the  town- 
ships shall  be  six  miles  square^— two  things  involving  in  connection 
a  mathematical  impossibility — ^for,  strictly  to  conform  to  the  me- 
ridian, necessarily  throws  the  township  out  of  square,  by  reason  of 
the  convergency  of  meridians  ;  hence,  adhering  to  the  true  meridian 
renders  it  necessary  to  depart  from  the  strict  requirements  of  law 
as  respects  the  precise  area  of  townships,  and  the  subdivisional 
parts  thereof,  the  township  assuming  something  of  a  trapezoidal 
form,  which  inequality  develops  itself,  more  and  more  as  such,  the 
higher  the  latitude  of  the  surveys.  In  view  of  these  circumstances, 
the  law  provides  that  the  sections  of  a  mile  square  shall  contain 

♦  The  marks  Oi  + »  and  Ai  merely  refer  to  the  dates  of  the  surveys.  They  are 
sometimes  used  to  point  out  lauds  offered  for  sale,  or  reserved,  etc. 
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the  quantity  of  640  acres,  as  nearly  as  may  be;  and,  moreover, 
provides  that,  '  in  all  cases  where  the  exterior  lines  of  the  town- 
ships, thus  to  be  subdivided  into  sections  or  half-sections,  shall 
exceed,  or  shall  not  exceed,  six  miles,  the  excess  or  deficiency  shall 
be  specially  noted,  and  added  to  or  deducted  from  the  western  or 
northern  ranges  of  sections  or  half-sections  in  such  township,  ac- 
cording as  the  error  may  be  in  running  the  lines  from  east  to  west, 
or  from  south  to  north/" 

*^  In  order  to  throw  the  excesses  or  deficiencies,  as  the  case  may 
be,  on  the  north  and  on  the  west  sides  of  a  township,  according  to 
law,  it  is  necessary  to  survey  the  section-lines  from  south  to  north 
on  a  true  meridian,  leaving  the  result  in  the  northern  line  of  the 
township  to  be  governed  by  the  convexity  of  the  earth  and  the  con- 
vergency  of  meridians." 

Thus,  suppose  the  land  to  be  surveyed  lies  between  46°  and  47° 
of  north  latitude.  The  length  of  a  degree  of  longitude  in  latitude 
46°  N.  is  taken  as  48*0705  statute  miles,  and  in  latitude  47°  N, 
as  47*1944.  The  difference,  or  convergency  per  square  degree  = 
0*8761  =  70*08  chains.  The  convergency  per  range  (8  per  degree 
of  longitude)  equals  one  eighth  of  this,  or  8*76  chains;  and  per 
township  (11^  per  degree  of  latitude)  equals  the  above  divided  by 
m — i.  e.,  0*76  chain.  We  therefore  know  that  the  width  of  the 
townships  along  their  northern  line  is  76  links  less  than  on  their 
southern  line.  The  townships  north  of  the  base-line  therefore  be- 
come naiTower  and  narrower  than  the  six-mile  width  with  which 
they  start,  by  that  amount. 

**  Standard  Parallels  (usually  called  correction-lines)  are 
established  at  stated  intervals  of  30  miles,*  to  provide  for  or  coun- 
teract the  error  that  otherwise  would  result  from  the  convergency 
of  meridians  ;  and,  because  the  public  surveys  have  to  be  governed 
by  the  true  meridian,  such  lines  serve  also  to  arrest  errors  arising 
from  inaccuracies  in  measurements.  Such  lines,  when  lying  north 
of  the  principal  base,  themselves  constitute  a  ba^e  to  thfe  surveys 
on  the  north  of  them." 

The  convergency  or  divergency  above  noticed  is  taken  up  on 

*  They  are  now  placed  24  miles  apart. 
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these  correction-lines^  from  which  the  townships  start  again  with 
their  proper  widths.  On  these^  therefore,  there  are  found  double 
cornersy  both  for  townships  and  sections,  one  set  being  the  closing 
corners  of  the  surveys  ending  there,  and  the  other  set  being  the 
standard  corners  for  the  surveys  starting  there. 

Auxiliary  Meridians.  These  are  run  north  and  south  from 
the  base-line,  at  intervals  of  twenty-four  miles,  or  four  townships. 

467.  Suiming  Townihip-Linei.  ^'  The  principal  meridian,  the 
base-line,  and  the  standard  parallels,  having  been  first  astronomi- 
cally run,  measured,  and  marked,  according  to  instructions,  on 
true  meridians,  and  true  parallels  of  latitude,  the  process  of  run- 
ning, measuring,  and  marking  the  exterior  lines  of  townships  will 
be  as  follows  : 

Townships  situaied  north  of  the  base-Urn  and  west  of  the 
principal  meridian,*  Commence  at  Station  No.  1,  being  the 
southwest  corner  of  T.  1  N. — R.  1  W.,  as  established  on  the  base- 
line ;  thence  run  north,  on  a  true  meridian  line,  480  chains,  estab- 
lishing the  mile  and  half-mile  comers  thereon,  as  per  instructions, 
to  No.  2  (the  northwest  corner  of  the  same  township),  whereat 
establish  the  comer  of  Tps.  1  and  2  N. — Rs.  1  and  2  W.  ;  thence 
eastf  on  a  random  or  trial  line,  setting  temporary  mile  and  half- 
mile  stakes  to  No.  3  (the  northeast  comer  of  the  same  township), 
where  measure  and  note  the  distance  at  which  the  line  intersects 
the  eastern  boundary,  north  or  south  of  the  true  or  established 
comer.  Run  and  measure  westward,  on  the  true  line  (taking  care 
to  note  all  the  land  and  water  crossings,  etc.,  as  per  instructions), 
to  No.  4,  which  is  identical  with  No.  2,  establishing  the  mile  and 
half-mile  permanent  corners  on  said  line,  the  last  half-mile  of 
which  will  fall  short  of  being  forty  chains,  by  about  the  amount  of 
the  calculated  convergency  per  township,  76  links  in  the  case  above 
supposed.  Should  it  ever  happen,  however,  that  such  random  line 
materially  falls  short,  or  overrans  in  length,  or  intersects  the  east- 
ern boundary  of  the  township  at  any  considerable  distance  from 
the  true  corner  thereon  (either  of  which  would  indicate  an  im- 

*  The  suireyor  should  prepare  a  diagram  of  the  townships,  with  the  numbers 
here  referred  to,  in  their  proper  places,  as  here  indicated. 
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portant  error  in  the  surveying),  the  lines  must  be  retraced,  even  if 
found  necessary  to  remeasure  the  meridional  boundaries  of  the 
township  (especially  the  western  boundary),  so  as  to  discover  and 
correct  the  error  ;  in  doing  which,  the  true  corners  must  be  estab- 
lished and  marked,  and  the  false  ones  destroyed  and  obliterated,  to 
prevent  confusion  in  future  ;  and  aU  the  facts  must  be  distinctly 
set  forth  in  the  notes.  Thence  proceed  in  a  similar  manner  north, 
from  No.  4  to  No.  5  (the  N.  W.  comer  of  T.  2  N.— R.  1  W.),  east 
from  No.  5  to  No.  6  (the  N.  E.  corner  of  the  same  township),  west 
from  No.  6  to  No.  7  (the  same  as  No.  6),  north  from  No.  7  to  No. 

8  (the  N.  W.  corner  of  T.  3  N.,  R.  1  W.),  east  from  No.  8  to  No. 

9  (the  N.  E.  comer  of  the  same  township,  and  thence  west  to  No. 

10  (the  same  as  No.  8),  or  the  southwest  comer  T.  4  N. — R  1  W. 
Thence  north,  still  on  a  tme  meridian  line,  establishing  the  mile 
and  half-mile  comers,  until  reaching  the  standard  parallel  or 
correction-line  (which  is  here  four  townships  north  of  the  base- 
line) ;  throwing  the  excess  over,  or  deficieney  under,  four  hundred 
and  eighty  chains,  on  the  last  half-mile,  according  to  law,  and  at 
the  intersection  establishing  the  "closing  corner,"  the  distance 
of  which  from  the  standard  comer  must  be  measured  and  noted  as 
required  by  the  instructions.  But  should  it  ever  so  happen  that 
some  impassable  barrier  will  have  prevented  or  delayed  the  exten- 
sion of  the  standard  parallel  along  and  above  the  field  of  present 
survey,  then  the  surveyor  will  plant,  in  place,  the  corner  for  the 
township,  subject  to  correction  thereafter,  should  such  parallel  be 
extended. 

Townships  situated  north  of  the  baseline,  and  bast  of  the 
principal  meridian.  Commence  at  No.  1,  being  the  southeast  cor- 
ner of  T.  1  N. — R.  1  E.,  and  proceed  as  with  townships  situated 
"  north  and  west,"  except  that  the  random  or  trial  lines  will  be 
run  and  measured  west,  and  the  true  lines  east,  throwing  the  ex- 
cess over  or  deficiency  under  four  hundred  and  eighty  chains  on 
the  west  end  of  the  line,  as  required  by  law  ;  wherefore,  the  sur- 
veyor will  commence  his  measurement  with  the  length  of  the  de- 
ficient or  excessive  half-section  boundary  on  the  west  of  the  town- 
ship, and  thus  the  remaining  measurements  will  all  be  even  miles 
and  half-miles. 
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468.  Suming  Seetion-Liiiet.  The  interior  or  sectional  lines  of 
all  townships,  however  situated  in  reference  to  the  basb  and  me- 
ridian lines,  are  laid  off  and  suryeyed  as  below : 
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In  the  above  diagram,  the  squares  and  large  figures  represent 
sections,  and  the  small  figures  at  their  corners  are  those  referred  to 
in  the  following  directions  : 

'^  Commence  at  No.  1  (see  small  figures  on  the  diagram),  the 
corner  established  on  the  township  boundary  for  sections  1,  2,  35, 
and  36  ;  thence  run  north  on  a  true  meridian  ;  at  40  chains  setting 
the  half-mile  or  quarter-section  post,  and  at  80  chains  (No.  2) 
establishing  and  marking  the  corner  of  sections  25,  26,  35,  and  36. 
Thence  east,  on  a  random  line,  to  No.  3,  setting  the  temporary 
quarter-section  post  at  40  chains,  noting  the  measurement  to  No. 
3,  and  the  measured  distance  of  the  random's  intersection  north  or 
south  of  the  true  or  established  comer  of  sections  25,  36,  30,  and 
31,  on  the  township  boundary.  Thence  correct,  west,  on  the  tnu 
line  to  No.  4,  setting  the  quarter-section  post  on  this  line  exactly 
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at  the  equidistant  point,  now  known,  between  the  section  comers 
indicated  by  the  small  figures  Nos.  3  and  4.  Proceed,  in  like 
manner,  from  No.  4  to  No.  5,  6  to  6,  6  to  7,  and  so  on  to  No.  16, 
the  corner  to  sections  1,  2,  11,  and  12.  Thence  north  on  a  ran- 
dom line,  to  No.  17,  setting  a  temporary  quarter-section  post  at  40 
chains,  noting  the  length  of  the  whole  line,  and  the  measured  dis- 
tance of  the  random's  intersection  eaRt  or  west  of  the  true  corner 
of  sections  1,  2,  35,  and  36,  established  on  the  township  boundary  ; 
thence  southwardly  from  the  latter,  on  a  true  line,  noting  the 
coarse  and  distance  to  No.  18,  the  established  corner  to  sections 
1,  2,  11,  and  12,  taking  care  to  establish  the  quarter-section  corner 
on  the  true  line,  at  the  distance  of  40  chains  from  said  section 
corner,  so  as  to  throw  the  excess  or  deficiency  on  the  northern  half- 
mile,  according  to  law.  Proceed  in  like  manner  through  all  the 
intervening  tiers  of  sections  to  No.  73,  the  comer  to  sections  31, 
32,  6,  and  6  ;  thence  north,  on  a  true  meridian  line,  to  No.  74, 
establishing  the  quarter-section  corner  at  40  chains,  and  at  80 
chains  the  corner  to  sections  29,  30,  31,  and  32  ;  thence  east,  on  a 
random  line  to  No.  75,  setting  a  temporary  quarter-section  post  at 
40  chains,  noting  the  measurement  to  No.  75,  and  the  distance  of 
the  random's  intersection  north  or  south  of  the  established  corner 
of  sections  28,  29,  32,  and  33 ;  thence  west  from  said  corner,  on 
the  true  line,  setting  the  quarter-section  post  at  the  equidistant 
point,  to  No.  76,  which  is  identical  with  74 ;  thence  west,  on  a 
random  line,  to  No.  77,  and  setting  a  temporary  quarter-section 
post  at  40  chains,  noting  the  measurement  to  No.  77,  and  the  dis- 
tance of  the  random's  intersection  with  the  western  boundary, 
north  or  south  of  the  established  comer  of  sections  25,  36,  30,  and 
31 ;  and  from  No.  77,  correct,  eastward,  on  the  tme  line,  giving 
its  course,  but  establishing  the  quarter-section  post,  on  this  line 
so  as  to  retain  the  distance  of  40  chains  from  the  comer  of  sections 
29,  30,  31,  and  32  ;  thereby  throwing  the  excess  or  deficiency  of 
measurement  on  the  most  western  half-mile.  Proceed  north,  in  a 
similar  manner,  from  No.  78  to  79,  79  to  80,  80  to  81,  and  so 
on  to  96,  the  southeast  corner  of  section  6,  where  haying  estab- 
lished the  comer  for  sections  5,  6,  7,  and  8,  ran  thence,  success- 
ively, on  random  line  east  to  95,  north  to  97,  and  west  to  99  ;  and 


Digitized  by  VjOOQIC 


308  LAND-SURVEYING. 

by  reverse  courses  correct  on  true  lines  bach  to  said  southeast 
corner  of  section  6,  establishing  the  quarter-section  corners,  and 
noting  the  courses,  distances,  etc.,  as  before  described. 

"In  the  townships  xorth  of  the  principal  base-line,  which 
close  on  the  standard  parallel,  the  sectional  lines  must  be  closed 
on  the  standard  by  true  meridians,  instead  of  by  course-lines,  as 
directed  under  the  above  head  for  townships  otherwise  situated; 
and  the  connections  of  the  closing  comers  with  the  pre-established 
standard  corners  are  to  be  ascertained  and  noted.  Such  procedure 
does  away  with  any  necessity  for  running  the  randoms.  But  in 
case  he  is  unable  to  close  the  lines  on  account  of  the  standard  not 
having  been  run,  from  some  inevitable  necessity,  as  heretofore  men- 
tioned, he  will  plant  a  temporary  stake,  or  mound,  at  the  end  of 
the  sixth  mile,  thus  leaving  the  lines  and  their  connections  to  be 
finished,  and  the  permanent  corners  to  be  planted,  at  such  time  as 
the  standard  shall  be  extended." 

The  "  Instructions  "  issued  for  the  survey  of  the  public  lands  are 
changed  somewhat  from  time  to  time,  and  the  methods  employed 
are  varied.  Spme  townships  have  been  laid  out  running  south 
from  the  base-line.  For  subdividing  the  townships  into  sections 
some  of  the  "  Instnictions  "  direct  the  surveyor,  in  running  in  the 
north  and  south  division  lines,  to  run  due  north,  and  others  direct 
him  to  run  parallel  to  the  range  line  of  the  township.  These 
peculiarities  should  be  noted  in  making  resurveys. 

469.  Exoeptional  Methods.  Departures  from  the  general  sys- 
tem of  subdividing  public  lands  have  been  authorized  by  law  in 
certain  cases,  particularly  on  water-fronts. 

Thus,  an  act  of  Congress,  March  3,  1811,  authorized  the  sur- 
veyors of  Louisiana,  "  in  surveying  and  dividing  such  of  the  pub- 
lic lands  in  the  said  Territory,  which  are  or  may  be  authorized 
to  be  surveyed  and  divided,  as  are  adjacent  to  any  river,  lake, 
creek,  bayou,  or  water-course,  to  lay  out  the  same  into  tracts,  as 
far  as  practicable,  of  fifty-eight  poles  in  front,  and  four  hundred 
and  sixty-five  poles  in  depth,  of  such  shape  and  bounded  by 
such  lines,  as  the  nature  of  the  country  will  render  practicable 
and  most  convenient."     Another  act,  of  May  24,  1824,  authorizes 
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lands  similarly  situated  "to  be  surveyed  in  tracts  of  two  acres 
in  width,  fronting  on  any  river,  bayou,  lake,  or  water-course,  and 
running  back  the  depth  oJE  forty  acres ;  which  tracts  of  land, 
so  surveyed,  shall  be  offered  for  sale  entire,  instead  of  in  half- 
quarter-sections.  ^ 

The  "Instructions'*  from  which  we  have  quoted  say:  "In 
those  localities  where  it  would  best  subserve  the  interests  of  the 
people  to  have  fronts  on  the  navigable  streams,  and  to  run  back 
into  the  uplands  for  quantity  and  timber,  the  principles  of  the 
act  of  May  24,  1824,  may  be  adopted,  and  you  are  authorized  to 
enlarge  the  quantity,  so  as  to  embrace  four  acres  front  by  forty 
in  depth,  forming  tracts  of  one  hundred  and  sixty  acres.  But 
in  so  doing  it  is  designed  only  to  survey  the  lines  between  every 
four  lots  (or  640  acres),  but  to  establish  the  boundary  posts,  or 
mounds,  in  front  and  in  rear^  at  the  distances  requisite  to  se- 
cure the  quantity  of  160  acres  to  each  lot,  either  rectangularly, 
when  practicable,  or  at  oblique  angles,  when  otherwise.  The 
angle  is  not  important,  so  that  the  principle  be  maintained,  as 
far  as  practicable,  of  making  the  work  to  square  in  the  rear  with 
the  regular  sectioning. 

"  The  numbering  of  all  anomalous  lots  will  commence  with  No. 
37,  to  avoid  the  possibility  of  conflict  with  the  numbering  of  the 
regular  sections/' 

The  aot  of  September  27,  1850,  authorizes  the  Department, 
should  it  deem  expedient,  to  cause  the  Oregon  surveys  to  be  exe- 
cuted according  to  the  principles  of  what  is  called  the  "  Geodetic 
Method." 

The  complete  adoption  of  this  has  not  been  thought^ to  be 
expedient;  but  "it  was  deemed  useful  to  institute  on  the  prin- 
cipal base  and  meridian  lines  of  the  public  surveys  in  Oregon, 
ordered  to  be  established  by  the  act  referred  to,  a  system  of  tri- 
angulations  from  the  recognized  legal  stations,  to  all  prominent 
objects  within  the  range  of  the  theodolite;  by  means  of  which 
the  relative  distances  of  such  objects,  in  respect  to  those  main 
lines,  and  also  to  each  other,  might  be  observed,  calculated,  and 
protracted,  with  the  view  of  contributing  to  the  knowledge  of 
the  topography  of  the  country  in  advance   of  the  progressing 
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linear  surreys,  and  to  obtain  the  elements  for  estimating  the 
areas  of  valleys  interyening  between  the  spurs  of  the  mountains." 

"Meandering"  is  a  name  given  to  the  usual  mode  of  survey- 
ing with  the  compass,  particularly  as  applied  to  navigable  streams. 
The  "Instructions"  for  this  are,  in  part,  as  follows: 

"Both  banks  of  navigable  rivers  are  to  be  meandered  by  tak- 
ing the  courses  and  distances  of  their  sinuosities,  and  the  same 
are  to  be  entered  in  the  ^meander  field-book.'  At  those  points 
where  either  the  township  or  section  lines  intersect  the  banks  of 
a  navigable  stream,  posts,  or,  where  necessary,  mounds  of  earth 
or  stone  (as  noted  in  Art.  461),  are  to  be  established  at  the  time 
of  running  these  lines.  These  are  called  '  meander  corners ' ; 
and  in  meandering  you  are  to  commence  at  one  of  those  comers 
on  the  township-line,  coursing  the  banks,  and  measuring  the  dis- 
tance of  each  course  from  your  commencing  comer  to  the  next 
'meander  corner,'  upon  the  same  or  another  boundary  of  the 
same  township ;  carefully  noting  your  intersection  with  all  inter- 
mediate meander  corners.  By  the  same  method  you  are  to  mean- 
der the  opposite  bank  of  the  same  river. 

"  The  crossing  distance  between  the  meander  cobnebs,  on  the 
same  line,  is  to  be  ascertained  by  triangulation,  in  order  that  the 
river  may  be  protracted  with  entire  accuracy.  The  particulars  to 
be  given  in  the  field-notes. 

"The  courses  and  distances  on  meandered  navigable  streams 
govern  the  calculations  wherefrom  are  ascertained  the  true  areas 
of  the  tracts  of  land  (sections,  quarter-sections,  etc.)  known  to 
the  law  as  fractional,  and  bounding  on  such  streams. 

"  You  are  also  to  meander,  in  manner  aforesaid,  all  lakes  and 
deep  ponds  of  the  area  of  twenty-five  acres  and  upward  ;  also 
navigable  bayous. 

"  The  precise  relative  position  of  islands,  in  a  township  made 
fractional  by  the  river  in  which  the  same  are  situated,  is  to  be 
determined  trigonometrically.  Sighting  to  a  flag  or  other  fixed 
object  on  the  island,  from  a  special  and  carefully  measured  base- 
line, connected  with  the  surveyed  lines,  on  or  near  the  river-bank, 
you  are  to  form  connection  between  the  meander  corners  on  the 
river  to  points  corresponding  thereto,  in  direct  line,  on  the  bank 
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of  the  island,  and  there    establish  the  proper  meander  corners, 
and  calculate  the  distance  across. '^ 

460.  Harking-Lines.  ''AH  lines  on  which  are  to  be  estab- 
lished the  legal  comer  boundaries  are  to  be  marked  after  this 
method,  viz.  :  Those  trees  which  may  intercept  your  line  must 
have  two  chops  or  notches  cut  on  each  side  of  them,  without  any 
other  marks  whatever.  These  are  called  ' sight-trees,*  or  'line- 
trees. ' 

•''A  suflScient  number  of  other  trees  standing  nearest  to  your 
line,  on  either  side  of  it,  are  to  be  blazed  on  two  sides,  diag- 
onally or  quartering  toward  the  line,  iu  order  to  render  the  line 
conspicuous,  and  readily  to  be  traced,  the  blazes  to  be  opposite 
each  other,  coinciding  in  direction  with  the  line  where  the  trees 
stand  very  near  it,  and  to  approach  nearer  each  other,  the  farther 
the  line  passes  from  the  blazed  trees.  Due  care  must  ever  be 
taken  to  have  the  lines  so  well  marked  as  to  be  readily  fol- 
lowed." 

461.  Harking'Comen.  "  After  a  true  coursing,  and  most  exact 
measurements,  the  corner  boundary  is  the  consummation  of  the 
work,  for  which  all  the  previous  pains  and  expenditure  have  been 
incurred.  A  boundary  corner,  in  a  timbered  country,  is  to  be  a 
tree,  if  one  be  found  at  the  precise  spot ;  and  if  not,  a  post  is 
to  be  planted  thereat ;  and  the  position  of  the  comer  post  is  to 
be  indicated  by  trees  adjacent  (called  bearing- trees),  the  angular 
bearings  and  distances  of  which  from  the  corner  are  facts  to  be 
ascertained  and  registered  in  your  field-book. 

*'  In  a  region  where  stone  abounds,  the  corner  boundary  will 
be  a  small  monument  of  stones  alongside  of  a  single  marked 
stone,  for  a  township  comer — and  a  single  stone  for  all  other 
comers. 

'*In  a  region  where  timber  is  not  near,  nor  stone,  the  comer 
will  be  a  mound  of  earth,  of  prescribed  size,  varying  to  suit  the 
case. 

"Corners  are  to  be  fixed,  for  township  boundaries,  at  intervals 
of  every  six  miles ;  for  section   boundaries,  at  intervals  of  every 


Digitized  by  VjOOQIC 


312 


LAND-8UR  y EYING. 


mile,  or  80  chains ;  and,  for  qnarter-section  boundarieSy  at   inter- 
vals of  every  half-mile^  or  40  chains. 

''  Meakdeb  Corker  Posts  are  to  be  planted  at  all  those  points 
where  the  township  or  section  lines  intersect  the  banks  of  such 
rivers,  lakes,  or  islands,  as  are  by  law  directed  to  be  meandered," 
as  explained  in  Art.  459. 

^^  When  posU  are  used,  their  length  and  size  must  be  propor- 
tioned to  the  importance  of  the  comer,  whether  township,  sec- 
tion, or  quarter-section,  the  first  being  at  least  twenty-four  inches 
above-ground,  and  three  inches  square. 

'^  Where  a  township  post  is  a  comer  common  to  four  townships, 

N 
it  is  to  be  set  in  the  earth  diagonally^  thus :  W^^E,  and  the  car- 

S 
dinal  points  of  the  compass  are  to  be  indicated  thereon  by  a  cross- 
line,  or  wedge  (one  eighth  of  an  inch  deep  at  least),  cut  or  sawed 
out  of  its  top,  as  in  the  figure.  On  each  surface  of  the  post  is 
to  be  marked  the  number  of  the  particular  township,  and  its 
range,  which  it  faces.  Thus,  if  the  post  be  a  common  boundary 
to  four  townships,  say  one  and  two^  south  of  the  base-line,  of 
range  one^  west  of  the  meridian ;  also  to  townships  one  and  two^ 
south  of  the  base-line,  of  range  two^  west  of  the  meridian — it  is 
to  be  marked  thus  : 

The  position  of  the  post,  which  is 
here  taken  as  an  example,  is  shown 
in  the  following  diagram : 
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"These  marks  are  to  be  distinctly  and  neatly  chiseled  into  the 
wood,  at  least  the  eighth  of  an  inch  deep  ;  and  to  be  also  marked 
with  red  chalk.  The  number  of  the  sections  which  they  respect- 
ively face  will  also  be  ^narked  on  the  township  post. 
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*'  Section  or  mile  posts,  being  comers  of  sections,  when  they  are 
common  to  four  sections,  are  to  be  set  diagonally  in  the  earth 
(in  the  manner  provided  for  township  corner  posts),  and  with  a 
similar  cross  cut  in  the  top,  to  indicate  the  cardinal  points  of  the 
compass ;  and  on  each  side  of  the  squared  surfaces  is  to  be 
marked  the  appropriate  number  of  the  particular  one  of  the/owr 
sectionSy  respectively,  which  such  side  faces;  also  on  one  side 
thereof  are  to  be  marked  the  numbers  of  its  township  and  range  ; 
and,  to  make  such  marks  yet  more  conspicuous  (in  manner  afore- 
said), a  streak  of  red  chalk  is  to  be  applied. 

'^  In  the  case  of  an  isolated  township,  subdivided  into  thirty- 
six  sections,  there  are  twenty-five  interior  sections,  the  south- 
west corner  boundary  of  each  of  which  will  be  common  to  four 
sections.  On  all  the  extreme  sides  of  an  isolated  township,  the 
outer  tiers  of  sections  have  corners  common  only  to  two  sections 
then  surveyed.  The  posts,  however,  must  be  planted  precisely 
like  the  former,  but  presenting  two  vacant  surfaces  to  receive  the 
appropriate  marks  when  the  adjacent  survey  may  be  made. 

"A  quarter-section  or  half-mile  post  is  to  have  no  other  mark 
on  it  than  ^  S.,  to  indicate  what  it  stands  for. 

"Township  corner  posts  are  to  be  kotched  with  six  notches 
on  each  of  the  four  angles  of  the  squared  part  set  to  the  cardi- 
nal points. 

*'AI1  mile-posts  on  township  lines  mu^i  have  as  many  notches 
on  them,  on  two  opposite  angles  thereof,  as  they  are  miles  dis- 
tant from  the  township  corners,  respectively.  Each  of  the  posts 
at  the  corners  of  sections  in  the  interior  of  a  township  must  in- 
dicate, by  a  number  of  notches  on  each  of  its  four  comers  di- 
rected to  the  cardinal  points,  the  corresponding  number  of  miles 
that  it  stands  from  the  outlines  of  the  township.  The  four  sides 
of  the  post  will  indicate  the  number  of  the  section  they  respect- 
ively/ace. Should  a  tree  be  found  at  the  place  of  any  corner, 
it  will  be  marked  and  notched,  as  aforesaid,  and  answer  for  the 
corner  in  lieu  of  a  post ;  the  kind  of  tree  and  its  diameter  being 
given  in  the  field-notes. 

"The  position  of  all  comer  posts,  or  comer  trees  of  what- 
ever description,  which  may  be  established,  is  to  be  perpetuated 


Digitized  by  VjOOQIC 


314  LAND-SURVEYING. 

in  the  following  manner,  viz.  :  From  such  post  or  tree  the 
courses  shall  be  taken,  and  the  distances  measured,  to  two  or 
more  adjacent  trees,  in  opposite  directions,  as  nearly  as  may  be, 
which  are  called  *  bearing-trees y'*  and  are  to  be  blazed  near  the 
ground,  with  a  large  blaze  facing  the  post,  and  having  one  notch 
in  it,  neatly  and  plainly  made  with  an  axe,  square  across,  and 
a  little  below  the  middle  of  the  blaze.  The  kind  of  tree  and 
the  diameter  of  each  are  facts  to  be  distinctly  set  forth  in  the 
field-book. 

"  On  each  bearing-tree  the  letters  B.  T.  must  be  distinctly  cut 
into  the  wood,  in  the  blaze,  a  little  above  the  notch,  or  on  the 
bark,  with  the  number  of  the  range,  township,  and  section. 

''  At  all  township  corners,  and  at  all  section  comers,  on  range 
or  township  lines,  four  bearing-trees  are  to  be  marked  in  this 
manner,  one  in  each  of  the  adjoining  sections. 

"  At  interior  section  corners  four  trees,  one  to  stand  within 
each  of  the  four  sections  to  which  such  corner  is  common,  are 
to  be  marked  in  the  manner  aforesaid,  if  such  be  found. 

**  From  quarter-section  and  meander  comers  two  bearing-trees 
are  to  be  marked,  one  within  each  of  the  adjoining  sections. 

"Stones  at  township  corners  (a  small  monument  of  stones  be- 
ing alongside  thereof)  must  have  six  notches  cut  with  a  pick  or 
chisel  on  each  edge  or  side  toward  the  cardinal  points ;  and 
where  used  as  section  corners  on  the  range  and  township  lines, 
or  as  section  corners  in  the  interior  of  a  township,  they  will  also 
be  notched  by  a  pick  or  chisel,  to  correspond  with  the  directions 
given  for  notching  posts  similarly  situated. 

'*  Stones,  when  used  as  quarter-section  comers,  will  have  \  cut 
on  them  ;  on  the  west  side  on  north  and  south  lines,  and  on  the 
north  side  on  east  and  west  lines. 

"Whenever  bearing-trees  are  not  found,  mounds  of  earth,  or 
stone,  are  to  be  raised  around  posts  on  which  the  corners  are  to 
be  marked  in  the  manner  aforesaid.  Wherever  a  mound  of  earth 
IS  adopted;  the  same  will  present  a  conical  shape ;  but  at  its  base, 
on  the  earth's  surface,  a  quadrangular  trench  will  be  dug ;  a 
rpade-deep  of  earth  being  thrown  up  from  the  four  sides  of  the 
line,  outside  the  trench,  so  as  to  form  a  continuous  elevation  along 


Digitized  by  VjOOQIC 


THE  PUBLIC  LANDS  OF  THE  UNITED  STATES.      815 

its  outer  edge.  In  mounds  of  earth,  common  to  four  townships 
or  to  four  sections,  they  will  present  the  angles  of  the  quadrangu- 
lar trench  (diagonally)  toward  the  cardinal  points.  In  mounds 
common  only  to  two  townships  or  two  sections,  the  sides  of  the 
quadrangular  trench  will  face  the  cardinal  points. 

"  Prior  to  piling  up  the  earth  to  construct  a  mound,  in  a  cavity 
formed  at  the  corner  boundary  point  is  to  be  deposited  a  stone^ 
or  a  portion  of  charcoal,  or  a  charred  stake  is  to  be  driven  twelve 
inches  down  into  such  center  point,  to  be  a  witness  for  the  fu- 
ture. » 

"  The  surveyor  is  further  specially  enjoined  to  plant,  midway 
between  each  pit  and  the  trench,  seeds  of  some  tree,  those  of  fruit- 
trees  adapted  to  the  climate  being  always  to  be  preferred. 

"DouBLB  CORNERS  are  to  be  found  nowhere  except  on  the 
standard  parallels  or  correction-lines,  whereon  are  to  appear  both 
the  corners  which  mark  the  intersection  of  the  lines  which  close 
thereon,  and  those  from  which  the  surveys  start  in  the  opposite 
direction. 

**  The  comers  which  are  established  on  the  standard  parallel,  at 
the  time  of  running  it,  are  to  be  known  as  *  Standard  Comers,' 
and,  in  addition  to  all  the  ordinary  marks  (as  herein  prescribed), 
they  will  be  marked  with  the  letters  S.  C.  The  '  closing  corners ' 
will  be  marked  C.  C' 

462.  Field-Books.  There  should  be  several  distinct  and  sepa- 
rate field-books,  viz.  : 

"  1.  Field-notes  of  the  meridian  and  base  lines,  showing  the 
establishment  of  the  township,  section,  or  mile,  and  quarter-section  or 
half-mile,  boundary  corners  thereon  ;  with  the  crossings  of  streams, 
ravines,  hills,  and  mountains  ;  character  of  soil,  timber,  minerals, 
etc.  These  notes  will  be  arranged,  in  series,  by  mUe-stations,  from 
number  one  to  number . 

**  2.  Field -notes  of  the  *  standard  parallels,  or  correction- 
lines,'  showing  the  establishment  of  the  township,  section,  and 
quarter-section  comers,  besides  exhibiting  the  topography  of  the 
country  on  line,  as  required  on  the  base  and  meridian  lines. 

*^  8.  Field-notes  of  the  exterior  lines  of  townships,  showing 
21 
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the  establishment  of  the  corners  on  line,  and  the  topography,  as 
aforesaid. 

"  4.  Field-notes  of  the  subdivisions  of  townships  into  sections 
and  quarter-sections ;  at  the  close  whereof  will  follow  the  notes  of 
the  MEANDERS  of  navigable  streams.  These  notes  will  also  show, 
by  ocular  observation,  the  estimated  rise  and  fall  of  the  land  on  the 
line.  A  description  of  the  timber,  undergrowth,  surface,  soil,  and 
minerals,  upon  each  section-line,  is  to  follow  the  notes  thereof,  and 
not  to  be  mixed  up  with  them.'' 

5.  The  "  Geodetic  Field-Book,"  comprising  all  triangulations, 
angles  of  elevation  and  depression,  leveling,  etc. 

The  examples  on  the  next  two  pages,  taken  from  the  "  Instruc- 
tions "  which  we  have  followed  throughout,  will  show  what  is  re- 
quired. 

The  ascents  and  descents  are  recorded  in  the  right-hand  col- 
umns. 

For  full  details  of  public-land  surveying,  see  "  Manual  of  Sur- 
veying Instructions  for  the  Survey  of  the  Public  Lands  of  the 
United  States,"  issued  by  the  Commissioner  of  the  General  Land- 
Office.  These  "Instructions"  are  prepared  for  the  direction  of 
those  engaged  on  the  public-land  surveys,  and  new  editions  are 
issued  from  time  to  time  to  note  any  changes  in  methods  of  work 
or  of  marking  stations. 
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FIELD-NOTES  OF 

THE    EXTEKIOR    LINES 

OF  AX  ISOLATED  TOWNSHIP. 


FiM-nota  of  the  Survey  of  Township  B5  north,  of  Range  2  west,  of  the  WtUameUe 
meridian^  in  the  Territory  of  Oregon,  by  Robert  Aeret,  Deputy-Surveyor,  under  hie 
contrcut  No.  1,  hearing  date  the  2d  day  of  January,  1861. 
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Township  lines  commenoed  January  2P,  1851. 

Southern  boundary  variation  18°  41'  E. 

On  a  random  line  on  the  south  boundaries  of  sections  81,  82,  83, 

84,  85,  and  36.    Set  temporary  mile  and  half-mile  posts,  and 

intersected  the  eastern  boundary  2  chains  20  links  north  of 

the  true  corner  5  miles  74  chains  53  links. 
Therefore  the  correction  will  be  5  chains  47  links  W.,  87*1  links 

S.  per  mile. 


True  southern  boundary  variation  18"*  41'  E. 

On  the  southern  boundaiy  of  sec.  36,  Jan.  24,  1861. 

Set  qr.  sec.  post  from  which 

a  beech  24  in.  dia.  bears  N.  HE.  3S  links  dist. 

a    do.      9    do.       do.     S.     9  E.  17      do. 

a  brook  8  1.  wide,  course  N.  W 

Set  post  cor.  of  sees.  85  &  86,  1  &  2,  from  which 

a  beech     9  in.  dla.  bears  S.  46  E.      8  1.  dist. 

a    do.       8    do.       do.    S.  62  W.    7     do. 

a  w.  oak  10    do.       do.     N.  19  W.  14     dc. 

a  b.  oak  14    do.       do.     N.  29  E.    16     do. 
Land  level,  part  wet  and  swampy;   timber,  beech,  oak,  ash, 

hickory,  etc. 


On  the  S.  boundary  of  sec.  35 — 

Set  qr.  £cc.  post,  with  trench,  from  which 

a  beech  6  in  dia.  bears  N.  80  E.  8  1.  dist. 

planted  S.  W.  a  yellow-locust  seed. 

To  beginning  of  hill . 

Set  post,  with  trench,  cor.  of  sees.  84  &  85,  2  &  8,  from  which 

a  beech  10  in.  dia.  bears  S.  51  E.    18  1.  dist. 

a    do.    10    do.       do.     N.  56  W.    9     do. 

Planted  S.  W.  a  white-oak  acorn, 
N.  E.  a  beechnut. 
Land  level,  rich,  and  good  for  farming;  timber  same. 


On  the  S.  boundary  of  sec.  84 — 

Set  qr.  sec  post,  with  trench,  from  which 

a  black  oak  10  in.  dia.  bears  K.  2  E.  635  1.  dist. 

Planted  S.  W.  a  beechnut. 
To  comer  of  sections  88,  84,  3  and  4,  drove  charred  stakes ; 

raised  mound,  with  trench,  as  per  instructions,  and 

Planted  N.  E.  a  white-oak  acorn ;  N.  W.  a  yellow-locust  seed  ; 
S.  E.  a  butternut ;  S.  W.  a  beechnut. 
Land  level,  rich,  and  good  for  farming ;  some  scattering  oak  and 

walnut 


Etc., 


etc, 


etc. 
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FIELD.NOTES  OF  THE 

SUBDIVISIONAL  OK  SECTIONAL  LINES, 

AND  MEANDERS. 


ThwMhip  es  N.y  Range  2  W,,  Willamette  Mer, 
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SuBDiTisioNS.     Commenoed  February  1, 1861. 
Between  sees.  86  and  36 — 

A  beech  80  in.  dia 

A  beech  80  in.  dia 

Set  qr.  sec.  post,  from  which 

a  beech  16  in.  dia.  bears  S.  48  E.    12  L  dist. 

a    do.      8      do.      do.    N.  23  W.  46    da 

A  beech  18  in.  dia 

A  sugar  80  in.  dia 

Set  a  post  cor.  of  sees.  25,  26,  86,  36,  from  which 

a  beech   24  in.  dia.  bears  N.  62  W.  17  I.  dist 

a  poplar  86     do.      do.     S.  66  E.   34    do. 

a    do.     20     do.      do.     S.  70  W.  60    do. 

a  beech  28     do.      do.     N.  60  E.  46    do. 
Land  level,  second  rate;    timber,   beech,   poplar,   sugar,   and 

und'gr.  spice,  etc. 

On  random  line  between  sees.  26  and  86 — 

A  brook  80  1.  wide,  course  N 

To  foot  of  hill 

Set  temporary  qr.  sec  post 

To  opposite  foot  of  hill 

A  brook  16  1.  wide,  course  N 

Intersect  E.  boundary  at  post 

Land  level,  second  rate ;  timber,  beech,  oak,  ash,  etc. 

Etc,  etc.,  etc. 
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Meanders  of  Ghiceeeles  River. 

Beginning  at  a  meander  post  in  the  northern  township  boundary,  and  thence  on  the 
left  bank  down-stream.     Commen/ced  Februaty  11,  1851. 


Coorsea. 

DlBtADOM. 

Chft.   Ika. 

BSMABKB. 

S.  76  W. 
S.  61  W. 
S.61  W. 

18-46 

10-00 

818 

10-69 
6-69 
8-46 
16-60 
21-96 
27-68 

In  section  4  bearing  to  comer  sec  4  on  right  bank  N.  70°  W. 
Bearing  to  cor.  sec.  4  and  6,  right  bank  N.  62"  W. 
To  post  in  line  between  sections  4  and  6,  breadth  of  river  by 
triangulation  9  chains  61  links. 

S.  64  W. 
S.  40  W. 
S.  60  W. 
S.  37  W. 
&44  W. 
8.  36  W. 

In  section  6. 

To  upper  corner  of  John  Smithes  claim,  course  E. 

To  post  in  line  between  sections  6  and  8,  breadth  of  riTer  by 
triangulation  8  chains  78  links. 

Etc,            etc.,            etc 
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THE  SOLAB  COMPASS. 

463.  Nearly  all  of  the  lines  required  in  the  public-land  surreys 
are  meridians  and  parallels  of  latitude.  Meridians  may  be  located 
by  the  methods  given  in  Chapter  III,  but  the  easiest  method  is 
with  the  Solar  Compass. 

There  are  seyeral  varieties  of  this  instrument^  all  of  which  are 
constructed  on  the  same  principle^  and  are  modifications  of  the 
instrument  invented  by  William  A.  Burt,  and  patented  by  him  in 
1836. 

Before  describing  the  solar  compass,  it  will  be  necessary  to  de- 
fine the  terms  to  be  used. 

464.  DefinitioilB.  The  aacu  of  the  earth  is  the  imaginarj  line  aboat 
which  it  revolves.  The  points  in  which  the  axis  meets  the  surface  of  the 
earth  are  called  the  polee  of  the  earth. 

Meridians  are  great  circles  of  the  earth ^s  surface,  passing  through  the 
poles.  The  equator  is  a  great  circle  of  the  earth^s  surface,  90^  from  tlie 
poles.  Parallels  of  latitude  are  small  circles  of  the  earth^s  surface  parallel 
to  the  equator.  Latitude  is  the  distance  north  or  south  from  the  equator,  and 
is  measured  on  a  meridian  circle.  Longitude  is  distance  east  or  west  from 
some  established  meridian.  The  meridian  of  Greenwich,  England,  is  usually 
taken  as  the  prime  meridian^  from  which  longitude  is  reckoned. 

Astronomical  Terms.  Conceive  all  of  the  heavenly  bodies  projected  upon 
the  concave  surface  of  a  sphere,  of  which  the  earth  is  the  center,  and  whose 
radius  is  infinitely  great  when  compared  with  that  of  the  earth.  This  is 
called  the  Celestial  /Sphere. 

If  the  axis  of  the  earth  be  prolonged,  the  points  in  which  it  meets  the 
celestial  sphere  are  called  the  north  and  south  poles  of  the  heavens,  and  the 
line  joining  them  is  called  the  axis  of  tlie  celestial  sphere.  The  apparent 
revolution  of  the  heavenly  bodies  about  the  axis  of  the  celestial  sphere  is  due 
to  the  rotation  of  the  earth  on  its  axis  once  in  twenty-four  hours. 

A  plane  passed  tangent  to  the  earth  at  the  feet  of  an  observer  is  the  sen- 
sible horizon  ;  and  a  plane  passed,  parallel  to  this,  through  the  center  of  the 
earth,  is  the  rational  horizon.  Since  the  radius  of  the  earth  is  infinitely  small 
in  comparison  with  that  of  the  celestial  sphere,  if  the  planes  of  the  rational 
horizon  and  sensible  horizon  be  extended  in  every  direction  indefinitely,  they 
will  meet  the  celestial  sphere  in  one  great  circle,  called  the  celestial  horizon. 
If  the  plane  of  the  earth's  equator  be  extended  indefinitely,  it  will  meet  the 
celestial  sphere  in  a  great  circle,  called  the  celestial  equator^  or  equinoctial. 

If  through  any  place  a  line  be  passed,  perpendicular  to  the  plane  of  the 
horizon,  the  point  in  which  it  meets  the  celestial  sphere  above  the  observer 
is  called  the  zenith;  and  the  point  in  which  it  meets  the  celestial  sphere  be- 
low  the  observer,  the  nadir. 
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Great  circles  passing  through  the  zenith  and  nadir  are  vertical  eireUt, 

The  unith  distance  of  a  heavenly  body  is  its  angular  distance  from  the 
zenith,  and  is  measured  on  a  vertical  circle.  The  altitude  of  a  body  is  its 
angular  distance  above  the  celestial  horizon,  and  is  measured  on  a  vertical 
circle.    Altitude  and  zenith  distance  are  complements  of  each  other. 

Great  circles  passing  through  the  poles  of  the  celestial  sphere  are  called 
circles  of  declination^  or  hour  circles.  The  declination  of  a  heavenly  body  is 
its  angular  distance  north  or  south  from  the  equinoctial,  and  is  measured  on 
a  circle  of  declination. 

The  celestial  meridian  of  any  place  is  a  great  circle  pasnng  through  the 
zenith,  and  through  the  poles  of  the  celestial  sphere.  The  line  in  which  the 
plane  of  the  celestial  meridian  meets  the  plane  of  the  horizon  is  the  terres- 
trial meridian^  or  true  north  and  south  line. 

The  hour-angle  of  a  heavenly  body  is  the  angle  at  the  pole  between  the 
meridian  and  the  declination  circle  passing  through  the  body. 

The  paralletctie  angle  is  the  angle  at  the  body  between  the  declination 
circle  and  vertical  circle  passing  through  the  body. 

The  azimuth  of  a  heavenly  body  is  the  angle  between  the  celestial  me- 
ridian and  a  vertical  circle  passing  through  the  body,  and  is  measured  on  the 
celestial  horizon. 

If  an  observer  be  at  the  equator,  the  celestial  horizon  will  pass  through 
the  poles  of  the  heavens,  and  the  celestial  equator  through  the  zenith.  Fur 
each  degree  which  the  observer  travels  northward  on  the  earth,  the  north 
pole  of  the  heavens  will  appear  to  rise  one  degree  above  the  horizon,  and 
the  celestial  equator  will  appear  to  move  one  degree  southward  from  the 
zenith.  The  latitude  of  a  place,  then,  is  equal  to  the  altitude  pf  the  elevated 
pole,  or  to  the  declination  of  the  zenith.  In  the  northern  hemisphere  the 
north  pole  of  the  heavens  is  the  elevated  pole. 

The  earth  revolves  around  the  sun  in  an  elliptical  orbit  once  in  a  year.  This 
gives  the  sun  an  apparent  motion  around  the  earth.  The  path  of  the  earth, 
or  the  apparent  path  of  the  sun  in  the  heavens,  is  called  the  ecliptic.  It  is  a 
great  circle  on  the  celestial  sphere,  making  an  angle  with  the  celestial  equa- 
tor of  about  28**  27'.  The  two  points  in  which  the  ecliptic  meets  the  equi- 
noctial are  called  the  equinoxes.  The  sun  is  on  the  equinoctial  the  21st  of 
March.  This  is  the  vernal  equinox.  It  then  moves  north  of  the  equator, 
increasing  constantly  in  northern  declination,  until  the  21st  of  June,  when 
its  declination  is  about  28°  27'  north.  This  is  the  northern  summer  solstice.  It 
then  decreases  in  declination  until  September  21st,  when  it  is  again  on  the 
equinoctial.  This  is  the  autumnal  equinox.  It  then  moves  south  of  the 
equator,  increasing  in  southern  declination  until  December  2l8t,  when  its 
declination  is  about  28°  27'  south.  This  is  the  northern  winter  solstice.  It 
then  decreases  in  declination  until  March  21st,  when  it  again  arrives  at  the 
vernal  equinox.  The  declination  of  the  sun  is  given  in  the  **  Nautical  Alma- 
nac "  for  every  day  in  the  year. 

The  transit  of  a  heavenly  body  is  its  passage  across  the  celestial  me- 
ridian. 

A  sidereal  day  is  the  interval  of  time  between  two  successive  transits  of 
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the  yerua]  eqainoz.  A  m>lar  day  is  the  interval  of  time  between  two  sac- 
cesdve  transits  of  the  sun.  The  apparent  motion  of  the  sun  is  not  uniform, 
and  hence  use  is  made  of  a  fictitious,  or  mean  sun,  moving  on  the  equinoctial 
with  a  uniform  motion,  and  keeping  mean  solar  time.  This  is  the  time  kept 
by  clocks  and  watohes.  The  time  indicated  bj  the  true  sun  is  called  appar- 
ent aolar  time.  This  is  the  time  given  by  sun-dials.  The  difference  between 
apparent  solar  time  and  mean  solar  time  is  called  the  equation  of  time.  The 
equation  of  time  is  zero  four  times  in  a  year,  and  its  maximum  value  is  about 
sixteen  minutes.  It  is  given  in  the  **  Nautical  Almanac'^  for  every  day  in  the 
year. 

A  ray  of  light,  passing  from  a  rarer  to  a  denser  medium,  is  bent,  or  re- 
fracted, toward  a  perpendicular  to  the  surface  of  the  second  medium  at  the 
point  where  the  ray  enters.  The  atmosphere  surrounding  the  earth  varies 
in  density,  being  denser  as  we  approach  the  surface  of  the  earth.  The  light 
coming  from  a  heavenly  body,  and  passing  through  the  atmosphere,  will  be 
constantly  bent  toward  a  perpendicular  to  the  surface  of  the  earth,  and  its 
path  will  be  a  curve,  and  not  a  straight  line.  The  apparent  direction  of  a 
heavenly  body  will  be  tan- 
gent to  this  curve  where  it  ^o*  839. 
meets  the  eye  of  the  ob-  Z 
server.  The  difference  be- 
tween the  apparent  and 
the  true  positions  of  a 
heavenly  body  is  called  re- 
fraetian.  It  is  zero  at  the 
zenith,  and  about  88'  at 
the  horizon ;  45^  from  the 
zenith  it  is  about  67". 

Refraction  increases  the 
altitude  of  a  heavenly  body 
and  decreases  the  zenith 
distance. 

In  Fig.  889,  N  S  repre- 
sents the  axis  of  the  celes- 
tial sphere,  N  the  north 
p«ile,  and  S  the  south  pole. 
£  D  Q  is  the  equinoctial, 
H  A  O  the  horizon,  and 

H  Z  O  X  the  meridian.  Z  A  X  is  a  vertical  circle,  N  D  8  a  declination-circle. 
G  (the  position  of  the  earth)  is  the  center  of  the  celestial  sphere.  Z  is  the 
zenith  and  X  the  nadir.  Let  P  be  any  point  on  the  celestial  sphere.  A  P  is 
its  altitude,  P  Z  its  zenith  distance,  and  PD  its  declination;  Z  N  P  its  hour- 
angle,  Z  P  N  its  parallactic  angle,  and  N  Z  P  its  azimuth. 

465.  The  solar  compass  differs  from  the  ordinary  compass^  Fig. 
135,  in  having  a  solar  apparatus,  instead  of  a  magnetic  needle,  for 
determining  f^Q  meridian. 
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In  the  figure,  a  is  the  latitude-arc^  whose  center  of  motion  is  in 
two  pivots,  one  of  which  is  shown  at  d.  It  is  furnished  with  a 
clamp,  slow-motion  screw,/,  and  vernier,  e. 

The  declination-arc  is  shown  at  J.  The  movable  arm.  A,  has 
its  center  of  motion  in  a  pivot  at  g^  and  is  furnished  with  a  clamp, 
vernier,  v,  and  a  slow-motion  screw,  k. 


The  plane  of  the  hour-arc,  c,  is  at  right  angles  to  the  latitude- 
arc,  and  its  center  is  in  the  polar  axis  p. 

The  declination-arc  and  latitude-arc  are  read  to  minutes  by  the 
verniers.  The  hour-arc  is  graduated  to  half-degrees,  and  is  figured 
both  for  hours  and  degrees. 


Digiti 


zed  by  Google 


0] 

^n* 

AJSi 

THE  SOLAR  COMPASS.  823 

Attached  to  each  end  of  the  arm  i  is  a  rectangular  block  of 
brass^  in  which  is  set  a  conyex  lens,  whose  focus  is  on  a  silver 
plate  attached  to  the  face  of  the  opposite  block.  The  silver  plate 
is  marked  by  two  sets  of  parallel  lines,  at  right  angles  to  each 
other,  as  shown  in  Fig.  341  ;  d  6  are  called  the  hour-lines,  and  c  c 
the  equatorial  lines.  The  distance  between  the 
hour-lines  and  between  the  equatorial  lines  is  ^^^'  ^^^' 

equal  to  the  diameter  of  the  image  of  the  sun, 
formed  by  the  lens  in  the  opposite  block. 

The  needle-box  n  contains  a  magnetic  nee- 
die,  and  is  furnished  with  an  arc  of  about  36°  in  extent,  graduated 
to  half-degrees.     The  needle-box  can  be  moved  about  its  center  by 
the  slow-motion  screw  t. 

The  sight  and  levels  are  similar  to  those  of  the  ordinary  compass. 

The  eqtiatorial  sights,  u  and  n,  attached  to  the  upper  side  of 
the  rectangular  lens-blocks,  are  used  in  the  adjustments. 

The  adjuster,  also  used  in  adjusting  the  instrument,  is  kept  in 
the  instrument-box,  and  is  not  shown  in  the  figure. 

The  compass-sights  are  attached  to  the  lower  plate,  and  the 
solar  apparatus,  levels,  and  needle-box  to  the  upper  plate.  The 
horizontal  limb  is  read  to  single  minutes  by  the  vernier. 

Suppose  the  instrument  to  be  set  up  and  leveled,  with  the  lati- 
tude-arc toward  the  south.  If,  now,  the  latitude-arc  be  set  to  the 
latitude  of  the  place  of  observation  (that  is,  so  that  the  plane  of 
the  hour-arc  makes  an  angle  with  the  vertical  equal  to  the  latitude 
of  the  place),  the  plane  of  the  hour-arc  will  then  be  in  the  plane  of 
the  celestial  equator,  and  the  polar  axis  will  be  parallel  to  the  axis 
of  the  earth,  and  will  point  toward  the  north  pole  of  the  heavens. 
If  the  sun  be  on  the  celestial  equator,  the  declination-arm,  h,  may 
be  set  at  zero  on  the  declination-arc,  and  it  will  then  lie  in  the 
plane  in  which  the  sun  appears  to  move.  If  the  declination-arc 
be  turned  so  as  to  point  toward  the  sun,  the  lens  in  the  block  to- 
ward the  sun  will  form  an  image  on  the  silver  plate  attached  to  the 
opposite  block.  By  means  of  the  polar  axis,  p,  the  declination- 
arm  may  be  turned  so  as  to  follow  the  sun  all  day. 

When  the  sun  is  not  at  the  equinoxes,  set  off  its  declination  on 
the  declination-arc,  and  the  declination-arm,  when  turned  about  on 
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the  axis^  p^  will  still  tarn  in  the  plane  in  which  the  sun  appears  to 
moTe.  When  the  sun  is  in  south  declination,  turn  the  declination- 
arc  away  from  the  sun  ;  and  when  the  sun  is  in  north  declination, 
turn  the  declination-arc  toward  the  sun. 

When  the  instrument  is  in  perfect  adjustment,  and  is  properly 
set  up  and  leveled,  the  image  of  the  sun  can  not  be  brought  be- 
tween the  equatorial  lines,  unless  the  sights  are  in  the  plane  of  the 

meridian. 

Adjustments. 

466.  The  adjustments  will  be  given  in  the  order  in  which  they 
should  be  made.  In  describing  each  adjustment,  it  will  be  sup- 
posed that  the  instrument  has  been  properly  set  up  and  leveled, 
and  the  latitude-arc  turned  toward  the  south. 

467.  lint  A^juitment  To  cause  the  level-inlibles  to  r&main  in 
the  center  of  the  tubes  when  the  instrument  is  turned  around  on  Us 
vertical  axis.  The  verification  and  rectification  are  the  same  as 
those  given  for  the  transit  (322). 

468.  Second  A^juitment  To  adjust  the  equatorial  lines  and 
solar  lenses.  Detach  the  declination-arm,  A,  by  removing  the  neces- 
sary screws,  and  attach  in  its  place  the  adjuster^  replacing  the 
screws  of  the  pivot,  and  also  of  the  clamp. 

Place  the  arm  h  on  the  adjuster,  with  the  same  side  against  the 
declination-arc  as  before  it  was  detached.  Then,  by  means  of  the 
vertical  axis  of  the  instrument,  the  declination  and  latitude  arcs, 
and  the  leveling-screws,  turn  the  arm  in  the  direction  of  the  sun, 
and  bring  the  image  of  the  sun  between  the  equatorial  lines.  Then 
turn  the  arm  half  over,  bringing  the  opposite  faces  of  the  blocks  in 
contact  with  the  adjuster. 

If  the  sun's  image  remains  between  the  equatorial  lines,  the  sil- 
ver plate  is  in  its  proper  position.  If  not,  loosen  the  screws  which 
hold  the  plate,  and  move  the  plate  so  as  to  correct  half  of  the  ap- 
parent error.  Verify  the  work  by  repeating  the  above  operation, 
until  the  image  remains  between  the  lines  in  both  positions  of  the 
arm. 

To  adjust  the  other  plate,  turn  the  arm  end  for  end  on  the  ad- 
juster, and  then  proceed  as  for  the  first  plate. 
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When  both  plates  have  been  properly  aiijusted^  remove  the  ad- 
juster^ and  replace  the  declination-arm  and  its  attachments. 

469.  Third  A^ustment.  To  adjust  the  vernier  of  the  decUna- 
tionr^rc.  Set  the  vernier  of  the  declination-arc  at  zero.  Turn  the 
declination-arm  h  so  as  to  point  toward  the  sun.  Bring  the  sun's 
image  between  the  equatorial  lines,  by  means  of  the  slow-motion 
screw  of  the  latitude-arc  and  the  parallel  plate-screws,  as  in  the 
second  adjustment.  Then  revolve  the  arm  so  as  to  bring  the  op- 
posite solar  lens  toward  the  sun.  If  the  sun's  image  now  comes 
between  the  equatorial  lines,  no  adjustment  is  necessary.  If  not, 
correct  half  of  the  apparent  error  by  means  of  the  slow-motion 
screw  k.  Verify  the  work  by  repeating  the  above  operation  until 
the  image  comes  between  the  lines  in  both  positions  of  the  arm. 
The  zero  of  the  vernier  will  now  not  coincide  with  the  zero  of  the 
arc.  Make  it  do  so  by  loosening  the  screws  which  hold  the  ver^ 
nier,  and  moving  the  vernier. 

470.  Fourth  A^juitment.  To  adjust  the  Solar  Apparatus  to 
the  Compass-Sights.  Set  the  vernier  of  the  horizontal  limb  at  90°. 
Baise  the  latitude-arc  until  the  polar  axis  is  horizontal,  and  set  the 
vernier  of  the  declination-arc  at  zero.  Direct  the  equatorial  sights 
at  some  distant  point.  If  the  same  point  is  seen  through  the  sights, 
no  adjustment  is  necessary.  If  not,  the  sights  must  be  changed, 
or  some  equivalent  adjustment  made,  which  can  only  be  done  by 
an  instrument-maker. 

Field 'Work. 

471.  Before  the  instrument  can  be  used  in  the  field,  it  is  neces- 
sary to  determine  what  angles  are  to  be  set  off  on  the  declination- 
arc  and  on  the  latitude-arc. 

On  the  declination-arc,  both  the  declination  of  the  sun  and  the 
correction  for  refraction  must  be  provided  for. 

472.  Declination*  The  declination  of  the  sun  at  noon  at  Green- 
wich, England,  is  given  in  the  "Nautical  Almanac"  for  every  day 
in  the  year,  together  with  the  hourly  change  in  declination. 

To  determine  the  declination  at  any  place  for  any  time,  a  cor- 
rection will  need  to  be  applied  for  difference  of  declination  due  to 
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the  difference  of  time  correspoDding  to  difference  of  longitude,  and 
also  for  change  of  declination  for  different  hoars  of  the  day. 

For  example,  suppose  we  wish  to  find  the  declination  of  the  sun 
at  Schenectady,  New  York,  for  the  different  hours  of  the  day  on 
May  1,  1885.  The  longitude  of  Schenectady  is  73°  55'  50'  west. 
This  in  time  is  4  h.  55  m.  43  sec,  or  approximately  (and  near  enough 
for  this  purpose)  6  hours.  From  the  "  Nautical  Almanac"  we  find 
that  the  declination  of  4;he  sun  at  Greenwich,  noon  on  May  1st,  to 
be  15^^  12'  37-5'  north,  and  the  hourly  difference  is  45". 

When  it  is  noon  at  Greenwich,  it  is  7  o'clock  in  the  morning  at 
Schenectady,  and  at  that  time  the  declination  of  the  sun  is  15° 
12'  37". 

For  the  successive  hours  of  the  day  we  have  only  to  add  the 
hourly  difference  in  declination,  55'  (the  sun  at  that  time  having  a 
motion  northward  from  the  equator). 

473.  Befraotion.  Tables  of  refraction  have  been  calculated, 
giving  the  amount  of  refraction  for  different  altitudes  from  the 
horizon.  These  tables,  however,  give  the  refraction  in  a  vertical 
plane,  and  are  not  directly  applicable  for  use  as  a  correction  in 
declination.  It  is  evident  that,  in  revolving  the  declination-arc 
around  the  polar  axis,  the  declination-arc  will  not  lie  in  the  plane 
of  a  vertical  circle,  except  when  it  is  placed  in  the  plane  of  the  me- 
ridian. The  correction  for  refraction,  to  be  set  off  on  the  declina- 
tion-arc, will  not,  therefore,  be  equal  to  the  refraction  given  in  the 
tables  except  at  noon. 

The  proper  correction  for  refraction  to  be  set  off  on  the  decli- 
nation-arc varies  with  the  latitude,  declination  of  the  sun,  and 
hour-angle  of  the  sun. 

From  Chauvenet's  "  Astronomy,"  Art.  120,  we  have  : 
Refraction  in  declination  =  V  .  tan.  z  .  cos.  q. 

The  value  of  V  may  be  taken  from  Table  II,  Chauvenet's  "As- 
tronomy." Its  mean  value  is  about  57",  and  this  may  be  employed 
when  very  precise  results  are  not  required. 

z  is  the  zenith  distance,  and  q  the  parallactic  angle. 

From  Art.  15,  Chauvenet's  "  Astronomy,"  we  have  : 
tan.  z  .  cos.  q  =  cot.  (8  +  N), 
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in  which  h  =  declination  of  the  snu^  and  N  is  an  auxiliary  quan- 
tity. Tan.  N  equals  cot.  ^  •  cos.  ty  in  which  ^  is  the  latitude  of 
the  place^  and  t  the  hour-angle  of  the  sun. 

The  tables  of  Befraction  in  Declination  *  are  calculated  by  the 
above  formulas. 

In  the  tables  the  hour-angle  denotes  the  distance  of  the  sun 
from  t}ie  meridian  in  hours.  Thus,  at  7  o'clock  A.  m.  the  value  of 
the  hour-angle  is  five  hours.  The  north  declinations  are  indicated 
by  +  and  the  south  dekjlinations  by  — • 

When  the  sun  is  in  north  declination,  the  refraction  in  declina- 
tion given  by  the  tables  is  additive.  When  the  sun  is  in  south 
declination,  it  is  subtraetive. 

No  tables  of  refraction  can  be  relied  upon  for  altitudes  of  less 
than  five  degrees. 

To  use  the  tables,  suppose  the  declination,  corrected  for  re- 
fraction, be  required  for  each  hour  of  the  day,  May  1,  1885,  at 
Schenectady,  New  York. 

By  Art.  472  we  found  that  the  declination  at  7  o'clock  in  the 
morning  was  15°  12'  37".  The  latitude  of  Schenectady  is  42°  49'. 
(Take  tabular  values  for  42°  W.) 

In  the  tables  we  find  that  the  refraction  in  declination  for  lati- 
tude 42°  30',  when  the  sun's  declination  is  15°,  and  hour-angle  5 
hours,  is  V  36".  Adding  this  to  15°  12'  37",  we  have  15°  14'  to  be 
set  off  on  the  declination-arc. 

474.  To  determine  the  Latitude.  Set  off  on  the  declination-arc 
the  declination  of  the  sun  at  noon  on  the  given  day  (corrected  for 
refraction). 

A  few  minutes  before  noon,  set  up  and  level  the  instrument,  set 
the  declination-arc  at  12  o'clock  on  the  hour-arc,  and  turn  the  in- 
strument horizontally  until  the  declination -arm  is  directed  toward 
the  sun.  Move  the  latitude-arc  vertically  so  as  to  bring  the  sun's 
image  between  the  equatorial  lines.  As  the  sun  moves  toward  the 
meridian,  turn  the  instrument  horizontally  so  as  to  keep  the  image 
between  the  hour-lines,  and  move  the  latitude-arc  so  as  to  keep  the 

*  These  tables  were  calculated  by  Edward  W.  Arms,  C.  E.,  for  W.  &  L.  E 
Garley. 
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image  between  the  equatorial  lines.  So  long  as  the  sun  is  ascend- 
ing, the  image  will  move  downward  on  the  plate.  When  the  sun 
has  passed  the  meridian,  and  begins  to  descend,  the  image  will 
moye  upward.  When  the  image  begins  to  move  upward,  the 
reading  on  the  latitade-aro  will  give  the  latitude  of  the  place. 

475.  To  determine  the  ''Meridian,"  or  true  Horth  and  South 
Line.  Set  off  on  the  latitude-arc  the  latitude  of  the  place,  and  on 
the  declination-arc  the  declination  of  the  sun  at  the  time,  corrected 
for  refraction.  Level  the  instrument,  clamp  the  horizontal  plates 
at  zero,  turn  the  latitude-arc  approximately  south,  and  direct  the 
declination-arm  toward  the  sun.  Then  with  one  hand  turn  the 
instrument  horizontally,  and  with  the  other  revolve  the  declination- 
arm  on  the  polar  axis,  until  the  image  of  the  sun  is  brought  between 
the  equatorial  lines.     The  sights  will  then  point  north  and  south. 

476.  Bnnning  Lines.  The  meridian  being  given  by  the  solur 
compass,  it  can  be  used  for  determining  the  bearing  of  lines  in  the 
same  way  as  an  ordinary  compass,  but  with  greater  precision,  as 
the  meridian  is  more  accurately  determined,  and  the  angles  are 
read  by  the  vernier  to  single  minutes. 

477.  XTie  of  the  Kagnetic  Heedle.  Since  the  solar  compass  gives 
the  true  meridian,  and  the  magnetic  needle  the  ''  magnetic  merid- 
ian,'^  the  declination  of  the  magnetic  needle  can  be  read  off  directly 
from  the  magnetic  needle.  If  the  needle  be  kept  at  zero  of  the 
compass-box  arc,  by  turning  the  box  with  its  tangent-screw,  the 
declination  of  the  needle  can  be  read  to  minutes  on  the  arc  which 
shows  the  movement  of  the  compass-box. 

By  constantly  noting  the  declination  of  the  needle,  or  by  mov- 
ing the  needle-box  so  as  to  keep  the  needle  reading  zero,  lines  may 
be  run  by  the  needle,  while  the  sun  is  obscured,  or  at  such  times  as 
for  any  reason  the  solar  apparatus  is  not  reliable,  as  when  the  sun 
IS  near  the  horizon  or  the  meridian. 

478.  Solar  Attachment.*  The  solar  apparatus  may  be  attached 
to  a  transit,  as  shown  in  Fig.  342. 

♦  This  attachment,  shown  in  Fig.  842,  is  mannfacturcd  bj  W.  h  L.  E.  Gkirley, 
Troy,  New  York. 
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The  '*  polar  axis  "  of  the  solar  apparatus  is  attached  to  the  hori- 
zontal axis  of  the  telescope,  and  projects  upward.  The  **  hour- 
circle  "  is  the  small  graduated  circle,  shown  above  the  telescope. 

Fio.  842. 


Engineer's  Transit,  with  Solar  Attachment. 

On  the  "polar  axis"  rests  the  frame,  which  carries  the  "declina- 
tion-arc," and  the  "arm"  with  its  slow-motion  attachments,  "solar 
lenses,"  and  "equatorial  lines,"  as  before  described. 
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The  vertical  circle,  or  arc,  of  the  transit,  is  used  for  a  "lati- 
tude-arc." 

Adjustments. 

479.  The  first,  second,  and  third  adjustments  are  similar  to 
those  of  the  solar  compass,  already  explained. 

480.  To  adjust  the  Polar  Axis.  Leyel  the  instrument  carefully, 
and  then  level  the  telescope  by  means  of  the  level  attached  to  it. 
Set  the  arm  of  the  declination-arc  at  zero,  and  bring  it  parallel  to 
the  telescope.     Place  an  adjusting  level,  shown  in  Fig.  343,  on  the 

Fio.  348 


rectangular  blocks  attached  to  the  declination-arm.  If  the  bubble 
remains  in  the  center,  the  polar  axis  needs  no  adjustment  in  the 
plane  of  the  axis  of  the  telescope.  If  not,  bring  the  bubble  to  the 
center  by  means  of  the  two  capstan-head  screws  under  the  hour- 
circle,  and  in  line  with  the  telescope.  Then  turn  the  declination- 
arm  on  the  polar  axis  until  it  is  parallel  to  the  telescope  axis,  and 
at  right  angles  to  its  former  position.  If  the  bubble  now  remains 
in  the  center,  no  adjustment  is  necessary.  If  not,  bring  the  bubble 
to  the  center  by  means  of  the  pair  of  capstan-head  screws  under  the 
hour-circle  and  in  line  with  the  telescope  axis.  Verify,  and  repeat 
the  above  operations  until  the  bubble  of  the  adjusting  level  will 
remain  in  the  center  while  the  declination-arm  is  revolved  horizon- 
tally on  the  polar  axis. 

48L  To  adjust  the  Hour-Aro.  When  the  telescope  is  in  the 
plane  of  the  meridian,  the  index  of  the  hour-circle  should  give  ap- 
parent solar  time — that  is,  mean  solar  time  ±  the  equation  of  time. 
If  the  index  does  not  point  to  the  proper  division,  it  can  be  made 
to  do  so  by  loosening  the  screws  on  the  top  of  the  hour-circle,  and 
turning  it  until  the  correct  time  is  indicated  by  the  index. 
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Transit,  with  Solar  Attachraeot. 
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482.  The  method  of  using  the  solar  apparatus  on  the  transit  is 
so  nearly  the  same  as  that  on  the  compass,  already  given,  that  no 
separate  directions  will  be  necessary. 

488.  Fig.  344  represents  a  transit  with  another  form  of  solar 
attachment.*  It  consists  esaoBtially  of  a  small  telescope  and  level, 
the  telescope  being  mounted  in  standards,  in  which  it  can  be  ele- 
vated or  depressed.  The  standard  revolves  around  an  axis,  called 
the  polar  axis,  which  is  fastened  to  the  telescope  axis  of  the  transit 
instrument  The  telescope,  called  the  ^*  solar  telescope,"  can  thus 
be  moved  in  altitude  and  azimuth.  It  is  provided  with  shade- 
glasses  to  subdue  the  glare  of  the  sun,  as  well  as  a  prism  to  observe 
with  greater  ease  when  the  declination  is  far  north.  Two  pointers 
attached  to  the  telescope  to  approximately  set  the  instrument  are 
so  adjusted  that  when  the  shadow  of  the  one  is  thrown  on  the  other 
the  sun  will  appear  in  the  field  of  view. 

Adjustment  of  the  Apparatus. 

1.  The  transit  must  be  in  perfect  adjustment,  especially  the 
levels  on  the  telescope  and  the  plates ;  the  cross  axis  of  the  tele- 
scope should  be  exactly  horizontal,  and  the  index  error  of  the  ver- 
tical circle  carefully  determined. 

2.  The  polar  axis  must  he  at  right  angles  to  the  line  of  collima' 
tion  and  horizontal  axis  of  main  telescope. 

To  effect  this,  level  the  instrument  carefully  and  bring  the 
bubble  of  each  telescope  level  to  the  middle  of  its  scale.  Revolve 
the  solar  around  its  polar  axis,  and  if  the  bubble  remains  central 
the  adjustment  is  complete.  If  not,  correct  half  the  movement  by 
the  adjusting  screws  at  the  base  of  the  polar  axis,  and  the  other 
half  by  moving  the  solar  telescope  on  its  horizontal  axis. 

3.  The  line  of  collimation  of  the  solar  telescope  and  the  axis 
of  its  level  must  be  parallel. 

To  effect  this  bring  both  telescopes  in  the  same  vertical  plane 
and  both  bubbles  to  the  middle  of  their  scales.  Observe  a  mark 
through  the  transit  telescope,  and  note  whether  the  solar  telescope 

♦  InvcDted  and  manufactured  by  G.  N.  Saegmuller,  WashiugtOD,  D.  C,  from  whose 
catalogue  the  description  is  taken. 
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points  to  a  mark  above  this,  equal  to  the  distance  between  the  hori- 
zontal axes  of  the  two  telescopes.  If  it  does  not  bisect  this  mark, 
move  the  cross-wires  by  means  of  the  screws  until  it  does.  Gen- 
erally the  small  level  has  no-  adjustments  and  the  parallelism  is 
effected  only  by  moving  the  cross-haira. 

The  adjustments  of  the  transit  and  the  solar  should  be  fre- 
quently  examined,  and  kept  as  nearly  perfect  as  possible. 

Directions  for  using  the  Attachment. 

First.  Take  the  declination  of  the  sun  as  given  in  the  "  Nauti- 
cal Almanac  "  for  the  given  day,  and  correct  it  for  refraction  and 
hourly  change.  Incline  the  transit  telescope  until  this  amount  is 
indicated  by  its  vertical  arc.  If  the  declination  of  the  sun  is  north, 
depress  it ;  if  south,  elevate  it.  Without  disturbing  the  position  of 
the  transit  telescope,  bring  the  solar  telescope  into  the  vertical 
plane  of  the  large  telescope  and  to  a  horizontal  position  by  means 
of  its  level.  The  two  telescopes  will  then  form  an  angle  which 
equals  the  amount  of  the  declination,  and  the  inclination  of  the 
solar  telescope  to  its  polar  axis  will  be  equal  to  the  polar  distance 
of  the  sun. 

Second,  Without  disturbing  the  relative  positions  of  the  two 
telescopes,  incline  them  and  set  the  vernier  to  the  co-latitude  of  the 
place. 

By  moving  the  transit  and  the  "Solar  Attachment"  around 
their  respective  vertical  axes,  the  image  of  th,e  sun  will  be  brought 
into  the  field  of  the  solar  telescope,  and  after  accurately  bisecting 
it  the  transit  telescope  must  he  in  the  meridian^  and  the  compass- 
needle  indicates  its  deviation  at  that  place. 

488\  A  series  of  observations  were  made  for  the  Ohio  Society 
of  Surveyors  and  Civil  Engineers,  by  Prof.  C.  S.  Howe  and  Mr. 
J.  B.  Davis,  to  determine  the  accuracy  attainable  with  solar  attach- 
ments. The  instruments  used  were  Gurley's,  Saegmtiller's,  and 
Buff  &  Berger's.    In  their  report  they  say: 

"  It  soon  became  evident  that  to  secure  the  best  results,  instni- 
ments  must  not  only  be  carefully  adjusted,  but  must  also  be  fre- 
quently tested  on  a  known  meridian  line. 
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^  Errors  of  one  minute,  or  eyen  one  minute  and  a  half,  either 
way,  are  not  infrequent,  and  any  single  observation  would  be  un- 
certain to  this  extent ;  but  the  mean  of  twenty  or  more  observations 
ought  to  be  within  less  than  half  a  minute." 

For  full  details  of  the  observations,  see  *'  Transactions  of  the 
Ohio  Society  of  Surveyors  and  Civil  Engineers,"  1895. 

To  locate  a  Parallel  of  Latitude. 

484.  If  a  line  be  run  on  the  surface  of  the  earth,  having  all  of 
its  points  in  the  same  vertical  plane,  as  they  will  be  when  lined  in 
by  a  properly  adjusted  transit,  the  line  will  be  a  great  circle  of  the 
earth,  and  can  not  coincide  with  a  parallel  of  latitude. 

Points  on  a  parallel  of  latitude  are  usually  determined  by  offsets 
from  a  great  circle.  The  following  are  some  of  the  methods  em- 
ployed : 

485.  By  Offiwti  from  a  Tangent.    In  Fig.  345,  let  P  be  the  pole 

of  the  earth,  P  A  and  P  B  the  meridians, 
and  A  B  the  desired  parallel. 

If  from  A  a  line  be  run  perpendicular  to 
the  meridian  A  P,  it  is  evident  that,  owing 
to  the  convergence  of  the  meridians,  the  per- 
pendicular will  not  coincide  with  the  parallel 
of  latitude  through  A.    In  north  latitudes, 
as  in  the  United  States,  the  perpendicular, 
AG,  will  run  to  the  south  of  the  parallel, 
AB. 
To  find  the  distance  C  B,  when  the  latitude  of  the  starting- 
point  A,  and  the  distance  A  C  are  known. 
In  the  triangle  P  A  C,  right-angled  at  A : 
cos.  P  C  =  cos.  A  P  X  cos.  A  C. 

BC  =  PC-PB,  andAP  =  BP  =  co-latitude. 

. • .  cos.  P C  =  sin.  latitude  X  cos.  AC [1.] 

A  C,  being  a  measured  distance  on  an  arc  of  a  great  circle,  must 
be  reduced  to  the  corresponding  angle. 

,     ,      ^                ...         length  of  arc  X  3437-7468 
Angle  of  any  arc  m  minutes  =  — ,. — . 


radius 
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(3437-7468  =  57-29578  X  60).     Art.  280. 
Treating  the  earth  as  a  sphere^  this  becomes : 

A     1      *        •        •     ^         1       ^u    *        3437-7468 
Angle  of  arc  in  minutes  =  length  of  arc  "oqqToTok* 

Log.  arc  in  minutes  =  log.  length  —  3-7841301     .     .     .     [2.] 

Then  use  the  Talue  obtained  by  [2]  in  formula  [1]. 

B  C  is  found  as  an  angle.     To  reduce  it  to  feet,  we  have  : 

T     «+i    •    *    4.  —  anglein  minutes  X  mdius 
l^ngtn  m  feet  -  3437-7468  " 

T       XI    .     .    i^      angle  in  seconds  X  radius 
Length  m  feet  =  60x3437-7468 ' 

Log.  length  in  feet  =  log.  angle  in  seconds  +  2-0059789    .    .    [3.] 

Otherwise.     Find  the  length  of  an  arc  subtonding  one 
second  at  the  center. 

2  IT  X  20912405  ^  ^oi -386  feet  • 

36'0"YWx~60"  -  ^^^  ^^^  ^^^*  ' 

i.  e.,  101  -386  feet  subtends  an  angle  of  one  second  at  the  center  of  the 

ii       mi.  1    .  J        distance  in  feet         '•,-,.  . 

earth.     Then,  angle  in  seconds  = ^-^  ^^^ ,  and  distance  = 

lUl'ooO 

angle  in  seconds  X  101-386 [4.] 

Approximately y 
B  C  in  seconds  =  J  P  (in  seconds)  X  sin.  2P  A  X  sin.  1'.     .     [5.] 

tan.  AB 


To  iSnd  P.  tan.  P  = 


sin.  A  P  * 


Example.     Latitude  45°  north,  and  distance  6  miles,  re- 
quired the  offset  B  C. 

6  miles  =  31680  feet. 
By  [2]  log.  31680  =  4-5007852 

-3-7841301 

log.  5' -207808=    -7166551 

5' -207808=    5' 12" -468 

By  [1]  log.  sin.  45°  =  9-8494850 

log.  COS.  5'  12^^-468  =  9-9999995 

log.  COS.  PC  =  log.  COS.  45°  0'  0"-237  =  9*8494845 

.-.  BO  =  0" -237 
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To  reduce  to  feet  by  [3],    log.  0'"237  =  1-3747483 

+  2-0059789 
log.  B  C  in  feet  =  log.  24-029  feet  =  1-3807272 
Second  Method: 

Then,  as  above,  we  find  B  C  =  0'-237  of  arc. 

BC  in  feet  =  0'-237  X  101-386  =  24-0289  feet 
Approximate  Method: 
Solving  by  formula  [5],  we  find  BC  =  24*3  feet. 

486.  Spheroidal  Formula.  The  preceding  methods  suppose  the 
earth  to  be  a  sphere.  Treating  it  as  a  spheroid,  the  following  for- 
mula is  without  material  error  for  distances  within  100  miles : 

*  a 

k  =  distance  in  feet,  L  =  latitude  of  initial  point. 
a  equatorial  radius  =  20926062  feet. 
e  =  -08169683. 
Example.     Latitude  45°  N.     Distance  6  miles, 
log.  e^  =     3-8244104 
9-8494850 
-8494850 


IQ.g 
9-8 


log.  -0033371  =     3-5233804 

1  -  -0033371  =        -9966628 

i  log.  0-9966628  =     T-9992741  =  log.  numerator. 

log.  i  =      1-6989700 

,,       (4-5007852 

^"g'*  =  14-5007852 

log.  tan.  45  =    10- 

log.  numerator  =     1-9992741 

8-6998145 

log.  a=     7-3206875 

log.  23-941  feet  =     1-3791270 

487.  Instead  of  making  the  great  circle  tangent  at  the  starting- 
point,  it  may  be  run  so  as  to  be  tangent  at  the  three-mile  point  of 
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AZIBfUTHS  OF  THE  TANGENT  TO  THE  PARALLEL. 

(The  azimuth  is  the  •maUext  aoRle  the  tanfi^iit  maken  with  the  true  meridian  and  always 
measured  from  the  north  and  toward  the  tangential  points.] 


Lat. 

ImOe. 

Smiles. 

8  miles. 

4  miles. 

6  miles. 

6  miles. 

30- 
82' 

o        /          //         o        /          //      1   o        /          //      1    o        /          //      1    ©        /          //jo/          // 

89  59  300  89  58  59'9,89  58  29-9  89  57  69'9  89  57  29*9,89  56  59-H 
89  59  28-8  89  58  575  89  58  26-3  89  57  550  89  57  238  89  56  525 
89  59  27-589  58  55-0|89  58  22-589  57  500|89  57  17*5  89  56  45*0 

33' 
34* 
35'' 

89  59  26-2 
89  59  24-9 
89  59  23*6 

89  58  52*5  89  58  18-7'89  57  44-9'89  57  11*2,89  56  37-4 
89  58  49-9  89  58  14-889  57  39*7.89  57  04*6  89  56  29*6 
89  58  47*2  89  58  10*8  89  57  34*4J89  56  580  89  56  21*6 

36' 
37' 
38' 

89  59  22*2 
89  59  20-8 
89  59  19  4 

89  58  44*489  58  06*889  57  28*989  56  511  89  56  13*4 
89  58  41-6i89  58  02*5'89  57  23*389  56  44*1  89  56  05*0 
89  58  38*8  89  57  582  89  57  17*5  89  56  86*9j89  55  56*3 

39' 
40* 

41' 

89  59  17-9 
89  59  16-4 
89  59  14-8 

89  58  35*8  89  57  53*789  57  11*6  89  56  29-6;89  55  475 
89  58  32*8  89  57  49*2  89  57  05*5  89  56  21-9  89  55  38*3 
89  58  29*6,89  57  44*489  56  59*389  56  141  89  55  28*9 

42'* 
4S' 

44' 

89  59  13*2 
89  59  11-5 
89  59  09*8 

89  58  26*4  89  57  39*6  89  56  52*8  89  56  06*0  89  55  19*2 
89  58  23-189  57  34*6,89  56  46*2:89  55  67-7,89  55  09*2 
89  58  19-6  89  57  29*5  89  56  39*3  89  55  49*  189  54  58*9 

i      45' 
46' 
47' 

89  59  08*0 
89  59  06-2 
89  59  04*3 

89  58  16*189  57  24l'89  56  32*189  55  40*289  54  48*2 
89  58  12-489  57  18-6  89  56  24*8,89  55  31*0  89  54  372 
89  58  08*6|89  57  12*9,89  56  17-1|89  55  21-489  54  25*7 

48' 
49' 
50' 

89  59  02-3 
89  59  00*2 
89  58  58*1 

89  58  04-689  57  06-9  89  56  09-2  89  55  11-589  54  13*8 
89  58  00-589  57  00*789  50  00*089  55  01*289  54  01*4 
89  57  56*2|89  56  54*3|89  55  526  89  54  50*5  89  53  48*5 

Lat. 

7  miles. 

8  miles. 

9  miles. 

lOmUes. 

11  miles. 

\2  miles. 

30' 

3r 

32' 

89  56  29-8 
89  56  21-3 
89  56  12-5 

89  55  59*8 
89  55  50*0 
89  55  40-0 

89  55  29*8 
89  55  18*8 
89  55  07*6 

89  54  59*7 
89  54  47*6 
89  54  35*1 

89  54  29*7 
89  54  16*8 
89  54  02*6 

89  53  59*7 
89  53  45*1 
89  53  30* 1 

•33' 
34' 
35' 

89  56  03-6 
89  55  54-5 
89  55  45*2 

89  55  29-9'89  54  56*1 
89  55  19*4,89  54  44*4 
89  55  08-889  54  32*3 

89  54  22*3 
89  54  09*8 
89  53  55-9 

89  53  48*5 
89  53  34*2 
89  53  19*5 

89  53  14*8' 
89  52  59*1 1 
89  52  43* 1 

36' 
37' 

38' 

89  55  35-6 
89  55  25-8 
89  55  15*7 

89  54  57*8  89  54  20*0 
89  54  46-6  89  54  07*4 
89  54  35*189  53  54*5 

89  53  42-8 
89  53  28*2 
89  53  13-9 

89  53  04-5 
89  52  49- 1 
89  52  33*2 

89  52  26*7 
89  52  09*9 
89  51  52*6j 

39' 
40' 

41' 

89  55  05-4 
89  54  54-7 
89  54  43-7 

89  54  23-3'89  53  41-2 
89  54  11*1|89  53  27*5 
89  53  58*5.89  53  13*4 

89  52  59*1 
89  52  4S-8 
89  52  28*2 

89  52  17*o'89  51  34*9 
89  52  00-2  89  51  16*61 
89  51  43-0  89  50  57*8 

42' 
43' 
44' 

89  54  32-4 
89  54  20-8 
89  54  08-7 

89  53  45*6'89  52  58*8 
89  53  32*8  89  52  43*8 
89  53  18*5'89  52  28*4 

89  52  12-0 
89  51  65-4 
89  51  38*2 

89  51  25*2  89  50  38*4' 
89  51  06*9  89  60  18*5, 
89  50  48-0  89  49  57*8 

45' 
46' 

47' 

89  53  56-3 
89  53  43-4 
89  53  30-0 

89  53  04-3'89  62  12*3 
89  52  49*5  89  51  55*7 
89  52  34*3  89  51  38*6 

89  51  20-4 
89  51  01-9 
89  50  42-9 

89  50  28*4  89  49  36*4! 
89  50  08-l{89  49  14*3 
89  49  47-2  89  48  51*4 

48' 
40' 
50' 

89  53  16* 1 
89  53  01-7 
89  52  46-6 

89  52  18-4  89  51  20-7 
89  52  01*9  89  51  021 
89  51  44*7|89  50  428 

89  50  23*0 
89  50  02*4 
89  49  40-9 

89  49  26*3l89  48  27*6 
89  49  02*6  89  48  02*8j 
89  48  39*0|80  47  37*1 
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OFFSETS,  IN  FEET,  FROM  TANGENT  TO  PARALLEL. 


Lat. 

80" 
3r 
32" 

ImUe. 

2mlk». 

"  — V 
SmUes. 

4mUefl. 

Smites. 

OmUes. 

Fatt. 

0-39 
0-40 
0-42 

FmU 

1-54 
1-60 
1-67 

F«^ 

3-47 
3-61 
3-76 

TmtL 

617 
6-42 
6-67 

F««t 

9  64 
1008 
10-42 

FmU 

13-88 
14-44 
15-02 

83" 
34" 
35" 

0-43 
0-45 
0-47 

1-73 
1-80 

1-87 

3-90 
405 
4-20 

6-93 
7-20 

7-47 

10-82 
11-25 
11-68 

15-60 
16-20 
16-81 

36" 
37" 
38" 

0-48 
0-50 
0-52 

1-94 
2-01 
2-08 

4-36 
4-52 
4-69 

7-75 
804 
8-33 

12  11 
12-57 
1302 

17-44 
1809 
18-75 

39" 
40*^ 
41" 

0-54 
0-56 
0-58 

2-16 
2-24 
2-32 

4-86 
503 
5-21 

8-63 
8  95 
9-27 

13-49 
13-98 

14-48 

19-43 
20-11 
20-85 

42" 
43" 
44" 

0-60 
0-62 
0-64 

2-40 
2-48 
2-57 

6-40 
5-59 
5-79 

9-59 

9-93 

10-29 

14-99 
15-52 
16-07 

21-59 
22'85 
2314 

45" 

46" 

47" 

0-67 
0-69 
0-71 

2-66 
2-76 

2-85 

5*99 
6-20 
6-42 

10-65 
11  02 
11-41 

16-64 
17-21 
17-83 

28-96 
24-80 
25-68 

48" 
49" 
50" 

0-74 
0-76 
0-79 

2-95 
306 
8- 17 

6-65 
6-88 
713 

11-82 
12-24 
12-68 

18-47 
19-12 
19-80 

26-59 
27  54 
28-52 

Lat. 

rmilee. 

Smiles. 

9mUes. 

10  miles. 

11  miles. 

18  miles. 

30" 
31" 
32" 

Fm(. 

18-89 
19-66 
20-44 

FmU 

24-67 
26-68 
26-69 

F«t. 

81-23 
82-49 
33-78 

FmI. 

88  55 
40  12 
41-71 

FmU 

46-65 
48-54 
50-47 

FmU 

56-52 
57-77 
60-06 

33" 
84" 
85" 

21-23 
22-05 
22-89 

27-74 

28-80 
29-89 

85-10 
36-45 
37-83 

43-84 
45-00 
46-71 

52-44 
54-45 
56-62 

62  41 
64-80 
67-26 

86" 
87" 

38" 

23-74 
24-62 
25-52 

31  01 
82-16 
83-33 

39-25 
40  70 
42- 19 

48-45 
50-24 
5208 

58-63 
60-79 
63-02 

69-77 
72-35 
7500 

39" 
40" 

41" 

26-44 
27-40 
28-37 

84-54 
35-78 
3706 

43-71 
45-29 
46-90 

53-97 
55-91 
57-91 

65-80 
67-66 
70-07 

77-71 
80-51 
88-39 

42" 
43" 

44" 

29-38 
30-42 
31-50 

88-38 
39-74 
41-14 

48-57 
50-29 
52  07 

69-97 
62-09 
64-28 

72-56 
75-13 

77-78 

86-35 
89-41 
92-57 

45" 
46" 

47" 

32-61 
83-76 
34-95 

42-59 
44-10 
45-65 

53-91 
55-81 
57-78 

66-66 
68-90 
71-34 

80-58 
83-37 
86-82 

95-84 

99-22 

102-72 

48" 
49" 
50" 

86- 19 

37-48 

38-82 

47-27 

48-95 
50-70 

59-83 
61-96 
64-17 

73-86 
76-49 
79-22 

89-87 
92-55 
95-86 

106-86 
11016 
114-08 
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the  township  line.  This  will  require  shorter  offsets.  The  azimuths 
and  offsets  in  any  case  may  be  taken  from  the  tables  of  azimuths 
and  offsets  from  tangents,  noting  that  for  a  township  the  great  circle 
runs  three  miles  each  way  from  the  point  of  tangency.  Suppose  it 
is  required  to  run  such  a  tangent  to  the  45"^  parallel.  From  the 
tables  we  find  the  azimuth  for  the  three-mife  point  is  89°  57'  24-1", 
and  the  offset  5*99  feet  Then  determine  a  point  on  the  meridian 
through  A  and  5*99  feet  south.  From  this  point  run  a  line  haying 
an  azimuth  of  89°  57'  24*1",  and  it  will  be  tangent  to  the  latitude 
arc  at  the  three-mile  point.  All  required  azimuths  and  offsets  are 
given  in  the  table. 

The  azimuth  or  bearing  of  the  tangent  at  successive  mile  points 
will  be  taken  from  the  table  to  the  nearest  whole  minute  only,  except 
when  test  sights  are  taken.  The  offsets  at  intervals  of  one  mile  are 
inserted  in  the  table ;  to  obtain  the  length  of  offsets  at  the  half-mile 
points,  take  one  fourth  of  the  offset  corresponding  to  twice  the  dis- 
tance of  the  half-mile  point  from  the  tangential  point. 

Ezaynple,  Required  the  offset  at  b\  miles,  in  latitude  45°  34-5'. 
The  offset  at  11  miles  (interpolated  for  the  given  latitude)  is  82*16 
feet,  which  divided  by  4  gives  20*54  feet,  the  offset  required.  The 
tables  are  extended  to  12  miles,  in  order  to  provide  necessary  data; 
but  the  tangent  will  be  limited  to  six  miles. 

488.  By  Offsets  firom  a  "Secant/'— Instead  of  running  the  great 
circle  so  as  to  be  tangent  to  the  latitude  arc  it  may  be  run  so  as  to 
intersect  it  at  given  points,  as,  for  example,  at  the  beginning  and 
end  of  the  six- mile  arc,  or  at  the  one-mile  and  the  five-mile  points. 
In  this  last  case  the  line  run  out  keeps  nearer  the  latitude  arc  than 
in  any  of  the  other  methods,  so  that  the  offsets 
are  shorter. 

The  method  consists  in  running  a  great 
circle  for  six  miles  (the  width  of  a  township), 
the  starting-point  and  the  original  bearing  be- 
ing such  that  the  line  run  will  intersect  the 
parallel  at  points  one  mile  and  five  miles  from 
the  starting-point.  For  example,  suppose  it  is  desired  to  determine 
points  on  the  45°  parallel,  represented  by  A  B  Fig.  354^  B  being  six 
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miles  from  A.  An  arc  of  a  great  circle  is  run  from  C  to  F,  cutting 
the  parallel  at  D  and  E,  D  being  one  mile  and  £  five  miles  from  C. 
For  convenience  the  line  C  F  is  called  a  '^  aecant.^^  The  distance 
of  the  secant  from  the  latitude  arc  at  any  point  may  be  calculated 
by  the  methods  employed  in  Art  484. 

The  table*  (page  341)  gives  angles  and  offsets  from  a  secant  to 
a  parallel  of  latitude. 

The  true  bearing  of  the  secant  at  each  mile  and  half-mile  point 
will  be  expressed  by  the  tabular  azimuth  preceded  by  the  initial 
meridional  letter  N,  when  the  distance  argument  is  found  at  the 
top  of  the  table ;  but  when  this  argument  is  found  at  the  bottom  of 
the  table  the  meridional  letter  S  will  be  placed  before  the  azimuth ; 
while  the  departure  letter  E  or  W  will  be  made  to  agree  with  the 
direction  of  the  survey,  east  or  west,  as  the  case  may  require. 

The  direction  of  the  offsets  from  the  secant  to  the  parallel  is  in- 
dicated by  the  letter  N  or  S  following  the  offsets. 

Examples.  Standard  parallel  run  west,  latitude  48*^  N. ;  distance 
from  initial  point  of  secant  2  miles.  The  bearing  is  N.  89''  59'  W., 
and  the  offset  is  2*22  feet  S.  At  5^  miles  the  bearing  is  S.  89°  57' 
W.,  and  the  offset  is  1C6  feet  N. 

The  bearing  is  taken  to  the  nearest  minute. 

The  offsets  for  minutes  of  latitudes  may  be  determined  by  in- 
terpolating by  simple  proportion. 

489.  Length  of  Parallels.  The  radius  of  any  parallel  of  latitude 
equals  the  radius  at  the  equator  multiplied  by  the  cos.  latitude. 

Then  length  in  feet  of  1°  =    ^^  .  radius  in  feet  X  cos.  latitude. 

Then  length  in  feet  of  1°  =  -^  X  20912405  X  cos.  latitude. 

log.  length  in  feet  of  1°  =  log.  cos.  latitude  +  5-5622814. 
Example.    To  find  the  length  of  a  degree  on  the  45**  parallel, 
log.  cos.  45  =  9-8494855. 
5-5622814 

log.  258087  =  5-4117669. 


*  From  "  Instructions  "  issued  by  the  General  Land  Office. 
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AZIMUTHS  OF  THE  SECANT,  AND  OFFSETS,  IN  FEET,  TO  THE  PARALLEL.* 
^krsumentB ;  latitude  in  left-hand  oolomn  and  distance  from  starting-point  at  top  or  bottom  of 

the  table. 


30° 

AZIMUTHS  AND  OFrSETS  AT— 

Deflection 
angle  and 
nat.  tan.  to 
Rad.  M  ft. 

Omilea 

imUe. 

Imile. 

U  miles. 

Smiles. 

81  mUes. 

SmUes. 

89''  58-5' 
1-93  N. 

89°  58-7' 
0-87  N. 

89°  59-0' 
000 

89°  59-2' 
0-67  8. 

89°  59-5' 
115  8. 

89°  59-7' 
1-44  8. 

90°(E.orW.) 
1  64  8. 

3'  00-2' 
0-69  ins. 

31  ** 

89**  58-4' 
2  01N. 

89°  58-6' 
0-91  N. 

89°  58-9' 
000 

89°  59-2' 
0  70S. 

89°  59-5' 
1-20  8. 

89°  59-7' 
1-60  8. 

90°  (E.  or  W.) 
1-60  8. 

3'  07-4' 
0-72  ins. 

32** 

89"  58-4' 
2'09N. 

89°  58-6' 
0  94N. 

89°  58-9' 
0  00 

89°  59-2' 
0-73  8. 

89°  59-5' 
1-26  8. 

89°  59-7' 
1-66  8. 

90°  (E.  or  W.) 
1-67  8: 

3'  15 -O* 
0-76  ins. 

33° 

89°  58-3' 
217N. 

89°  58-5' 
0-97  N. 

89°  58-8' 
000 

89°59-r 
0-76  a 

89°  59-4' 
1  80  8. 

89°  59-7' 
1  62  8. 

90°  (B.  or  W.) 
1-73  8. 

3'  22-6' 
0-78  ins. 

34" 

89°  58-2' 
2-25  N. 

89°  58-5' 
1  01  N. 

89°  58-8' 
0  00 

89°  59-1' 
0  79S. 

89^  59-4' 89°  59*7' 
186  8.   1-69  8. 

90°  (E.  or  W.) 
1-80  8. 

3'  30-4' 
0-81  ins. 

35° 

89°  58-2' 
2  83  N. 

89°  58-5' 
1-05  N. 

89°  58-8' 
000 

89°  59-1' 
0-82  8. 

89°  59-4' 89°  59-7' 
1-40  8.   1-76  8. 

90°(E.orW.) 
1-87  8. 

3'  38-4" 
0  84  ins. 

36° 

89°  58a' 
2-42  N. 

89°  58-4' 
109N. 

89°  58-7' 
000 

89°  59-0' 
0-85  8. 

89°  59-4' 89°  59-7' 
146  8.   1  82  8. 

90°  (E.  or  W.) 
194  8. 

3'  46-4"^ 
0-87  ins. 

37° 

89°  58-0' 
2-51  N. 

89°  58-3' 
113N. 

89°  58-6' 
000 

89°  58-9' 
0-88  8. 

89°  59-3' 89°  59-7' 
1618.    1  89  8. 

90°  (E.  or  W.) 
2  01  8. 

3'  55-0" 
0-90  ins. 

38" 

89"  58-0' 
2-61  N. 

89°  58-3' 
1  17N. 

89°  58-6' 
000 

89°  58-9' 
0  91  8. 

89°  59-3' 89°  59-7' 
1-66  8.   196  8. 

90''(B.orW.) 
2-08  8. 

4' 03-6- 
0  98  ins. 

39° 

89°  57-9' 
2-70N. 

89^  58-2' 
1-21  N. 

89°  58-6' 
000 

89°  58-9' 
0  94  8. 

89°  59-3' 89'  59-7' 
1-62  8.   2-02  8. 

90°  (E.  or  W.) 
216  8. 

4  12 • 6" 
0-97  ins. 

40° 

89°  57-8' 
2-79N. 

89°  58-1' 
1  25N. 

89°  58-5' 
000 

89°  58-9' 
0-98  8. 

89°  59-3' 89°  59-7' 
1-68  8.1  210  8. 

90°  (B.  or  W.) 
2  24  8. 

4' 21-6' 
1  00  ins. 

41° 

89°  57-7' 
2-89  N. 

89°  58-0' 
1-30  N. 

89°  58-4' 
000 

89°  58-8' 
1  02  8. 

89°  59-2' 89°  59-6' 
1  74  8.   217  8. 

90°(B.orW.) 
2  82  8. 

4'31-2" 
1-04  ins. 

42** 

89°  57-7' 
3-00  N. 

89°  58-0' 
1  35N. 

89°  58-4' 
000 

89°  58-8' 
1  06  8. 

89°  59-2' 89°  59-6' 
1  80  8.   2-26  8. 

90°(E.orW.) 
2  40  8. 

4'  40-8' 
1-08  ins. 

43° 

89°  57-6' 

3- UN. 

89°  58-0' 
1  40N. 

89°  58-4 
000 

89°  58-8' 
1-08  8. 

89°  59-2' 89°  59-6' 
1-86  8.   2  88  8. 

90°(B.orW.) 
2-48  8. 

4'  50-8' 
1  12  ins. 

44^ 

89°  57-5' 
3-22  N. 

89°  57-9' 
1-45  N. 

89°  58-3' 
000 

89°  58 -r 
1-12  8. 

89°  59-2' 89°  59-6' 
198  8.   2-418. 

90°  (E.  or  W.) 
2  67  8. 

5010' 
1  16  ins. 

45° 

89°  57-4' 
3  33  N. 

89°  57-8' 
1  50N. 

89°  58-3' 
000 

89°  58-7' 
1  16  8. 

89°  59-1' 89°  59-5' 
2-00  8.   2  49  8. 

90°  (E.  or  W.) 
2-66  8. 

5' 11-8' 
1  20  ins. 

46° 

89°  57-3' 
3  44N. 

89°  67-7' 
1-66  N. 

89°  58-2' 
000 

89°  58-6' 
1-218. 

89°  59-1' 
2  07  8. 

89°  59-5' 
2-69  8. 

90**  (E.  or  W.) 
2-76  8. 

5'  22-8' 
1-24  ins. 

47° 

89°  57-2' 
35  7  N. 

89°  57-6' 
1  61N. 

89°  58-1' 
000 

89°  58-6: 
1-25  8. 

89°  59-1' 
2- 14  8. 

89°  59-5' 
2-67  8. 

90°  (E.  or  W.) 
2-86  8. 

5'  34-2" 
1  28  ins. 

48° 

89°571' 
3  70N. 

89°  57-5' 
1  66N. 

89°  58-0' 
000 

89°  58-5' 
1  30  8. 

89°  59-0' 

2-22  8. 

89°  59-5' 
2-78  8. 

90°(E.orW.) 
2-96  8. 

5'  46-2' 
1  88  ins. 

49° 

89^  57-0' 

3-82  N. 

89°  57-5' 
1  72N. 

89°  58-0' 
0-00 

89°  58-5' 
1-34  8. 

89°  59-0' 89°  59-5' 
2  80  8.   2-87  8. 

90°  (E.  or  W.) 
8  06  8. 

5'  58-6'' 
1  88  ins. 

50° 

89°  56-9' 
3-96  N. 

89°  57-4' 
1-78  N. 

89°  57-9' 
000 

89°  58-4' 
1-39  8. 

89°  59-0' 

2-38  S. 

89°  59-5' 
2-97  8. 

Si  miles. 

90°(E.orW.) 
3-17  8. 

6' 11-4' 
1  43  ins. 

J 

6  miles. 

similes. 

ft  miles. 

4i  miles. 

4  miles. 

8  miles. 

Deflection 
angle  and 
nat.  tan.  to 
Rad.  66  ft. 

AZIMUTHS  AND  OFFSETS  AT— 

♦  From  "  Instructions  "  issued  by  the  General  Land  OflBce. 
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Conversely,  The  angle,  in  minutes,  subtended  by  any  arc  = 
length  of  arc  X  3437'7468 

radius  X  cos.  latitude 
log.  angle  in  minutes  =  log.  arc  in  feet  —  3 '7841301  —  cos.  latitude. 
Example.     Latitude  45''  N.  and  distance  6  miles, 
log.  31680  =  4-6007852 
-  3-7841301 
•7166551 
co-log.  COS.  45^  =    '1505150 
log.  r  21' -897         -8671701 

490.  The  difference  of  lengths  of  any  two  parallels  is  called  the 
convergence  of  the  meridians  between  those  parallels.  This  may 
be  obtained  more  easily,  since  the  distances  between  the  meridians 
are  as  the  cosines  of  the  latitudes. 

Example.  Two  "range-lines"  (meridians)  are  6  miles  (480 
chains)  apart  on  the  base-line  of  46^. 

Required  their  convergence  at  47"^  north. 

Length  at  47^  =  480  ^^  ^H  =  471-252. 
®  cos,  46 

480  -  471-252  =  8  chains  74*8  links. 
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CHAPTER  VIII. 

RESURVEVS, 

491.  Introdnotioii.  In  makiog  a  resurvey  of  a  piece  of  ground 
the  problem  usually  presented  is  to  make  the  description  of  a  par- 
.cel  of  ground  given  in  a  deed  or  lot  description  agree  with  the 
boundaries  of  the  same  parcel  indicated  on  the  ground. 

Where  the  original  survey  was  properly  made,  and  the  monu- 
ments of  the  original  surrey  remain,  the  problem  is  an  easy  one. 
But  if,  as  is  frequently  the  case,  the  original  survey  was  inaccurate, 
and  even  erroneous,  and  all,  or  many,  of  the  corners  and  line-marks 
spoken  of  in  the  deed  have  disappeared,  the  problem  becomes  very 
perplexing. 

As  a  rule,  in  the  older  States  the  original  farm  surveys  were  not 
very  carefully  made,  and  few  permanent  monuments  were  set. 
Stakes  driven  in  the  ground  were  the  usual  corner  and  line  marks, 
and  these  soon  disappeared. 

One  of  the  principal  diflSculties  in  resurveying  arises  from  the 
fact  that  many  of  the  old  surveyors  did  not  understand  the  declina- 
tion of  the  magnetic  needle,  and  therefore  either  took  no  account 
of  it  or  did  not  make  the  proper  correction.  If  some  of  the  original 
monuments  remain,  such  errors  can  be  at  once  detected  and  cor- 
rected, but  if  none  of  the  original  monuments  remain  the  question 
of  determining  the  proper  bearings  is  a  difficult  one  to  solve. 

In  the  newer  States,  where  the  original  surveys  were  made  by 
the  United  States  Government  on  lines  running  north  and  south 
and  east  and  west,  the  difficulties  are  not  so  great,  but  are  still  con- 
siderable. The  proper  direction  of  the  lines  is  known,  and  more 
marks  and  monuments  are  to  be  found,  but  the  inaccuracies  of  the 
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original  work  and  the  disappearance  of  corner-marks  make  the  de- 
termination of  section-lines  and  subdivisions  anything  bat  simple. 

492.  Standards  of  Keasurement  Another  source  of  trouble  in 
resurveys  arises  from  the  fact  that  the  instruments  for  measuring 
distances  used  by  some  of  the  old  surveyors  were  inaccurate,  and 
there  were  no  Ooyernment  standards  of  measurement  The  first 
standard  of  length  in  the  United  States  having  any  official  sanction 
was  the  standard  yard,  legalized  by  the  British  Parliament  in  1855, 
a  copy  of  which  was  sent  to  the  United  States  Office  of  Weights  and 
Measures.  The  metric  system  of  weights  and  measures  was  legal- 
ized by  the  United  States  Government  in  1866.  In  1875  seventeen 
governments,  including  that  of  the  United  States,  united  in  form- 
ing an  International  Bureau  of  Weights  and  Measures,  the  object 
being  to  prepare  and  distribute  standards  of  weights  and  measures. 

The  copies  have  been  distributed,  and  the  standard  sets  for  the 
United  States  were  unsealed  in  Washington  Jan.  2,  1892.  This 
gives  us  available  standards  in  both  systems.  Any  one  can  have  his 
measuring-tape  compared  with  the  Government  standard  at  Wash- 
ington by  applying  to  the  Bureau  of  Weights  and  Measures  and 
paying  a  small  fee. 

The  United  States  Goveiiiment  has  placed  duplicates  of  the 
standards  of  weights  and  measures  in  all  of  the  States,  so  that  steps 
have  been  taken  toward  the  proper  distribution  of  the  standards. 
One  step  further  is  needed.  The  standards  should  be  so  distributed 
as  to  be  readily  available  for  all.  In  every  town  of  any  considerable 
size,  and  in  at  least  one  town  in  every  county,  there  should  be  a  true 
meridian,  plainly  and  permanently  marked,  as  a  standard  for  bear- 
ings or  azimuths;  and  standards  of  measurements  should  be  so 
placed  that  not  only  engineers  and  surveyors  might  test  their  meas- 
uring instruments,  but  that  any  one  who  needs  to  use  a  tape-line 
can  test  it  and  know  whether  it  is  correct  or  not. 

In  comparing  a  tape  with  the  standard  it  should  be  tested  under 
the  same  conditions  in  which  it  is  to  be  used — that  is,  it  should  be 
supported  at  points  the  same  distance  apart,  and  under  the  same 
tension  as  it  will  be  when  in  use.  This  will  avoid  the  necessity  of 
computing  the  corrections  for  sag,  elongation  from  pull,  etc.    The 
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temperature  at  which  the  test  is  made  should  also  be  noted,  so  that 
the  proper  correction  for  temperature  may  be  applied.  Steel  tapes 
expand  from  0-000006  to  0*000007  of  their  length  for  every  degree 
Fahr.  of  rise  in  temperature.  On  accurate  measurement  with  a 
steel  tape,  see  Chapter  XV,  Part  II. 

In  making  a  resuryey  where  there  is  considerable  uncertainty,  as 
in  the  case  of  disputed  boundaries,  the  surveyor  has  no  official  power 
to  decide  any  disputed  point.  He  can  only  act  as  an  expert,  and 
give  an  opinion  as  to  what  is  the  most  probable  solution  of  the  diffi- 
culties in  question.  If  the  interested  parties  do  not  agree  to  accept 
his  decision,  the  question  must  be  settled  in  the  courts. 

Many  of  the  questions  which  arise  in  such  cases  have  been  de- 
cided in  the  courts,  and  these  decisions  will  guide  the  surveyor  so 
far  as  they  cover  the  points  which  may  arise  in  his  practice. 

SOKE  BXJLES  OF  LAW  OOVEBKINa  BBSXJBVEY& 

BT  JUDOK  HUGH  J.   CALDWELL. 

49S.  In  the  older  States  it  seems  to  have  been  the  practice  in 
making  surveys  to  run  the  lines  according  to  the  magnetic  meridian, 
and  not  according  to  the  true  meridian.  Where,  therefore,  there 
was  nothing  in  the  deed  or  patent  to  control  the  call  for  courses 
and  distances,  the  land  was  to  be  taken  as  bounded  by  the  courses 
and  distances  of  the  deed  or  patent  according  to  the  magnetic 
meridian. 

In  1796  Congress  passed  an  act  providing  for  the  sale  of  the 
lands  of  the  United  States  in  the  territory  northwest  of  the  river 
Ohio  and  above  the  mouth  of  the  Kentucky  Biver.  What  is 
known  as  the  rectangular  system  of  surveys  was  adopted.  This 
system  requires  that  the  meridian  lines  shall  be  run  on  the  true 
meridians. 

Section  2396  of  the  Revised  Statutes  of  the  United  States  pro- 
vides that  "  the  public  lands  shall  be  divided  by  north  and  south 
lines  run  according  to  the  true  meridian,  and  by  others  crossing 
them  at  right  angles."  Where  this  system  was  adopted  there  can 
be  no  presumption  that  the  lines  of  a  survey  were  run  by  the  mag- 
netic meridian. 
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Where  Description  of  Lands  is  Inconsistent  or  Uncertain, 

1.  Parts  of  the  description  which  are  most  certain  preyail. 
Where  there  are  two  conflicting  descriptions  in  i^  deed,  or  two  con- 
flicting parts  of  the  same  description,  that  which  is  more  certain  and 
stable,  and  the  least  likely  to  have  been  mistaken,  or  to  have  been 
inserted  inadvertently,  must  prevail  if  it  sufficiently  identifies  the 
land.  This  rule  is  particularly  true  where  one  of  the  descriptions 
or  parts  of  the  description  is  expressed  in  certain  and  definite  terms, 
while  the  other  is  vaguely  and  uncertainly  stated  to  be  '^  about "  a 
certain  distance,  or  the  like. 

2.  If  both  descriptions  are  equally  stable  and  certain,  that  which 
is  most  favorable  to  the  grantee  is  to  be  preferred. 

3.  Where  a  deed  contains  two  descriptions,  one  particular  and 
definite,  showing  the  location  and  bounds  of  the  land,  and  the  oth^r 
general  in  its  terms,  and  they  conflict,  the  former  controls. 

4.  Where  the  particular  description  is  in  any  degree  obscure  or 
uncertain,  the  general  description  may  be  resorted  to  for  the  pur- 
pose of  establishing  the  identity  of  the  premises,  and  items  of  the 
particular'  description  which  do  not  harmonize  with  the  general 
description  may  be  rejected. 

Wherever  the  general  description  is  clear,  definite,  and  certain, 
the  particular  will  not  control  it,  especially  where  the  latter  is  uncer- 
tain in  some  of  its  terms. 

5.  Where  there  is  uncertainty  the  prime  object  is  to  arrive  at 
the  intention  of  the  parties. 

6.  Where  the  general  description  refers  to  a  deed  or  other  instru- 
ment which  gives  the  boundaries,  then  it  becomes  a  particular 
description. 

7.  A  description  which  sufficiently  identifies  the  land,  and  is  in 
accord  with  the  obvious  intention  of  the  parties,  will  not  be  vitiated 
by  the  insertion  of  erroneous  calls  for  monuments  or  other  particu- 
lars which  are  repugnant  to  that  description ;  such  error  will  be  re- 
jected as  "false  demonstration,"  and  what  remains  will  pass  the  tract. 

8.  An  exception  too  uncertain  and  indefinite  to  have  any  mean- 
ing may  be  dropped,  and  the  previous  description,  complete  in 
itself,  allowed  to  stand. 
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9.  No  part  of  a  description  is  to  be  rejected  unless  absolutely 
necessary  to  uphold  the  deed. 

10.  Where  there  are  several  particulars  given  in  a  conveyance, 
all  of  which  are  necessary  to  identify  the  premises,  nothing  will  pass 
which  does  not  satisfy  every  particular. 

Monuments,  Courses,  and  Distances. 

1.  Monuments,  courses,  and  distances  are  only  witnesses  of  the 
intention  of  the  parties  to  the  deed,  and  as  such  that  which  is  most 
stable,  certain,  and  least  liable  to  be  mistaken  is  to  prevail  when 
they  do  not  agree.  Monuments  are  fixed  facts ;  they  visibly  indi- 
cate the  extent  of  the  land  and  the  direction  of  the  boundaries, 
while  courses  and  distances  are  merely  descriptive  of  the  facts,  based 
upon  measurement,  estimation,  and  calculation,  and  hence  the  value 
of  each  as  a  witness  is  in  the  order  above  named,  and  amount  of 
land,  which  is  purely  calculation,  is  the  most  unreliable  of  all. 

2.  Monuments  prevail  over  the  plan  or  plat  of  the  survey  referred 
to  in  the  deed. 

3.  Monuments  established  or  marked  on  the  ground  and  recog- 
nized for  twenty-one  years  or  more  as  designating  the  true  boundary, 
will  prevail  over  a  description  of  the  original  laying  out  of  the  land 
contained  in  the  original  proprietor's  records. 

4.  The  existence  of  marked  lines  obviates  a  mistake  in  the  plat, 
certificate  of  survey,  and  grant,  in  calling  "  west "  "  north,"  and  the 
like. 

5.  A  line  which  is  marked  part  of  the  way,  though  not  a  right 
line  from  corner  to  qorner,  will  control  the  boundary,  and  such 
boundary  for  the  residue  of  the  distance  will  be  a  direct  line  to  the 
corner  or  point  called  for. 

6.  Where  there  are  no  express  calls  to  fix  the  location  of  a  line 
with  certainty,  evidence  is  admissible  to  show  where  the  line  was 
run,  and  it,  when  thus  established,  will  control  courses  and  distances 
laid  down  in  the  survey  and  deed. 

7.  Monuments  subsequently  erected  by  the  parties  to  a  con- 
veyance by  mutual  consent,  as  being  those  called  for  therein,  will 
control  specifications  of  quantity  and  courses  and  distances. 

8.  There  is  a  preference  among  monuments.    Natural  monu- 

23 
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ments,  such  as  rivers  and  the  like,  are  generally  of  a  more  perma- 
nent and  notorious  character  than  artificial  monuments.  Hence, 
the  rule  that  natural  rather  than  artificial  monuments  called  for 
in  a  deed  will  prevail  where  they  conflict. 

9.  But  where  it  is  clear  that  the  artificial  monument  is  more 
reliable  than  the  natural  it  will  prevail. 

10.  Where  the  reason  on  which  the  above  rules  are  based  fails 
the  rule  fails,  hence  the  true  rule  can  be  determined  in  many  cases 
from  the  facts  alone.  And  where  the  facts  of  the  case  make  courses 
and  distances  more  reliable  than  monuments  then  they  prevail. 
The  general  rule  is  never  to  be  adhered  to  when  it  would  lead  to 
an  absurdity.  Nor  where  it  would  defeat  the  grant.  Nor  where  it 
would  defeat  the  manifest  intent  of  the  parties. 

11.  Monuments  called  for  as  "  supposed "  to  be,  or  "  near,"  or 
about  the  intended  line,  are  not  definite  enough  to  prevail  over 
definite  courses  and  distances. 

12.  If  a  monument  called  for  in  a  deed  is  gone  the  surveyor  can 
not  establish  himself  a  legal  monument  to  take  its  place ;  this  can 
be  done  only  upon  the  agreement  of  the  parties  interested. 

13.  If  no  monuments  are  called  for  in  the  deed,  or  if  the  monu- 
ments called  for  are  gone,  then  courses  and  distances  control  the 
survey  and  all  the  terms  of  description. 

14.  If  the  courses  and  distances  can  not  be  closed  on  the  plot 
they  do  not  wholly  control,  but  in  such  a  case  resort  may  be  had  to 
the  subordinate  parts  of  the  description. 

15.  In  determining  the  location  of  a  boundary,  course  prevails 
over  distance  where  they  do  not  harmonize.  The  same  is  true  in 
restoring  lost  lines  or  corners. 

16.  The  last  ruJe  does  not  prevail  where  by  so  doing  the  intent 
of  the  parties  will  not  be  carried  out;  but  the  very  reverse  may 
be  the  true  rule  if  it  best  carries  out  the  intent  of  the  parties  or 
obviates  an  absurdity. 

17.  Quantity  is  the  least  reliable,  and  is  the  last  to  be  resorted 
to  of  all  the  descriptive  particulars  in  a  deed.  But  if  there  is  a 
clear  intent  to  give  only  a  certain  quantity  it  may  control  the  other 
parts  of  the  description. 

18.  A  plot  referred  to  in  a  deed  becomes  a  part  of  it  and  con- 
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trols  a  line  subsequently  established  in  surveying  another  contigu- 
ous tract,  and  it  may  control  courses  and  distances. 

19.  If  a  town  lot  is  described  by  number,  the  town  plot  becomes 
a  part  of  the  conveyance. 

The  description  by  number  of  section  makes  the  map  and  field 
notes  of  the  public  surveys  a  part  of  the  description. 

20.  Where  the  numbers  in  a  deed,  as  written,  vary  from  the 
numerals,  also  used,  the  former  control. 

21.  A  line  to  be  run  between  certain  points  is  presumed  to  be 
a  straight  line,  but  may  be  deflected  to  take  in  a  designated  object. 

22.  Where  the  point  at  which  a  survey  begins  is  lost,  and  the 
next  corner  and  the  course  and  distance  between  the  two  are 
known,  the  first  point  may  be  found  by  reversing  the  first  course 
from  the  second  point  This  is  the  rule  of  law  as  to  any  lost  point 
in  a  survey  of  premises. 

23.  If  no  monument  is  found  at  the  point  of  intersection  of  two 
lines  of  a  survey,  such  point  of  intersection  will  be  presumed  to  be 
a  comer. 

24.  If  the  description  is  a  definite  quantity  out  of  a  larger  tract 
at  some  designated  corner,  then  the  same  is  to  be  laid  off  out  of  the 
designated  comer  in  a  square  form,  and  if  certain  objects  are  in- 
cluded in  the  grant,  then  the  survey  of  the  part  is  to  be  as  nearly 
in  a  square  form  as  possible  and  include  the  designated  objects. 

Boundaries  on  Streams,  Lakes,  and  other  Waters. 

The  decisions  of  the  different  States  are  so  much  at  variance  as 
to  boundaries  on  waters  that  it  is  difficult  to  give  here  any  general 
rules  as  a  guide  in  resurveys.  The  only  safe  guide  is  for  the  sur- 
veyor to  consult  the  law  of  the  State  where  the  survey  is  to  be 
made. 

1.  Streams  are  classified  as  navigable  and  non-navigable.  The 
courts  differ  as  to  what  is  a  navigable  stream.  The  rule  most  fre- 
quently adopted  is,  that  it  is  a  stream  susceptible  of  navigation  for 
purposes  of  commerce  during  some  portions  of  the  year. 

2.  Some  States  hold  the  bed  of  a  navigable  stream  is  vested  in 
the  State,  while  others  hold  it  is  vested  in  the  adjoining  proprie- 
tors, and  when  an  adjoining  proprietor  conveys  his  land  he  is  pre- 
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sumed  to  convey  to  the  center  of  the  stream  unless  he  in  terms 
limits  it  to  the  bank  or  high  or  low  water,  or  in  express  terms 
reserves  the  bed  of  the  stream  from  the  grant.  The  same  is  true 
of  flats  lying  between  the  land  described  and  the  stream  upon 
which  it  abuts. 

3.  When  a  stream  is  not  navigable,  or  if  navigable  the  grantor 
owns  the  bed  of  it,  the  general  rule  is  that  all  grants  of  land  bor- 
dering upon  it  vest  title  in  the  grantee  4»  the  thread  of  the  stream, 
unless  an  intent  to  limit  it  to  some  other  line  clearly  appears  from 
the  deed. 

4.  The  thread  of  the  stream  is  the  line  running  equidistant 
from  the  two  banks  at  the  ordinary  stage  of  the  water.  It  may  or 
may  not  be  the  middle  of  the  channel. 

5.  If  the  grantor  owned  to  the  center  of  the  stream,  and  the 
deed  gives  boundaries,  one  of  which  extends  into  or  along  a  stream, 
the  conveyance  extends  to  the  center  of  the  stream,  though  the 
stream  be  not  named  in  the  deed. 

6.  The  purpose  of  meander-lines  along  or  near  the  bank  of 
streams  is  to  designate  the  course  of  the  stream  and  to  aid  in  deter- 
mining the  amount  of  land.  They  are  not  to  have  the  effect  of 
restricting  the  boundary-line  or  to  prevent  it  from  extending  to  the 
thread  of  the  stream. 

7.  It  becomes  important  to  know  what  language  in  a  deed  will 
be  construed  as  an  intent  on  the  p«rt  of  the  grantor  to  reserve  to 
himself  the  bed  of  the  stream.  Here  courts  differ  to  such  an  extent 
that  but  few  general  rules  can  be  formulated.  To  almost  any  rule 
there  are  exceptions. 

8.  The  fact  that  one  or  more  of  the  courses  in  a  deed  extends 
to  a  monument  on  the  bank  or  by  the  side  of  a  stream  is  not  suffi- 
cient to  indicate  an  intent  on  the  part  of  the  grantor  to  limit  the 
boundaries  of  his  grant,  nor  to  prevent  their  reaching  the  thread  of 
the  stream,  where  the  boundary  between  the  monuments  is  described 
as  running  with,  by,  along,  or  upon  the  stream. 

9.  Where  the  deed  describes  the  boundary  as  running  along  the 
bank  of  a  stream,  the  word  "  bank  "  restricts  the  boundary  and  does 
not  permit  it  to  reach  tlie  thread  of  the  stream.  The  word  **  bank  " 
is  not  construed  to  be  the  top  of  the  rise  of  ground  or  the  bottom 
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of  it,  bnt  as  the  grantor  in  using  it  has  not  designated  any  part  of 
it  the  deed  is  construed  most  strongly  against  him,  and  it  is  held 
to  be  low-water  mark.  So  a  line  running  to  the  waters  of  a  stream 
runs  to  low-water  mark. 

10.  Where  a  deed  makes  the  shore  a  boundary- line,  the  courts 
vary  so  much  as  to  what  is  conveyed  that  an  attempt  at  a  rule  would 
only  confuse.  "  Shore  "  is  the  land  covered  and  uncovered  by  the 
ebb  and  flow  of  the  ordinary  tides.  The  term  should  never  be  used 
in  describing  lands  abutting  upon  waters  without  tides.  The  im- 
proper use  of  the  term  has  led  to  much  of  the  diversity  of  holding  as 
to  its  meaning.  Some  courts  extend  the  conveyance  to  the  thread 
of  the  stream,  some  to  the  low-water  line,  and  others  to  the  high- 
water  line. 
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494.  Leyeling  in  OeneraL  A  level  surface  is  one  which  is  every- 
where perpendicular  to  the  direction  of  gravity,  as  indicated  by  a 
plumb-line,  etc.,  and  consequently  parallel  to  the  surface  of  stand- 
ing water.  It  is,  therefore,  spherical  (more  precisely,  spheroidal), 
but,  for  a  small  extent,  may  be  considered  as  plane.  Any  line  lying 
in  it  is  a  level  line. 

A  vertical  line  is  one  which  coincides  with  the  direction  of 
gravity. 

The  height  of  a  point  is  its  distance  from  a  given  level  surface, 
measured  perpendicularly  to  that  surface,  and  therefore  in  a  ver- 
tical line. 

Leveling  is  the  art  of  determining  the  difference  of  the  heights 
of  two  or  more  points. 

To  obtain  a  level  surface  or  line,  usually  the  latter,  is  the  first 
thing  required  in  leveling. 

When  this  has  been  obtained,  by  any  of  the  methods  to  be  here- 
after described,  the  desired  height  of  a  point  may  be  determined 
directly  or  indirectly. 

Direct  Leveling.  In  this  method  of  leveling,  a  level  line  is  so 
directed  and  prolonged,  either  actually  or  visually,  as  to  pass  exactly 
over  or  under  the  point  in  question — i.  e.,  so  as  to  be  in  the  same 
vertical  plane  with  it — and  the  height  (or  depth)  of  the  point  above 
(or  below)  this  level  line  is  measured  by  a  vertical  rod,  or  by  some 
similar  means.    The  height  of  any  other  point  being  determined  in 
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the  same  manner,  the  difference  of  the  two  will  be  the  height  of 
one  of  the  points  above  the  other.  So  on,  for  any  number  of 
points. 

DiBECT  Leveling  is  the  method  most  commonly  employed.  It 
will  form  Chapter  IX. 

Indirect  Leveling.  In  this  method  of  leveling  the  desired 
height  is  obtained  by  calculation  from  certain  co-ordinate  meas- 
ured lines  or  angles,  which  fix  the  place  of  the  point. 

Thus,  the  horizontal  distance  from  any  point  to  a  tree  being 
known,  and  also  the  angle  with  the  horizon  made  by  a  straight  line 
passing  from  the  point  to  the  top  of  the  tree,  its  height  above  the 
point  can  be  readily  calculated.  This  is  the  most  simple  and  most 
usual  form  of  this  method. 

Methods  similar  to  those  employed  for  determining  Che  length 
of  a  line,  one  end  or  both  ends  of  which  are  inaccessible,  may  be 
used  in  this  method  of  leveling.  See  Chapter  V,  Obstacles  in 
Angular  Surveying. 

In  the  problems  which  are  there  solved,  the  lines  employed  lie 
in  a  horizontal  plane.  By  conceiving  the  plane  of  the  lines  to  be  - 
vertical,  many  of  the  solutions  will  apply  to  the  determination  of 
vertical  distances — that  is,  differences  of  level.  This  method  of 
leveling  is  employed  in  determining  the  difference  of  level  of  the 
stations  of  a  geodetic  survey,  where  the  stations  are  long  distances 
apart  and  the  horizontal  distances  between  them  are  determined  by 
the  survey. 

Indirect  Leveling  will  be  developed  in  Chapter  X,  Part  II. 

Barometric  Leveling.  This  determines  the  difference  of  the 
heights  of  two  points  by  the  difference  of  the  weights  of  the  por- 
tions of  the  atmosphere  which  are  above  each  of  them,  as  indicated 
by  a  barometer.  An  important  advantage  in  this  method  of  level- 
ing is  that  the  distances  between  stations  do  not  need  to  be  known 
in  order  to  determine  the  differences  of  level.  It  is,  therefore,  avail- 
ablQ  for  explorations,  reconnaissance,  and  preliminary  work,  which 
needs  to  be  carried  on  before  any  accurate  measurements  of  dis- 
tances are  made.    It  is  explained  in  Chapter  XI,  Part  II. 
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Precise  leyeling.  While,  in  general,  the  methods  employed  in 
Precise  Leveling  are  the  same  as  in  ordinary  Direct  Leyeling,  the 
instruments  used  are  capable  of  more  accurate  adjustment;  and 
repetitions  of  observations  are  systematically  arranged,  so  as  to  re- 
duce the  errors  to  the  leiftt  possible  amount  This  is  the  method 
employed  in  geodetic  surveying  for  determining  in  the  most  precise 
manner  possible  the  difference  of  level  of  a  series  of  stations  ex- 
tending over  long  distances,  as  from  the  ocean  to  the  Oreat  Lakes, 
or  across  the  continent.  It  will  be  explained  in  Chapter  XII, 
Part  II. 

DIRECT  LBVBLINQ. 
GEKESAL  FKINOlPIiBS. 

495.  Leyeling  Instrumenti.  The  instruments  employed  to  o\y 
tain  a  level  line  may  be  arranged  in  three  classes,  depending  on 
these  three  principles  : 

1.  That  a  line  perpendicular  to  a  vertical  line  is  a  horizontal  or 
level  line. 

2.  That  the  surface  of  a  liquid  in  repose  is  horizontal. 

3.  That  a  bubble  of  air,  confined  in  a  vessel  otherwise  full  of  a 
liquid,  will  rise  to  the  highest  point  of  that  liqtiid. 

They  will  be  described  in  the  following  pages. 

496.  Hethodi  of  Operation.  When  a  level  line  has  been  ob- 
tained, by  any  means,  the  difference  of  heights  of  any  two  points 
may  be  found  by  either  of  these  two  methods  : 

First  Method.     Set  the  leveling  instrument  over  one  of  the 

Fio.  846. 
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points,  as  A,  in  Fig.  346.     Measure  the  height  of  the  level  line 
above  the  point.    Then  direct  this  line  to  a  rod  held  on  the  othei 
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point,  and  note  the  reading.     The  difference  of  the  two  measnre- 
mcnts  at  A  and  B  will  be  the  difference  of  their  heights. 

Second  Method.     Let  A  and  B,  Fig.  347,  represent  the  two 

points.     Set  the  instru- 
ment on  any  spot  from 
which    both    the    points 
can  be  seen,  and  at  such 
a  height  that  the  level 
line  will  pass  above  the 
highest  one.     Sight  to  a 
rod  held  at  A,  and  note 
the  reading.     Then  turn 
the    instrument    toward 
B,  and  note  the  height 
observed  on  the  rod  held  at  that  point.      The  difference  of  the 
two  readings  will  be  the  difference  of  the  heights  required.     The 
absolute  height  of  the  level  line  itself  is  a  matter  of  indifference. 


Fio.  348. 


497.  Curvature.  The  level  line  given  by  an  instrument  is  tan- 
gent to  the  surface  of  the  earth.  Therefore, 
the  line  of  true  level  is  always  below  the  line 
of  apparent  level.  In  Fig.  348,  A  D  repre- 
sents the  line  of  apparent  level,  and  A  B  the 
line  of  true  level.  D  B  is  the  correction 
for  the  earth's  curvature.  By  geometry  we 
have  :  A  D'  =  D  B  X  (D  B  +  2  B  0).  But 
D  B,  being  very  small,  compared  with  the 
diameter  of  the  earth,  may  be  dropped  from 
the  quantity  in  the  parenthesis,  and  we  have  : 
AD« 
2B0^ 

i.  e.,  the  correction  equals  the  square  of  the 
distance  divided  by  the  diameter  of   the    earth. 

The  difference  of  height  for  a  distance  of 
,     .,  1         5280  X  12      ^ .     , 

-^  "^'^^  =  7-916  =  —7916-  =  ^  ^^"''"'- 

This  varies  as  the  square  of  the  distance.     The  effect,  if  neg- 
lected, is  to  make  distant  objects  appear  lower  than  they  really  are« 
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The  effect  is  destroyed  by  setting  the  instrament  midway  be- 
tween the  two  points. 

498.  Sefraotion.  Rays  of  light  coining  through  the  air  are 
curved  downward.  The  effect  is,  to  make  objects  look  higher  than 
they  really  are.  Its  amount  is  about  one  seventh  that  of  curva- 
ture, and  it  operates  in  a  contrary  direction. 


con- 
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499.  Principle.     The    principle   upon  which  these  are 
structed  is,  that  a  line  perpendicular 
to  the  direction  of  gravity  is  a  level 
line. 

500.  Plumb-line    LevelB.     The  A 

level.  Fig.  349,  is  so  adjusted  that, 

when  the  plumb-line  coincides  with 

the  mark  on  the  cross-piece,  the  feet  of  the  level  shall  be  at  the 

same  height.     It  is  adjusted  by  reversion  thus :  Place  its  feet  on 

any  two  points.  Mark  on  the  cross-bar 
the  place  of  the  plumb-line.  Turn  the 
instrument  end  for  end,  resting  it  on 
the  same  points,  and  mark  the  new  place 
of  the  plumb-line.  The  point  midway 
between  the  two  is  the  right  one. 

Another  form  is  shown  in  Fig.  350. 
The  above  forms  are  not  convenient  for  prolonging  a  level  line. 

To  do  this,  invert  the  preceding  form,  as  in  Fig.  351. 
To   test    and 

adjust  this,  sight      ^.. 

to    some  distant 

point   nearly  on 

a  level,  and  mark 

where  the  plumb- 
line  comes  to  on 

the  bottom  of  the 

rod.     Turn  the  instrument  around  and  sight  again,  and  note  xne 

place  of  the  plumb-line.     The  midway  point  is  the  right  one. 


k 


D 


"C 
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A  modification  of  the  last  form  is  to  fasten  a  common  carpen- 
ter^B  square  in  a  slit  in  the  top  of  a  staff,  by  means  of  a  screw,  and 

then  tie  a  plumb-line  at  the  angle  so  that 

_^„.     it  may  hang  beside  one  arm.     When  it 

"*       has  been  brought  to  do  so,  by  turning 

the  square,  then  the  other  arm  will  be 

level. 


Fio.  853. 


501.  Beflecting  Levdfl.  In  these,  the 
perpendicular  to  the  direction  of  gravity 
is  not  an  actual  line,  but  an  imaginary 
reflected  line. 

It  depends  on  the  optical  principle  that  a  ray  of  light  which 
meets  a  reflecting  plane  at  right  angles  is  reflected  back  in  the 
same  line. 

When  the  eye  sees  itself  in  a  plane  mirror,  the  imaginary  line 
which  passes  from  the  eye  to  its  image  is  perpendicular  to  the  mir- 
ror. Therefore,  if  the  mirror  be  vertical,  the  line  will  be  horizon- 
tal. It  may  therefore  be  used  like  any  other  line  of  sight  for 
determining  points  at  the  same  height  as  itself. 

The  first  form,  Fig.  353  (Colonel  BureVs),  con- 
sists of  a  rhomb  of  lead,  of  about  two  inches  on 
a  side,  and  one  inch  thick. 

One  side  .(the  shaded  part  of  the  figure)  is 
faced  with  a  mirror.  The  right-hand  corner  of 
the  rhomb  is  cut  off,  as  seen  in  the  figure,  and  a 
wire,  A  B,  is  stretched  across  the  mirror. 

To  use  this,  hold  up  the  instrument,  with  the 
mirror  opposite  the  eye,  by  the  string  D,  so  that 
the  eye  seems  bisected  in  the  mirror  by  the  wire  A  B.     Then 
glance  through  the  opening  at  B,  and  any  point  in  the  line  of  the 
eye  and  wire  will  be  in  the  same  horizontal  plane  with  them. 

The  correctness  of  the  instrument  may  be  verified  in  the  follow- 
ing manner  :  Hold  up  the  instrument  before  any  plane  surface,  as 
a  wall,  and  determine  the  height  of  some  point,  as  previously 
directed.  Then,  without  changing  the  height  of  the  instrument, 
turn  it  half  around,  place  yourself  between  it  and  the  wall,  and 
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note  the  point  of  the  wall  which  is  seen  in  the  mirror  to  coincide 
with  the  image  of  the  eye. 

If  the  two  points  on  the  wall  coincide,  the  instrument  is  cor- 
rect. If  they  do  not,  the  mirror  does  not  hang  plnmh,  and  the 
point  midway  between  the  two  is  the  true  one. 

The  instrument  is  rectified,  or  made  to  hang  plumb,  by  means 
of  the  pear-shaped  piece  of  lead  seen  attached  to  the  lower  corner 
of  the  rhomb. 

The  second  form  consists  of  a  hollow  brass  cylinder,  with  an 
opening  at  the  upper  end,  as  seen  in  Fig.  354.  At  the  opening  is 
a  small  mirror,  whose  ver- 
tical plane  makes  an  an- 
gle with  the  vertical 
plane  of  section  by  which 
the  cylinder  was  cut  in 
forming  the  aperture. 
The  edge  of  the  mirror 
is  marked  thus  (x)  in  the 
first  half  of  Fig.  354. 
The   mirror  is  made  to 

hang  plumb  by  means  of  a  one-sided  weight  within  the  cylin- 
der. 

This  is  used  by  setting  it  on  a  stake  driven  into  the  ground,  or 
by  holding  it  in  the  hand,  making  the  lower  edge  of  the  opening 
answer  the  same  purpose  as  the  wire  in  the  other  case. 

The  same  methods  of  verifica- 
tion and  rectification  are  used  as 
with  the  first  form  of  the  in- 
strument. 

The   instrument,  in  its  third 
form,  is  simply  a  small  steel  cylin- 
der, 4''  or  5"  long,  and  \"  in  di- 
ameter, highly  polished,  and  sus- 
jj^  pended  from  the  center  of  one  end 

by  a  fine  thread. 
To  use  this,  hold  it  up  by  the  thread  with  one  hand,  and  with 
the  other  hand  hold  a  cafd  between  the  eye  and  instrument,  using 
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the  upper  edge  of  the  card,  as  seen  reflected  in  the  mirror,  the 
same  as  the  wire  in  the  first  form. 

This  instrument  is  the  invention  of  M.  Gousinerj. 

WATER-LEVELS. 

502.  Continuous  Water-Levels.  These  may  consist  of  a  channel 
connecting  the  two  points,  and  filled  with  water ;  or  of  a  tube, 
usually  flexible,  with  the  ends  turned  up,  and  extending  from  one 
point  to  the  other. 

By  measuring  up  or  down,  from  the  surface  of  the  water  at 
each  end,  the  relative  heights  of  the  two  points  may  be  determined. 

603.  Visual  Water-Levels.  The  simplest  one  is  a  short  surface 
of  water  prolonged  by  sights  at  equal  distances  above  it,  as  in 
Fig.  356. 

A  portable  form  is  a  tube  bent  up  at  each  end,  and  nearly  filled 

Fio.  356. 


■^T^- 


with  water.     The  surface  of  the  water  in  one  end  will  always  be  at 
the  same  height  as  that  in  the  other,  however  the  position  of  the 

tube  may  vary.  It  may  be 
easily  constructed  with  a  tube 
of  tin,  lead,  copper,  etc.,  by 
bending  up,  at  right  angles,, 
an  inch  or  two  of  each  end, 
and  supporting  the  tube,  if 
too  flexible,  on  a  wooden  bar.  In  these  ends,  cement  (with  putty, 
twine  dipped  in  white-lead,  etc.)  thin  vials,  with  their  bottoms 
broken  off,  so  as  to  leave  a  free  communication  between  them. 
Fill  the  tube  and  the  vials,  nearly  to  their  top,  with  colored 
water.  Blue  vitriol  or  cochineal  may  be  used  for  coloring  it.  Cork 
their  mouths,  and  fit  the  instrument,  by  a  steady  but  flexible  joint, 
to  a  tripod. 
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To  use  it^  set  it  in  the  desired  spot,  place  the  tube  by  eye 
nearly  level,  remoye  the  corks,  and  the  surfaces  of  the  water  in  the 
two  vials  will  come  to  the  same  level.  Stand  about  a  yard  behind 
the  nearest  vial,  and  let  one  eye,  the  other  being  closed,  glance 
along  the  right-hand  side  of  one  vial,  and  the  left-hand  side  of 
the  other.  Raise  or  lower  the  head  till  the  two  surfaces  seem  to 
coincide,  and  this  line  of  sight,  prolonged,  will  give  the  level  line 
desired.  Sights  of  equal  height,  floating  on  the  water,  and  rising 
above  the  tops  of  the  vials,  would  give  a  better-defined  line. 

AIBrBXTBBUB  OB  SPIRIT  LEVELS. 

504.  The  '^  apirif -level"  consists  essentially  of  a  curved  glass 
tube  nearly  filled  with  alcohol,  but  with  a  bubble  of  air  left  within, 
which  always  seeks  the  highest  spot  in  the  tube,  and  will  there- 
fore, by  its  movements,  indicate  any  change  in  the  position  of  the 
tube.  Whenever  the  bubble,  by  raising  or  lowering  one  end,  has 
been  brought  to  stand  between 
two  marks  on  the  tube,  or,  in  ^' 

case  of  expansion  or  contraction,      ^THIT       MJiw""      "Zirj""~" 

to  extend  an  equal  distance  on         | | 

either  side  of  them,  the  bottom  D 

of  the  block  (if  the  tube  be  in 

one),  or  sights  at  each  end  of  the  tube,  previously  properly  ad- 
justed, will  be  on  the  same  level  line.  It  may  be  placed  on  a  board 
fixed  to  the  top  of  a  staff  or  tripod. 

When,  instead  of  the  sights,  a  telescope  is  made  parallel  to  the 
level,  and  various  contrivances  to  increase  its  delicacy  and  accu- 
racy are  added,  the  instrument  becomes  the  engineer's  spirit-level. 

The  upper  surface  of  the  tube  is  usually  the  arc  of  a  circle, 
and,  when  we  speak  of  lines  parallel  to  a  **  level,"  we  mean  parallel 
to  the  tangent  of  this  arc  at  its  highest  point,  as  indicated  by  the 
middle  of  the  bubble. 

506.  Sensibility.  This  is  estimated  by  the  distance  which  the 
bubble  moves  for  any  change  of  inclination.  It  is  directly  propor- 
tional to  the  radius  of  curvature  of  the  tube.  To  determine  the 
radius,  proceed  thus  : 
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Let  S  =  length  of  the  arc  over  which  the  bubble  moves  for  an 
inclination  of  1  second  (1"). 

Let  R  =  its  radius  of  curvature. 

ThenS  :2irE  : :  1"  :  360% 
whence  E  =  206265  X  S, 

o_      R 

^^^^  206266* 

S  may  be  found  by  trial,  the  level  being  attached  to  a  finely 

divided  vertical  circle.     The 
^0-859.  i"adius  may  also    be   found 

without  this,  thus  :  Bring 
the  bubble  to  center,  and 
sight  to  a  divided  rod. 
Raise  or  lower  one  end  of 
the  level,  and  again  sight  to 
the  rod.  Call  the  difference 
of  the  readings  A,  the  dis- 
tance of  the  rod  d,  and  the 
space  which  the  bubble 
moved  S.     Then  we  have  two  approximately   similar   triangles ; 

whence  r  =  -r- . 
fi 

Example.     At  100  feet  distance,  the  difference  of  readings  was 

0'02  foot,  and  the  bubble  moved  0*01  foot.     Then  the  radius  was 

100  X  0-01 


U-02 


=  50  feet. 


The  sensibility  of  an  air-bubble  level  equals  that  of  a  plumb- 
line  leirel  having  a  plumb-line  of  the  same  length  as  the  radius  of 
curvature. 


Fio.  860. 


506.  Blook-LeyeL    If  this  is  marked  by  the  maker,  and  the  bub- 
ble does  not  come  to  the  center,  when 
turned  end  for    end,   plane  or  grind 
off  one  end  of  the   bottom    until  it 
does. 

Otherwise,  if  the  bubble-tube  is  capable  of  movement,  raise 
or  lower  one  end  of  it  until  it  will  verify,  bringing  the  bubble 
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half-way  back  to  the  middle  by  this  means,  and  the  other  half 
by  raising  or  lowering  one  end  of  the  block,  becaase  the  reyersion 
has  doubled  the  error. 

Bepeat  this,  if  necessary. 


Circular  LeveL    The  npper  surface  of  this  is  spherical, 
therefore  indicate  a  level  in  every  direction,  instead 
of  only  one,  as  does  the  preceding.     It  is  adjusted 
like  the  last  one,  but  in  two  directions,  at  right  an- 
gles to  each  other. 


607.  Level  with  Sights.     The  line  of  sight  is  made 
parallel  to  the  tangent  of  the  leyel.     It  may  be  tested  thus  ; 

Fig.  362. 


ItwiD 
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Bring  the  bubble  to  the  center  of  the  tube  and  make  a  mark,  in 
the  line  of  sight,  as  far  off  as  can  be  seen.  Then  turn  the  leyel  end 
for  end,  and  sight  again.  If  the  bubble  remains  in  the  same  place, 
"  all  right."  If  not,  rectify  it  by  altering  the  sights,  or  by  altering 
the  marks  for  the  bubble  to  come  to,  bringing  the  bubble  half-way 
back,  and  trying  it  again. 

608.  Hand-Refleoted  LeveL  This  consists  of  a  brass  tube,  about 
six  inches  long,  and  one  inch  in  diameter.     To  the  inside  of  the 

upper  portion  of  the 
tube  is  attached  a 
small  leyel.  A  small 
mirror  is  placed  at  an 
angle  in  the  lower  side 
of  the  tube,  so  that  it  will  reflect  the  point  to  which  the  bubble 
must  come,  in  order  to  have  the  instrument  level,  to  the  eye. 


Fio.  363. 
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A  small  hole  at  one  end,  and  a  horizontal  cross-hair  at  the  other, 
giye  the  desired  level  line.  It  is  used  by  holding  it  in  the  hand. 
Fig.  363  is  an  approved  form,  made  by  Young,  of  Philadelphia. 
The  improvement  consists  in  the  patent  "  Locke  sight,"  which 
enables  the  near  cross-hair  to  be  distinctly  seen  at  the  same  time  as 
the  distant  object. 

609.  Gurley's  Telescopic  Hand-Level  (Fig.   363',  a).     "This 
consists  of  a  tube  to  which  are  fitted  the  lenses  of  a  single  opera- 
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glass,  and  containing  in  addition  thereto  a  reflecting  prism,  cross- 
wire,  and  small  spirit-level,  the  last  being  shown  in  the  open  part 
of  the  tube. 

"The  eye-lens,  as  indicated  in  the  cut,  is  made  of  two  separate 
pieces,  the  larger  one  being  the  usual  concave  eye-lens  of  the 
opera-glass,  the  smaller  one  a  segment  of  a  plano-convex  lens  hav- 
ing its  focus  in  a  cross-wire  under  the  level-vial  and  above  the 
reflecting  prism. 

"  The  observer  holds  the  tube  horizontal,  with  the  level  open- 
ing uppermost,  and  with  the  same  eye  sees  the  object  toward 
which  the  instrument  is  directed,  and  observes  the  position  of  the 
bubble.  When  the  level  is  truly  horizontal,  the  cross-wire  will 
24 
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bisect  the  bubble^  and  will  also  determine  the  level  of  any  object 
seen  through  the  telescope. 

*'In  the  binocular  form  of  this  level  (Fig.  363',  b)  the  tube 
on  the  right  incloses  the  usual  lenses  of  the  opera-glass,  while  that 
on  the  left  contains  only  the  prism,  level-vial,  and  cross-wire. 
The  binocular  hand-level  gives  a  clearer  view  of  an  object  than  is 
possible  with  a  single  tube,  there  being  no  light  lost  by  the  inter- 
ference of  the  prism  and  level-vial." 

510.  The  Teleaoope-LeveL  In  this  the  line  of  collimation  of 
the  telescope  corresponds  to  the  sights  of  Fig.  362,  and  is  made 
parallel  to  the  level — i.  e.,  this  line  is  so  adjusted  as  to  be  horizon- 
tal when  the  bubble  of  its  level  is  in  the  center. 

There  are  many  different  forms  of  the  telescope-level,  of  which 
the  most  important  ones  will  now  be  given. 

611.  The  T-LeveL  This  is  so  named  from  the  shape  of  the 
supports  of  the  telescope.  It  is  the  variety  most  used  by  American 
engineers. 

Fig.  364  represents  a  Y-level  of  the  usual  form.  The  telescope 
is  held  in   the  wyes  by  the  clips,  A  A,  which  are  fastened  to  the 


Fig.  864. 


wyes  by  tapering  pins,  so  that  the  telescope  can  be  clamped  in  any 
position.     The  milled-headed  screws  at  M  and  M  are  used  to  move 
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the  object-glass 
long  and  short 
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and  eye-piece  in  and  out,  so  as  to  adjust  them  for 
sights^  and  for  short-sighted  and  long-sighted  per- 
sons. L  is  a  spirit-leyel ;  P  and  P  are  parallel 
plates  ;  C  is  the  clamp-screw^  which  fastens 
the  spindle  on  which  the  level-bai*,  B^  which 
supports  the  wyes,  turns  ;  T  is  the  tangent- 
screw,  by  which  the  telescope  may  be  slowly 
turned  around  horizontally. 

612.  The  Telescope.  The  arrangement  of 
the  parts  of  the  telescope  is  shown  in  Fig.  365. 
0  is  the  object-glass,  by  which  an  image  of 
any  object,  toward  which  the  telescope  may  be 
directed,  is  formed  within  the  tube.  EE  is 
the  eye-piece — a  combination  of  lenses,  so  ar- 
ranged as  to  magnify  the  small  image  formed 
by  the  object-glass.  The  cross-hairs  are  at  X. 
They  are  moved  by  means  of  the  screws  shown 
at  B  B.  A  A  are  screws  used  for  centering  the 
eye-piece.  CC  are  screws  used  for  centering 
the  object-glass.  At  D  D  are  rings,  or  collars, 
of  exactly  the  same  diameter,  turned  very  tru- 
ly>  by  which  the  telescope  revolves  in  the  wyes. 

The  telescope  shown  in  the  figure  forms  the 
image  erect.  Other  combinations  of  lenses  are 
used,  some  of  which  invert  the  image  ;  but  the 
one  here  shown  is  generally  preferred. 


513.  The  CroM-Hairs.  These  are  made  of 
very  fine  platinum  wire  or  of  spider-threads. 
Tbey  are  attached  to  a  short,  thick  tube, 
placed  within  the  telescope-tube,  through  which 
pass  loosely  four  screws  whose  threads  enter 
and  take  hold  of  the  cross-hair  ring,  as  shown 
in  Fig.  366. 

In  some  instruments,  one  of  each   pair  of 
opposite  screws  is  replaced  by  a  spring ;  and  the  screws^  instead 
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of  being  capstan-headed,  and  moTed  by  an  "  adjusting-pin,"  have 
square  heads,  and  are  moved  by  a  "  key,"  like  a  watch-key. 
The  line  of  coUimation 

/  7 .  ^        •    \     •       i.v-  *''0.  866. 

(or  line  of  aim)  is  the 
imaginary  line  passing 
through  the  intersection  of 
the  cross-hairs  and  the  op- 
tical center  of  the  object- 
glass. 

The  image  formed  by 
the  object-glass  should  co- 
incide precisely  with  the 
cross-hairs.  When  this  is 
not  the  case,  there  will  be  an  apparent  movement  of  the  cross- 
hairs, about  the  objects  sighted  to,  on  moving  the  eye  of  the  ob- 
server. This  is  called  instrumented  parallax.  To  correct  it, 
move  the  eye-piece  out  or  in,  till  the  cross-hairs  are  sharply  de- 
fined against  any  white  object.  Then  move  the  object-glass  in 
or  out,  till  the  object  is  also  distinctly  seen.  The  image  is  now 
formed  where  the  cross-hairs  are,  and  no  movement  of  the  eye  will 
cause  any  appai-ent  motion  of  the  cross-hairs. 


614.  The  LeveL  This  consists  of  a  thick  glass  tube,  slightly 
curved  upward,  and  so  nearly  filled  with  alcohol  that  only  a  small 
bubble  of  air  remains  in  the  tube.  This  always  rises  to  the  highest 
part.  The  brass  case,  in  which  this  is  inclosed,  is  attached  to  the 
under  side  of  the  telescope,  and  is  furnished  with  the  means  of 
moving,  at  one  end  vertically,  and  at  the  other  horizontally.  Over 
the  aperture,  in  the  case,  through  which  the  bubble-vial  is  seen, 
is  a  graduated  level-scale,  numbered  each  way  from  zero  ,at  the 
center. 

615.  Snpport&  The  wyes  in  which  the  telescox)e  rests  are  sup- 
ported by  the  level-bar,  B,  and  fastened  to  it  by  two  nuts  at  each 
end  (one  above,  one  below  the  bar),  which  may  be  moved  with  an 
adjusting-pin«  The  use  of  these  nuts  will  be  explained  under  ^'  Ad- 
justments."   Attached  to  the  center  of  the  level-bar  is  a  steel 
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spindle,  made  so  as  to  turn  smoothly  and  firmly  in  a  hollow  cylin- 
der of  bell-metal ;  this,  again,  is  fitted  to  the  main  socket  of  the 
upper  parallel  plate. 

616.  Parallel  Plates.    It  is  by  the  aid  of  these  that  the  instru- 
ment is  leveled.    The  plates  are  united  by  a  ball-and-socket  joint, 


and  are  held  apart  by  the  four  plate-screws,  Q  Q  Q  Q,  which  pass 
through  the  upper  one,  and  press  against  the  lower  one. 
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To  leyel  the  instrument,  turn  the  telescope  till  it  is  brought 
over  a  pair  of  opposite  parallel  plate-screws.  Then  turn  the  pair 
of  screws,  to  which  the  telescope  has  been  made  parallel,  equally 
in  opposite  directions, 
screwing  one  in  and  the 
other  out,  till  the  bub- 
ble is  brought  to  the 
center.  Then  turn  the 
telescox)e  so  as  to  bring 
it  over  the  other  pair  of 
opposite  screws,  and 
bring  the  bubble  to  the 
center,  as  before. 

Repeat  the  opera- 
tion, as  moving  one  pair 
of  screws  may  affect  the 
other. 

Sometimes  one  of 
each  pair  of  opposite 
screws  is  replaced  by  a 
strong  spring,  and  in 
some  instruments  only 
three  screws  are  used. 

The  lower  plate  is 
screwed  on  to  the  tripod- 
head. 

617.  Fig.  367  is  a 
twenty  -  inch  Y  -  level, 
and  Fig.  368  is  a  longi- 
tudinal section  of  it, 
showing  its  construc- 
tion. 

In  Fig.  368,  B  B  are 
the  screws  attached  to  the  cross-hair  ring.     At  A  are  four  screws 
holding  a  ring  through  which  the  inner  end  of  the  eye-piece  passes. 
At  C  are  four  screws  holding  a  ring,  through  which  the  inner 
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end  of  the  object-glass  slide  passes.  The  use  of  these  sets  of  screws 
will  be  explained  under  '^  Adjustments.'' 

The  interior  spindle,  D,  which  supports  the  instrument,  and  on 
which  it  turns,  is  made  of  steel,  and  is  carefully  fitted  to  the  in- 
terior of  a  hollow  socket  of  bell-metal,  which  has  its  exterior  sur- 
face fitted  to  the  main  socket,  E,  of  the  tripod-head.  The  hollow 
beU-metal  socket  is  held  in  place  bj  a  washer  and  screw,  shown 
at  F. 

A  screw,  passing  through  the  main  socket,  E,  enters  a  groove 
in  the  exterior  of  the  bell-metal  socket,  and  fastens  the  instrument 
to  the  tripod-head. 

ABJTTSTMENTa 

618.  The  line  of  collimation  of  the  telescope  should  be  horizon- 
tal when  the  bubble  is  in  the  center  of  the  tube  ;  which  will  be  the 
case  when  this  line  is  parallel  to  the  plane  of  the  level.  But  both 
this  line  and  this  plane  are  imaginary,  and  can  not  be  compared 
together  directly.  They  are  therefore  compared  indirectly.  The 
line  of  collimation  is  made  parallel  to  the  bottom  of  the  collars, 
and  the  plane  of  the  level  is  then  made  panillel  to  them. 

619.  First  Adjustment  To  make  the  line  of  collimation  parallel 
to  the  bottoms  of  the  collars. 

Sight  to  some  well-defined  point,  as  far  off  as  it  can  be  dis- 

FiG.  369. 


tinctly  seen.  Then  revolve  the  telescope  half  around  in  its  sup- 
ports— i.  e.,  turn  it  upside  down.  If  the  line  of  collimation  was 
not  in  the  imaginary  axis  of  the  rings,  or  collars,  on  which  the 
telescope  rests,  it  will  now  no  longer  bisect  the  object  sighted  to. 
Thus,  if  the  horizontal  hair  was  too  high,  as  in  Fig.  369,  this  line 
of  collimation  would  point  at  first  to  A,  and,  after  being  turned 
over,  it  would  point  to  B.  The  error  is  doubled  by  the  reversion, 
and  it  should  point  to  G,  midway  between  A  and  B.     Make  it  do 
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80,  by  unscrewing  the  upper  capstan-headed  screw,  and  screwing  in 
the  lower  one,  till  the  horizontal  hair  is  brought  half-way  back  to 
the  point  B*  Remember  that,  in  an  erecting  telescope,  the  cross- 
hairs are  reversed,  and  vice  versa.  Bring  it  the  rest  of  the  way  by 
means  of  the  parallel  plate-screws.  Then  revolve  it  in  the  wyes 
back  to  its  original  position,  and  see  if  the  intersection  of  the  cross- 
hairs now  bisects  the  point,  as  it  should.  If  not,  again  revolve, 
and  re})eat  the  operation  till  it  is  perfected.  If  the  vertical  hair 
passes  to  the  right  or  to  the  left  of  the  point  when  the  telescope  is 
turned  half  around,  it  must  be  adjusted  in  the  same  manner  by  the 
other  pair  of  cross-hair  screws.  One  of  these  adjustments  may 
disturb  the  other,  and  they  should  be  repeated  alternately.  When 
they  are  perfected,  the  intersection  of  the  cross-hairs,  when  once 
fixed  on  a  point,  will  not  move  from  it  when  the  telescope  is  re- 
volved in  its  supports.  This  double  operation  is  called  adjusting 
the  line  of  colliniation. 

It  has  now  been  brought  into  the  center  line,  or  axis,  of  the 
collars,  and  is  therefore  parallel  to  their  bottoms,,  or  the  points  on 
which  they  rest,  if  they  are  of  equal  diameters.  We  have  to  assume 
this  as  having  been  effected  by  the  maker. 

In  making  this  adjustment,  the  level  should  be  clamped,  but 
need  not  be  leveled. 

620.  Second  Adjustment  To  make  the  lottoins  of  the  collars 
parallel  to  the  plane  of  the  level — i.  e.,  to  insure  their  being  hori- 
zontal when  the  bubble  is  in  the  center. 

Clamp  the  instrument,  and  bring  the  bubble  to  the  center  by 
the  parallel  plate-screws.  Take  the  telescope  out  of  the  wyes,  and 
turn  it  end  for  end.  If  the  bubble  returns  to  the  center,  "  all 
right."  If  not,  rectify  it,  by  bringing  the  bubble  half-way  back, 
by  means  of  the  nuts  which  are  above  and  below  one  end  of  the 
bubble-tube,  and  which  work  on  a  screw.  Bring  it  the  rest  of  the 
way  by  the  plate-screws,  and  again  turn  end  for  end.  Bepeat  the 
operation,  if  necessary. 

If,  in  revolving  the  telescope  (as  in  the  first  adjustment),  the 
bubble  runs  toward  either  end,  it  must  be  adjusted  sidewise,  by 
means  of  two  screws  which  press  horizontally  against  the  other  end 
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of  the  bubble-tube.     This  part  of  the  adjustmeut  may  derauge  the 
preceding  part,  which  must,  therefore,  be  tried  again. 

621.  Third  Adjnitment.  To  cause  the  bubble  to  remain  in  the 
center  of  the  tube  when  the  telescope  is  turned  around  horizontally. 

To  verify  this,  bring  the  bubble  to  the  center  of  the  tube,  and 
then  turn  the  telescope  half-way  around  horizontally.  If  the  bub- 
ble does  not  remain  in  the  center,  adjust  it  by  bringing  it  half-way 
back  by  means  of  the  nuts  at  the  end  of  the  level-bar.  Test  it  by 
bringing  it  the  rest  of  the  way  back  by  the  parallel  plate-screws, 
and  again  turning  half-way  around. 

The  cause  of  the  difficulty  is,  that  the  plane  of  the  level  is  not 
perpendicular  to  the  axis  about  which  it  turns,  and  that  this  axis 
is  not  vertical.     The  above  operations  correct  both  these  faults. 

This  adjustment  is  mainly  for  convenience,  and  not  for  accu- 
racy, except  in  a  very  small  degree. 

Some  instruments  have  no  means  of  making  the  third  adjust- 
ment.    They  must  be  treated  thus  : 

Use  the  screws  at  the  end  of  the  bubble-tube,  to  cause  the  bub- 
ble to  remain  in  the  center  when  the  level  is  turned  around  hori- 
zontally. Then  make  the  line  of  collimation  parallel  to  the  level 
by  raising  or  lowering  the  cross-hairs. 

622.  When  levels  are  provided  with  the  means  of  centering  the 
eye-piece  and  object-glass,  these  operations  should  precede  the  first 
three  which  we  have  just  explained. 

Centering  the  Object- Glass.  After  adjusting  the  line  of  collima- 
tion for  a  distant  object  (as  explained  in  the  "  First  Adjustment") 
move  out  the  slide,  which  carries  the  object-glass,  until  a  point  ten 
or  fifteen  feet  distant  can  be  distinctly  seen.  Then  turn  the  tele- 
scope half  over,  as  before,  and  see  if  the  intersection  of  the  cross- 
hairs bisects  the  point.  If  not,  bring  it  half-way  back  by  the 
screws  0  C,  Fig.  365,  moving  only  one  pair  of  screws  at  a  time. 
Bepeat  the  operation  for  a  distant  point,  and  then  again  for  a  near 
one,  if  necessary.  We  have  now  adjusted  the  line  of  collimation 
for  long  and  short  sights,  and  may  assume  it  to  be  in  adjustment 
for  intermediate  ones,  since  the  bearings  of  the  slides  are  supposed 
to  be  true,  and  their  planes  parallel  to  each  other. 
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Centering  the  Eye-Piece.  ^  This  is  to  enable  the  observer  to  see 
the  intersection  of  the  cross-hairs  precisely  in  the  center  of  the  field 
of  Tiew  of  the  eye-piece.  It  is  adjusted  by  means  of  four  screws, 
two  of  which  are  shown  at  A  A. 

These  operations  are  performed  by  the  maker  so  permanently 
as  to  need  no  further  attention  from  the  engineer,  and  the  heads  of 
the  screws,  by  which  these  adjustments  are  made,  are  covered  by  a 
thin  ring  which  protects  them  from  disturbance. 

6S3.  Adjustment  by  setting  between  two  points,  or  the  **  Peg- 
Method.^'*  Drive  two  pegs  several  hundred  feet  apart,  and  set  the 
instrument  midway  between  them.  Level,  and  sight  to  the  rod 
held  on  each  peg.  The  difference  of  the  readings  will  be  the  true 
difference  of  the  heights  of  the  pegs,  no  matter  how  much  the  level 
may  be  out  of  adjustment. 

Then  set  the  level  over  one  peg,  and  sight  to  the  rod  at  the 
other.  Measure  the  height  of  the  cross-hairs  above  the  first  peg. 
The  difference  of  this  and  the  reading  on  the  rod  should  equal  the 
difference  of  the  heights  of  the  two  points,  as  previously  deter- 
mined. If  it  does  not,  set  the  target  to  the  sum  or  difference  of 
the  height  of  the  cross-hairs  above  the  first  peg,  and  the  true  dif- 
ference of  height  of  the  points,  according  as  the  first  point  is  higher 
or  lower  than  the  second,  and  hold  the  rod  on  the  second  point 
Sight  to  it,  and  raise  or  lower  one  end  of  the  bubble-tube  until  the 
horizontal  cross-hair  does  bisect  the  target  when  the  bubble  is  iu 
the  center.     Then  perform  the  "  third  adjustment." 

Instead  of  setting  over  one  i)eg,  it  is  generally  more  convenient 


Fig.  370. 
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to  set  near  to  it,  and  sight  to  a  rod  held  on  it,  and  use  this  reading 
instead  of  the  measured  height  of  the  cross-hairs. 
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N.  B.— This  yerification  should  always  be  used  for  every  leyel, 
even  after  the  three  usual  adjustments  have  been  made  ;  for  it  is 
independent  of  the  equality  of  the  collars. 

In  running  a  long  line  of  leyels,  let  the  last  sight  at  night  be 
taken  midway  between  the  last  two  "  turning-point  **  pegs,  and  in 
the  morning  try  their  difference  by  setting  close  to  the  last  one. 
This  tests  the  level  every  day  with  very  little  extra  labor. 

524.  Eganlt's  Level  In  this  level  the  bubble-tube  is  not  con- 
nected with  the  telescope.     It  is  used  thus  : 

Level  and  sight  as  usual.  Then  turn  the  telescope  upside  down, 
end  for  end,  and  half-way  around  horizontally,  and  sight  again. 
Half  the  sum  of  the  two  readings  is  the  correct  one,  no  matter  how 
much  the  instrument  is  out  of  adjustment  (assuming  the  collars  to 

be  of  equal  size)  ;  for 
the  errors  then  cancel 
each  other.  This  is  the 
one  used  principally  in 
France. 

The  rod  used  with  it 
is  marked  with  numbers 
only  half  the  real  heights 
above  its  bottom.  Then 
the  sum  of  the  readings  is  the  true  one.  Thus  the  rod  itself 
takes  the  mean  of  the  readings. 


Fia.  871. 
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585.  Troughton's  Level  In  this  the  bubble  -  tube  is  perma- 
nently fastened  in  the  top  of  the  telescope-tube.  It  is  adjusted  by 
the  *'  peg  method,"  or  some  similar  one,  the  cross-hair  being  moved 
up  or  down  until  the  observation  gives  the  true  difference  of  height 
of  the  pegs  when  the  bubble  is  in  the  center.  Then  make  the 
•*  third  adjustment,"  by  means  of  the  screws  under  the  telescope. 
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626.  Gravatfi  Level,  or  the  <' Dumpy  LeveL*'  This  leyel  has  a 
very  large  telescope  tube  and  object  glass,  thus  giving  more  light. 

The  bubble  tube  is  on  top 
of  the  telescope,  and  the 
bubble  can  be  seen  by  the 
observer  in  a  small  in- 
clined mirror.  There  is 
also  a  cross  level,  shown  at 
the  right-hand  end  of  the 
longitudinal  bubble  tube, 
which  enables  the  instru- 
ment to  be  leveled  with- 
out turning  the  telescope 
through  a  quarter  revolu- 
tion several  times  to  make  sure  that  the  instrument  is  properly 
leveled.  Although  originally  made  without  Ys,  as  shown  in  the 
figure,  it  is  now  also 
made  with  Ys. 

527.  Lenoir's  Lev- 
el. In  this  the  tele- 
scope carries,  at  each 
end,  a  steel  block, 
whose  upper  and  low- 
er faces  are  made  per- 
fectly parallel.  They 
are  placed  on  a  brass  circle,  which  is  made  level  by  reversing  a  level 
placed  upon  the  upper  surface  of  the  steel  blocks. 

628.  Tripods.  These  consist  of  three  legs,  shod  with  iron,  and 
connected  by  joints  at  the  top.  The  most  common  form  is  given 
in  Fig.  367.  Other  forms  are  given  in  Art.  176.  Lightness  and 
stiffness  are  the  desired  qualities. 

In  Gurley's  extension  tripod,  Fig.  374',  an  adjustable  piece  is 
held  in  any  desired  position  by  two  clamp  screws,  shown  on  the 
legs.     The  figure  shows  each  of  the  three  legs  of  different  lengths. 

"Quick-leveling"  tripod-heads,  for  quickly  setting  the  leveling- 
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plates  nearly  level,  are  made  of  various  patterns.  Gurley's  attach- 
ment for  this  purpose  is  given  below.  The  arrangement  of  this 
attachment  will  be  readily  understood  by 
inspection  of  the  cut. 

To  use  the  quick-leveling  attachment, 
screw  the  instrument  on  the  tripod  as 
usual ;  if  not  nearly  level,  unscrew  the 
leveling-head  a  very  little — a  bare  loosen- 
ing of  the  screw  is  sufficient.  The  instru- 
ment will  then  be  free  to  move  upon  the 
spherical  surfaces,  A,  B,  C,  in  any  direc- 
tion required  to  bring  the  plates  approxi- 
mately level,  and  will  be  held  in  this  po- 
sition by  the  friction  of  the  same  surfaces. 

Now  screw  the  head  fast  again,  firmly 
clamping  the  whole  instrument  to  the 
tripod.  The  final  adjustment  of  the 
levels  is  then  completed  by  the  use  of 
the  leveling  screws. 

The  friction  of  the  spherical  sur- 
faces may  be  increased  or  diminished  at 
will,  by  turning  the  screws  (D)  which  compress  the  spiral-springs. 

The  cut  shows  the  Quick-Leveling  Attachment  as  screwed  fast 

to  a  tripod  of  any  pattern  now 


Fig.  874", 


m  use. 


division  will  appear  as  in  Fig.  375 
strument,  they  will  appear  as  in  Fig.  376, 
to  feet,  tenths,  and  hundreths. 


Rods.  These  should 
be  made  of  light,  well-seasoned 
wood.  To  detect  whether  the 
rod  leans  to  or  from  the  in- 
strument, its  front  may  be 
angular  or  curved.  If  angu- 
lar, when  held  leaning  toward 
the  instrument,  the  lines  of 
When  leaning  from  the  in- 
They  are  usually  divided 
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A  rod  level,  made  by  Gurley,  for  plumbing  the  rod,  is  shown  in 

Fig.  376'.    On  the  left  the  level  is  shown  folded  for  carrying,  and 

on  the  right,  attached  to  the  rod. 

Fio.  876'. 

Fio.  876. 


Fio.  875. 


SIX 


^^7-^ 


530.  Target.  This  is  a  plate  of  iron  or  brass,  attached  to  the 
rod  in  such  a  way  that  it  may  be  moved  up  and  down  the  rod  and 
clamped  in  any  position.  Some  of  the  many  varieties  of  marking 
are  given  in  Figs.  377-385. 

Fio.  877.  Fig.  878.  Fio.  379. 


Fio.  880. 


Fio.  881. 


Fio.  882. 


Fio.  388. 


Fig.  885. 


Fio.  884. 


o 


Those  represented  in  Figs.  377,  378,  and  379  are  bad,  because 
the  cross-hair  may  be  above  or  below  the  middle  of  the  target  by 
its  full  thickness,  as  magnified  by  the  eye-piece  of  the  telescope 
without  the  error  being  perceptible.    The  next  three.  Figs-  380, 
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381,  and  382^  depend  upon  the  nicety  with  which  the  eye  can  de- 
termine if  a  line  bisects  an  angle.  Fig.  383  depends  upon  the 
accuracy  with  which  the  y,„  ,3,  ^^^^^  P,„  3^3 

eye  can  bisect  a  space. 
Fig.  384  depends  upon 
the  accuracy  with  which 
the  eye  can  bisect  a 
circle.    Figs.  381,  382, 

and    385   are    the  best      ^  ^  '^*iH?         r-^Si  ^ 
forms  for  use.     Red  and  WfetB^         1 '  1 1  ^- 

white  are  the  best  col- 
ors. 


631.  Vernier.     The 

target  carries  a  vernier, 
by  which  smaller  spaces 
may  be  measured  than 
those  into  which  the 
rod  is  divided.  It  may 
bo  placed  on  the  side  of 
au  aperture,  in  the  face 
of  the  target,  through 
which  the  divisions  on 
the  rod  can  be  seen,  or 
carried  on  the  back  or 
side  of  the  rod  by  the 
target-clamp. 


632.  The  New  Tork 
Eod  (Fig.  386).  This 
is  usually  in  two  pieces, 
sliding  one  upon  the 
other,  and  connected  by 
a  tongue.  It  is  gradu- 
ated to  tenths  and  hun- 
dredths of  a  foot,  and 
can  be  read  to  thousandths  by  the  vernier.     Up  to  six  feet  and  a 
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Fig.  »89. 


half  the  target  ia  used  as  on  other  rods.  For  greater  heights,  the 
target  is  fixed  at  six  and  a  half  feet,  and  the  back  part  of  the  rod, 
which  carries  the  target,  is  shoved  up  (Fig.  386)  until  the  target  is 
bisected  by  the  cross-hairs.  Its  height  is  then  read  off  on  the 
side  of  the  rod,  on  which  the  numbers  run  downward,  and  on 
which  is  a  second  vernier,  which  gives  the  precise 
reading.  It  is  convenient  for  its  portability,  but  apt 
to  be  too  tight  or  too  loose,  as  the  weather  is  moist 
or  dry.  Sometimes  it  is  in  three  pieces,  as  in  Fig. 
387. 


633.  The  Boston  Eod  (Fig.  388).  This  is  usually 
in  two  parts,  like  the  New  York  rod.  The  target  is 
rectangular,  and  is  fastened  to  one  of  the  pieces  near 
its  extremity.  For  heights  less  than  six  feet,  the  rod 
is  held  with  the  target-end  down,  and  the  target  is 
moved  up  by  sliding  up  the  piece  which  carries  it 
For  heights  above  six  feet,  the  rod  is  turned  end  for 
end,  bringing  the  target-end  up,  and  then  sliding  up 
the  piece  which  carries  the  target. 

634.  The  Philadelphia  Bod  (Fig.  389).  This  is 
in  two  parts,  held  together  by  brass  clamps,  and  is 
furnished  with  a  target  It  is  graduated  and  painted 
so  as  to  be  used  as  a  "  speaking-rod,"  or  with  a  tar- 
get. When  the  target  is  used,  the  vernier  on  the 
target  is  read  for  height  up  to  seven  feet.  For 
greater  heights,  the  target  is  clamped  at  seven  feet, 
and  the  part  to  which  the  target  is  clamped  is  slid 
up,  and  the  vernier  on  the  upper  clamp  is  used. 

636.  Speaking-Bodi.  These  are  rods  which  are 
read  without  targets,  the  divisions  and  subdivisions 
being  painted  on  the  face  of  the  rod.  They  produce 
great  saving  of  time  and  increase  of  accuracy. 

In  one  form  (Fig.  390)  the  face  of  the  rod  is  di- 
vided into  tenths  of  feet,  and  smaller  divisions  estimated. 
In  Bourdaloue's  rod  the  divisions  are  each  four  centimetres 
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(1*6  inch),  and  are  numbered  at 
them  as  in  Fig.  391. 
Oravatfs  Rod 
(Fig.  392).  This  is 
divided  to  0-01  foot 
The  upper  hundredth 
of  each  tenth  extends 
across  the  rod.  Each 
half-tenth  is  marked 
by  a  dot ;  each  half- 
foot  by  two  dots. 
Every  other  tenth  is 
nnmbered,  and  the 
numbers  are  each  0*1 
high.  It  is  in  three 
parts,  which  slide  into 
each  other  like  a  tele- 
scope. 

Barlow^ 8  Rod  (Fig. 
393).  In  this  the  di- 
visions are  marked  by  tnangies, 


half  their  value.     He  arranges 
Fio.  891  Fig.  892. 


Fig.  393. 


Fig.  394. 


:t3C 


25 


each  0*02  foot  high^  so  that  it 
reads  to  hundredths,  and  less 
by  estimation.  This  is  based 
on  the  power  the  eye  has  in  bi- 
secting angles. 

Stephenson's  Rod  (Fig.  394). 
This  is  based  upon  the  princi- 
ple of  the  diagonal  scale.  £ach 
tenth  is  bisected  by  a  horizon- 
tal line,  and  the  diagonals  en- 
able the  observer  to  read  to 
hundredths. 

Conyheare's  Rod  (Fig.  395). 
It  reads  to  hundredths  of  a 
foot  by  means  of  the  cross-hair 
bisecting  the  to]>s  and  bottoms 
and  angles  of  hexagons.     The 
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odd  tenths  are  made  white  and  the  even  ones  black.     The  figures 
are  placed  so  that  their  centers  are  opposite  the  diyisions  they 

refer  to. 

Pemherton's  Rod  (Fig.  396). 
This  is  on  the  principle  of  nine 
verniers  placed  side  by  side. 
It  reads  to  hundredths,  which 
are  given  by  counting  up  from 
the  dot  which  the  hair  bisects, 
to  the  dot  in  the  same  vertical 
line  which  is  bisected  by  one  of 
the  horizontal  lines  which  mark 
the  tenths.  The  inventor 
claims  that  it  can  be  read  nine 
times  as  far  as  Oravatt's. 

On  all  speaking -rods,  to 
avoid  confounding  numbers,  such  as  3  and  8,  they  may  be  marked 
thus : 

1  .  2  .  Ill  .  4  .  V  .  6  .  7  .  8  .  IX  .  X  .  11  .  XII. 
The  French,  who  go  by  tenths,  use  the  following  : 
I.2.T.4.V.6.7.8.N.X. 
The  figures  are  sometimes  placed  with  their  tops  on  a  level  with 
the  tops  of  the  dimensions  they  mark^.  g.,  feet ;  and  sometimes 
with  their  middles  on  the  dividing  line. 

TUB  PBACnCB. 

636.  Field  Boutine ;  or,  how  to  start  and  go  on  : 

1.  The  rodman  holds  the  rod  on  the  starting-point,  which  may 
be  a  peg,  a  door-sill,  or  other  "bench-mark."  He  stands  square 
behind  his  rod,  and  holds  it  as  nearly  vertical  as  possible. 

2.  The  leveler  sets  up  the  instrument,  somewhere  in  the  direc- 
tion in  which  he  is  going,  but  not  necessarily,  or  usually,  in  the 
precise  line.  He  then  levels  the  instrument  by  the  parallel  plate- 
screws,  sights  to  the  rod,  and  notes  the  reading,  whether  of  target 
or  speaking-rod,  as  a  "  back-sight "  (B.  S.),  or  +  (plus)  sight; 
entering  it  in  the  proper  column  of  one  of  the  tabular  forms  of 
field-book,  given  in  the  following  articles. 
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3.  The  rodman  is  then  sent  ahead  about  as  far  as  he  was  be* 
iind,  and  he  there  drives  a  **  level-peg  "  nearly  to  the  surface  of 
the  ground,  or  finds  a  hard,  well-defined  point,  and  holds  the  rod 
upon  it. 

4.  The  leveler  then  again  sights  to  the  rod,  and  notes  the  read- 
ing as  a  "fore-sight"  (F.  S.)>  or  —  (minus)  sight.  The  difference 
of  the  two  readings  is  the  difference  of  the  heights  of  the  points. 

5.  He  then  takes  up  the  instrument,  goes  beyond  the  rod,  any 
convenient  distance,  sets  up  again,  and  proceeds  as  in  paragraph  2  ; 
and  so  on  for  any  number  of  points,  which  will  form  a  series  of 
pairs.  The  successive  observations  of  each  pair  give  their  differ- 
ence of  heights,  and  the  combination  of  all  these  gives  the  differ- 
ence of  heights  of  the  first  and  last  points  of  the  series. 

6.  If  the  vertical  cross-hair  be  strictly  vertical,  it  will  determine 
whether  the  rod  leans  to  the  right  or  left.  To  know  whether  the 
cross-hair  is  vertical  or  not,  try  whether  it  coincides  with  a  plumb- 
line,  or  sight  to  some  fixed  point,  turn  the  telescope  from  side 
to  side  horizontally,  and  see  if  the  horizontal  cross-hair  continues 
to  cover  the  spot.  If  it  does  not,  turn  the  telescope  around 
in  the  wyes  till  it  does  ;  then  it  is  truly  horizontal,  and  the  other 
hair,  being  perpendicular  to  it,  is  truly  vertical.  To  know  whether 
the  rod  leans  forward  or  backward,  have  the  rodman  move  it  from 
and  to  himself.  If  the  line  bisected  by  the  cross-hair  descends  in 
both  motions,  the  rod  was  vertical ;  if  the  line  rises,  the  rod  was 
leaning.     The  lowest  reading  is  the  true  one. 

7.  When  a  target  is  used,  signals  are  made  by  the  leveler  with 
the  hand,  "  up "  and  *^  down,'^  to  indicate  in  which  direction  to 
move  the  target.  Drawing  the  hand  to  the  side  signifies  **  stop,*' 
and  both  hands  brought  together  above  the  head  signifies  "all 
right."  The  rodman  should  move  the  target  fast  at  first,  and 
slowly  after  having  passed  the  right  point.  When  signaled  "  all 
right,"  he  should  clamp  the  target  and  show  again.  Then  call  out 
the -reading  before  moving,  and  show  it  to  the  leveler,  as  either 
passes  the  other. 

8.  We  have  thus  far  supposed  that  only  the  difference  of  heights 
of  the  two  extreme  points  is  desired.  But  when  a  section  or  profile 
of  the  ground  is  required,  the  rod  must  be  held  and  observed,  at 
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each  change  of  Blope  of  the  gronnd,  or  at  regular  distances ;  nsn- 
ally,  for  railroad-work,  at  every  hundred  feet,  and  also  at  any 
change  of  slope  between  those  points. 

Any  number  of  points,  within  sight,  may  have  their  relative 
heights  determined  at  one  setting  of  the  level. 

The  names  back-sight  (B.  S.)  and  fore-sight  (F.  S.)  do  not 
necessarily  mean  sights  taken  looking  forward  or  backward  (though 
they  are  generally  so  for  turning-points),  but  the  first  sight  taken, 
after  setting  up  the  instrument,  is  a  B.  S.  or  -f  (plus)  sight,  and  all 
following  ones,  taken  before  removing  the  instrument,  are  F.  S.'b, 
or  —  (minus)  sights.  The  full  meaning  of  this  will  appear  in  con- 
sidering the  forms  of  field-book. 

All  but  the  first  and  last  points  sighted  to  are  called  interfne- 
diaie paints,  or  ^*  intermediates.^  The  last  point  sighted  to  before 
moving  the  instrument  is  called  a  turning-point,  or  changing- 
point. 

The  first  and  last  sights,  taken  at  any  one  setting  of  the  instru- 
ment, require  the  greatest  possible  accuracy.  The  intermediate 
points  may  be  taken  only  to  the  nearest  tenth,  or  hundredth  at 
most ;  because  any  error  in  them  will  not  affect  the  final  result, 
but  only  the  height  of  that  single  point  at  which  it  was  taken. 

Two  rodmen  are  often  used  to  save  the  time  of  the  leveler. 
Then  it  is  well  to  use  a  target-rod  for  the  '^turning-points/'  which 
are  often  distant  and  need  most  precision,  and  a  speaking-rod  for 
the  intermediate  points.  Where  one  rod  is  used,  the  rodman 
should  keep  notes  of  the  readings  at  the  turning-points. 

637.  Field-Notea  The  beginner  may  sketch  the  heights  and 
distances  measured,  in  a  profile  or  side  view,  as  in  Fig.  397.  But 
when  the  observations  are  numerous,  they  should  be  placed  in  one 
of  the  tabular  forms  given  on  the  following  pages. 

638.  First  Form  of  Field-Book.  In  this,  the  names  of  the  points 
or  ''  stations,"  whose  heights  are  demanded,  are  placed  in  the  first 
column,  and  their  heights,  as  finally  ascertained,  in  reference  to 
the  first  point,  in  the  last  column.  The  heights  above  the  starting- 
point  are  marked  +>  ^^^  those  below  it  are  marked  — .    The  back- 
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sight  to  any  station  is  placed  on  the  line  below  the  point  to  which 
it  refers.     When  a  back-sight  exceeds  a  fore-sight,  their  difference 

Fio.  89V. 


is  placed  in  the  column  of  "  Eise  "  ;  when  it  is  less,  their  difference 
is  a  "  Fall."  The  following  table  represents  the  same  observations 
as  the  last  figure,  and  their  careful  comparison  will  explain  any 
obscurities  in  either  : 


STATIONS. 

mSTANCSS. 

BACK- 
SltiHTS. 

FOBS- 
SIGHTS. 

RISB. 

PALL. 

TOTAL 
HKIGUTS. 

A 
B 
V 
1) 
E 
F 

100 
60 
40 
70 
50 

200 
800 
2-00 
6-00 
2-00 

6-00 
•4-00 
100 
1-00 
6-00 

+  1'00 
+6-00 

-4-00 
-l-OO 

-400 
^•00 

0-00 
-4-00 
-5-00 
-4-00 
-f-1-00 
-3-00 

1600 

18-00 

The  above  table  shows  that  B  is  4  feet  below  A ;  that  C  is  5 
feet  below  A  ;  that  E  is  1  foot  above  A  ;  and  so  on.  To  test  the 
calculations,  add  up  the  back-sights  and  fore-sights.  The  differ- 
ence of  the  sums  should  equal  the  last  **  total  height." 

An  objection  to  this  form  is  that  the  back-sights  come  on  the 
line  below  the  station  to  which  they  are  taken,  which  is  embarrass- 
ing to  a  beginner. 

When  *^  intermediate "  observations  are  taken,  the  **  fore- 
sights "  taken  to  these  intermediate  points  are  put  down  in  their 
proper  column,  and  are  also  set  down  in  the  column  of  "back- 
sights "  ;  so  that,  when  the  two  columns  are  added  up,  any  error  in 
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these  intermediate  sights  (which  are  usually  not  taken  yery  accu- 
rately) will  be  canceled,  and  will  not  affect  the  final  result.  The 
effect  is  the  same  as  if,  after  the  fore-sight  to  the  intermediate  point 
had  been  taken,  the  instrument  had  been  taken  up  and  set  down 
again  at  precisely  the  same  height  as  before,  and  a  back-sight  had 
then  been  taken  to  the  same  point.  Hence,  in  this  form,  the 
'^  turning-points "  are  those  stations  which  have  different  back- 
sights and  fore-sights,  while  those  which  have  them  the  same  are 
"intermediates.'' 

The  following  figure  and  table  represent  the  same  ground  as  the 

Fio.  898. 
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preceding  one,  but  with  ouly  two  settings  of  the  instrument.     D  is 
the  turning-point ; 


STATIONS. 

DISTANCES. 

BACK- 

PORB- 

RISB. 

eiOHTH.  — 

A 

B 

2-00 

6-00 

V 

600 

7-00 

I) 

7-00 

6-00 

1-00 

E 

9-00 

4-00 

6-00 

F 

4-00 

8-00 

1 

+  28-00 

—31-00 

4-00 
1-00 


4-00 
8  00 


TOTAL 
HKIOHTS. 


0-00 
—4-00 
—5-00 
—4-00 
+  1-00 
— 3-00 


In  leveling  for  "sections,"  the  distances  between  the  points 
leveled  must  be  recorded.  They  are  usually  put  down  after  the 
stations  to  which  they  are  measured  ;  although  in  surveying  with 
the  compass,  etc.,  they  are  put  down  after  the  stations /rom  which 
they  are  measured.     In  the  following  notes,  which  contain  inter-^ 
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mediate  stations^  they  are  put  down  before  the  stations  to  which 
they  are  measured.  It  should  be  remembered  that  these  distances 
are  measured  between  the  points  at  which  the  rod  is  held,  and  have 
no  reference  to  the  points  at  which  the  instrument  is  set  up : 


DISTANCES. 

STATIONS. 

BACK- 
SIGHTS. + 

yoRB- 

SIGHTS.  — 

RISE. 

FA.LL. 

TOTAL 
HKIGIITS. 

.   260 

91-397 

100 

2^1 

4-676 

8-726 

0-860 

92-247 

100 

262 

6-420 

4-500 

0-920 

93-167 

100 

263 

4-500 

3-170 

1-330 

94-497 

40 

263-40 

4-910 

4-938 

0-028 

94-469 

60 

264 

4-938 

6-386 

1-448 

93-021 

100 

266 

3-380 

4-640 

1-260 

91-761 

100 

266 

4-640 

6-400 

0-760 

91-001 

70 

266-70 

2-760 

3-070 

0-310 

90-691 

30 

267 

3-070 

8-750 

0-680 

90-011 

100 

268 

6-750 

6-925 

3-176 

86-836 

41-944 

46-605 

-4-561 

41-944 

+  91-397 

-4-561 

86-836 

639.  Seeond  Form  of  Field-Book.  This  is  presented  below.  It 
refers  to  the  same  stations  and  levels  noted  in  the  first  table,  and 
shown  in  Fig.  397  : 


STATIO.N'fa. 

A 

H 
/^ 

V.' 

1) 

E 
F 

DISTANCES. 

BACK- 
SIGHTS. 

BKIGHT  OF 

INSTHUMENT 

ABOVE  DATUM. 

FORE- 
SIGHTS. 

TOTAL 
HEIGHTS. 

0-00 
-4-00 
-5-00 
—4-00 
+  1-00 
-8-00 

-3-00 

100 
60 

40 
70 
50 

2-00 
3-00 
2-00 
6-00 
2-00 

+  2-00 

-100 

-3-00 
+  2-00 
+  3-00 

6-00 
4-00 
1-00 
1-00 
6-00 

15-00 

.   1800 

In  the  preceding  form  it  will  be  seen  that  a  new  column  is  in- 
troduced, containing  the  height  of  the  instrument — i.  e.,  of  its  line 
of  sight — not  aboYO  the  ground  where  it  stands^  but  above  the 
Datum,  or  starting-point,  of  the  levels.  The  former  columns  of 
"  rise  "  and  "  fall  *'  are  omitted.  The  preceding  notes  are  taken 
thus  :  The  height  of  the  starting-point,  or  "  datum,"  at  A,  is  O'OO. 
The  instrument  being  set  up  and  leveled,  the  rod  is  held  at  A. 
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The  ba43k-sight  apon  it  is  2*00  ;  therefore  the  height  of  the  instra- 
ment  is  also  2*00.  The  rod  is  next  held  at  B.  The  fore-sight  to 
it  is  6*00.  That  point  is  therefore  6*00  below  the  instrument,  or 
2*00  —  6-00  =  —  4*00  below  the  datum.  The  instrument  is  now 
moved,  and  again  set  up,  and  the  back-sight  to  B,  being  3-00,  the 
height  of  the  instrument  is  —  4*00 +  3*00  =  —  I'OO,  and  so  on  ; 
the  height  of  the  instrument  being  always  obtained  by  adding  the 
back-sight  to  the  height  of  the  peg  on  which  the  rod  is  held,  and 
the  height  of  the  next  peg  being  obtained  by  cubtracting  the  fore- 
sight to  the  rod  held  on  that  peg,  from  the  height  of  the  instrument. 

This  form  is  better  than  the  first  form,  in  leveling  for  a  section 
of  the  ground  to  make,  a  profile ;  or  when  several  observations  are 
to  be  made  at  one  setting  of  the  level ;  or  when  points  of  desired 
heights  are  to  be  established,  as  in  **  leveling-location." 

This  form  may  be  modified  by  putting  the  back-sights  on  the 
same  line  with  the  stations  to  which  they  are  taken.  This  avoids 
the  defect  of  the  first  form,  but  introduces  the  new  defect  of  writ- 
ing them  down  after  the  number  which  they  precede,  in  a  back- 
handed way,  which  may  be  a  source  of  error. 

This  modification  is  shown  in  the  following  table,  which  cor- 
responds to  Fig.  398.  In  the  column  of  fore-sights,  the  "turn- 
ing-points" (T.  P.),  and  ** intermediate  points"  (Int.),  are  put  in 
separate  columns  ;  so  that,  to  prove  the  work,  the  diflference  of  the 
sum  of  the  back-sights  and  of  the  sum  of  the  turning-point  fore- 
sights, is  the  number  which  should  equal  the  difference  of  the 
heights  of  the  first  and  last  points  : 


STATIONS. 

DI8TANCS8. 

BACK- 
SIGHTS. + 

HEIGHT  OF 

FORV-SIGHTS.  — 

TOTAL 
HEIGHTS. 

INSTRUIIBNT. 

T.P. 

WT. 

A 
B 
0 
D 
E 
F 

2-00 
900 

+  2-00 
+  5-00 

6-00 
8-00 

600 
7-00 

4-00 

0-01 
—4-00 
—5-00 
—4-00 
+  1-00 
-8-00 

+  1100 

-14-00 
+  11-00 

-300 
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When  a  line  is  divided  up  into  stations  of  100  feet  each,  as  on 
railroad-work,  the  number  of  the  station  indicates  its  distance  from 
the  starting-point.  When  an  observation  is  taken  at  a  point  be- 
tween these  hundred-feet  stations,  it  is  noted  as  a  decimal,  thus : 
Station  4*60  is  460  feet  from  the  starting-point.  In  the  field-notes 
of  such  work,  the  column  of  distances  may  be  omitted.  The  turn- 
ing-points and  intermediate  stations  of  the  foresights  may  be  placed 
in  the  same  column.  In  the  following  table  the  column  of  stations 
indicates  the  distances  of  the  stations  from  the  starting-point,  and 
the  foresights  are  placed  in  one  column.  The  heights  and  dis- 
tances are  the  same  as  in  the  last  table  in  Article  538.  This  form  of 
field-book  is  much  used. 


8TATIOK8. 

BACK-BXOBTS. 

HCIOHT  OF 
INSTRUMENT. 

rORB-BIGHTS. 

TOTAL  BBIOBTS. 

260 

4-576 

95-973 

91-397 

261 

5-420 

97-667 

3-726 

92-247 

262 

4-500 

93  167 

263 

4-910 

99-407 

3-170 

94-497 

263-40 

4-938 

94-469 

264 

3-380 

96-401 

6-386 

93-021 

265 

4-640 

91-761 

206 

2-760 

93-761 

5-400 

91-001 

206-70 

3-070 

90-691 

207 

3-750 

90-011 

268 

6-925 

86-836 

640.  Third  Form  of  Field-Book.  In  this  the  back-sights  are 
placed  directly  under  the  height  of  the  station  to  which  they  are 
taken,  which  lessens  the  chance  of  making  mistakes  in  adding  to 
get  the  height  of  instrument.  The  height  of  instrument  is  distin- 
guished by  being  included  between  two  horizontal  lines.  The  fol- 
lowing table  refers  to  the  same  ground  as  the  preceding  one : 
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STATIONS. 

rORB-SIOHTS. 

HHGHTS. 

2o0 

261 

262 
263 

+  40 
264 

265 
266 

+  70 
267 
268 

3-726 

4-500 
8-170 

4-988 
6-886 

4640 
5-400 

8-070 
8-750 
6-925 

91-897 
4-576 

95-978 

92-247 
5-420 

97-667 

98-167 

94-497 

4-910 

99-407 

94-469 

98-021 

8-880 

96-401 

91-761 

91-001 

2-760 

93-761 

90-691 
90-011 
86-836 

641.  Best  Length  of  Sights.  There  are  two  classes  of  inaccu- 
racies. With  very  long  sights,  the  errors  of  imperfect  adjustment 
and  cnryatnre  are  greatest ;  the  former  Tarying  as  the  lengthy  and 
the  latter  as  the  square  of  the  length.  With  very  short  sights,  and 
therefore  more  numerous,  the  errors  of  inaccurate  sighting  at  the 
target  are  greatest.  The  best  usual  mean  is  from  200  feet  to  300 
feet,  or  more  if  equal  distances  for  back-sights  and  fore-sights  to 
turning-points  can  be  obtained. 

642.  Equal  Distance  of  Sight.  They  are  always  very  desirable. 
They  are  most  easily  determined,  when  no  stakes  have  been  pre- 
viously set,  by  **  stadia "  cross-haii*s  in  the  telescope  of  the  leveL 

643.  Datum-Leyel.  This  is  the  plane  of  reference,  from  which, 
above  it  or  below  it,  usually  the  former^  the  heights  of  all  points  oi 
the  line  are  reckoned. 
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It  may  be  taken  as  the  height  of  the  starting-point.  If  the  line 
descends^  it  is  better  to  call  the  starting-point  10  feet  or  100  feet 
above  some  imaginary  plane^  so  that  points  below  the  starting- 
point  may  not  have  minus-signs. 

It  is  desirable  to  refer  all  levels  in  a  country  to  some  one  datum. 
This  is  usually  the  surface  of  the  sea^  and^  for  general  purposes, 
mean  tide  is  best.  Low-water  mark  should  be  the  datum  when  the 
levelings  are  connected  with  harbor-surreys^  whose  soundings  al- 
ways refer  to  low  water.  High-water  mark  should  be  used  when 
the  levelings  relate  to  the  drainage  of  a  country. 

644.  Benoh-Karks  (E  K.).  These  are  permanent  objects,  nat- 
ural or  artificial,  whose  heights  above  the  datum  are  determined 
and  recorded  for  future  reference. 

Oood  objects  are  these :  Pointed  tops  of  rocks,  tops  of  mile* 
stones,  stone  door-sills,  tops  of  gate-posts  or  hinges,  and  generally 
any  object  not  easily  disturbed,  and  easily  described  and  found. 

A  knob  made  on  the  spreading  root 
of  a   tree  is  good.     A  nail   may  be  '®*  ^^^' 

driven  in  it,  and  the  tree  "blazed" 
and  marked,  as  in  Fig.  399.  A  stake 
will  do  till  frost. 

Bench-marks  should  be  made  near 
the  starting-point  of  a  line  of  levels  ; 
near  where  the  line  crosses  a  road  ;  on 
each  side  of  a  river  crossed  by  it ;  at  the  top  and  bottom  of  any 
high  hill  passed  over  ;  and  always  at  every  half-mile  or  mile. 

The  precise  location  and  description  of  every  bench-mark  should 
,be  noted  very  fully  and  precisely,  and  in  such  a  way  that  an  entire 
stranger  could  find  it,  with  the  aid  of  the  notes. 

645.  Cheok-Level8»  or  Test-Levels.  No  single  set  of  levels  is  to 
be  trusted  ;  but  they  must  be  tested  by  another  set,  run  between 
the  bench-marks  (B.  M.^s),  though  not  necessarily  over  the  same 
ground. 

A  set  of  levels  will  verify  themselves  if  they  come  around  to  the 
starting-point  again. 
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546.  Liiniti  of  Preeiiion.  Errors  and  inaccuracies  shoald  be 
carefnlly  distinguished.  For  the  latter^  every  leveler  must  make  a 
standard  for  himself,  so  as  to  be  able,  in  testing  his  work,  to  dis- 
tinguish any  real  error  from  his  usual  inaccuracy. 

The  result  of  four  sets  of  levelingB,  in  France,  of  from  45  to  140 
miles,  averaged  a  difference  of  -^  foot  in  43  miles,  and  the  greatest 
error  was  \  foot  in  56  miles. 

A  French  leveler,  M.  Bourdaloue,  contracts  to  level  the  bench- 
marks of  a  railroad  survey  to  within  0*002  foot  per  mile,  or  -^  foot 
per  50  miles. 

In  Scotland,  the  difference  of  two  sets  of  levels  of  26  miles  was 
0-02  foot. 

647.  Trial-Levels,  or  Flying^LeveU  Their  object  is  to  get  a 
general  approximate  idea  of  the  comparative  heights  of  a  portion 
of  the  country,  as  a  guide  in  choosing  lines  to  be  leveled  more  ac- 
curately. More  rapidity  is  required,  and  less  precision  is  necessary. 
The  distances  may  be  measured  at  the  same  time  by  stadia-hairs. 

648.  Leveling  for  Sections.  The  object  of  this  is  to  measure  all 
the  ascents  and  descents  of  the  line,  and  the  distances  between  the 
points  at  which  the  slope  changes  ;  so  that  a  section  or  profile  of  it 
can  be  made  from  the  observations  taken. 

The  line  of  a  railroad  is  usually  set  out  by  a  party  with  compass 
or  transit,  who  drive  at  every  hundred  feet  a  large  stake  with  the 
number  of  the  station  on  it,  and  beside  it  a  small  level-peg,  even 
with  the  surface  of  the  ground.  On  this  the  rod  is  held  for  the 
observations.  The  level-peg  is  set  in  ^^  line,"  and  the  large  stake  a 
foot  or  two  to  one  side. 

649.  Profiles.  A  profile  is  a  section  of  ground  by  a  vertical 
plane  or  cylindrical  surface,*  passing  through  the  line  along  which 
a  profile  is  desired.  It  represents  to  any  desired  scale  the  heights 
and  distances  of  the  various  points  of  aline,  its  ascents  and  de- 
scents, as  seen  in  a  side  view.     It  is  made  thus  :  Any  point  on  the 

*  A  cylindrical  surface  is  here  understood  to  mean  that  formed  by  a  line  moving 
parallel  to  itself  along  any  lino,  instead  of  only  a  circle,  as  in  elementary  geometry. 
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paper  being  assumed  for  the  first  station,  a  horizontal  line  is  drawn 
through  it ;  the  distance  to  the  next  station  is  measured  along  it, 
to  the  required  scale  ;  at  the  termination  of  this  distance  a  vertical 
line  is  drawn  ;  and  the  given  height  of  the  second  station  above  or 
below  the  first  is  set  off  on  this  vertical  line.  The  point  thus  fixed 
determines  the  second  station,  and  a  line  joining  it  to  the  first  sta- 
tion represents  the  slope  of  the  ground  between  the  two.  The  pro- 
cess is  repeated  for  the  next  station,  etc. 

But  the  rises  and  falls  of  a  line  are  always  very  small  in  propor- 
tion to  the  distances  passed  over,  even  mountains  being  merely  as 
the  roughnesses  of  the  rind  of  an  orange.  If  the  distances  and  the 
heights  were  represented  on  a  profile  to  the  same  scale,  the  latter 
would  be  hardly  visible.  To  make  them  more  apparent,  it  is  usual 
to  "  exaggerate  the  vertical  scale  "  tenfold,  or  more— i.  e.,  to  make 
the  representation  of  a  foot  of  height  ten  times  as  great  as  that  of  a 
foot  of  length,  as  in  Fig.  397,  in  which  one  inch  represents  one 
hundred  feet  for  the  distances,  and  ten  feet  for  the  heights. 

In  practice,  engraved  profile-paper  is  generally  used,  which  is 
ruled  in  squares  or  rectangles,  to  which  auy  arbitrary  values  may 
be  assigned. 

When  the  line  leveled  over  is  not  straight,  the  profile,  whose 
length  is  that  of  the  line  straightened  out,  will  extend  beyond  the 
^'plan''  when  both  are  on  the  same  sheet 

660.  Crois-Levels.  These  show  the  heights  of  the  ground  on  a 
line  at  right  angles  to  the  main  line.     They  give  ^^cross-sections" 

Fig  400. 


of  it.     In  the  note-book  they  are  put  on  the  right-hand  page. 
They  may  be  taken  at  the  same  time  with  the  other  levels,  or  inde- 
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slopes  80  steep  that  the  rod  is  too  near  the  level  to  be  read.  If  this 
be  impossible^  keep  notes  of  the  lengths  of  the  sights  to  the  turn- 
ing-points^ backward  and  forward^  and  as  soon  as  possible  take 
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pendentlj.  In  taking  cross-levels  where  the  slopes  are  quite  steep, 
as  in  mountain  districts,  frequent  settings  of  the  instrument  are 
necessary. 

A  much  more  rapid  method  is  by  the  use  of  ''cross-section 
rods."  These  are  two  rods,  one  of  which  is  about  ten  or  twelve 
feet  long,  provided  with  a  bubble-tube  near  each  end,  so  as  to  be  I 

held  level,  and  graduated  to  feet,  tenths,  and  hundredths.  The 
other  is  simply  a  graduated  rod.  The  manner  of  using  them  is 
shown  in  Fig.  400. 

A  slope-level  is  sometimes  used.     (See  "  Angular  Surveying.") 

DIFFICULTIES. 

661.  Steep  Slopes,  In  descending  or  ascending  a  hill,  the  in- 
strument and  the  rod  should  be  so  placed  that  the  sight  should 
strike  as  near  as  possible  to  the  bottom  of  the  rod  on  the  up-hill 
side,  and  the  top  of  the  rod  on  the  down-hill  side. 

Try  this  by  leveling  over  two  screws,  setting  the  instrument  so 
that  one  pair  of  opposite  plate-screws  shall  point  in  the  direction  of 
the  line,  but  do  not  be  too  particular ;  it  is  a  waste  of  time. 

Doing  this  produces  sights  of  unequal  length.  The  rod  being 
about  three  times  as  high  as  the  instrument,  the  down-hill  sights 
will  be  about  double  the  length  of  the  up-hill  ones,  as  shown  in 
Fig.  401.     Then  set  to  one  side  of  the  line.     This  is  necessary  on 
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sights  unequal  in  the  contrary  direction  till  the  differences  of 
lengths  balance  the  former  ones.  When  approaching  a  long  ascent 
or  descent,  make  these  compensations  in  advance. 

In  leyeling  over  a  line  of  stakes  already  set,  as  on  a  railroad,  at 
every  100  feet,  if  the  line  of  sight  strikes  not  quite  up  to  one,  drive 
a  peg  as  high  as  you  can  see  it,  and  make  it  a  turning-point,  noting 
it  *'peg"  in  the  field-book. 

In  leveling  across  a  hill  or  hollow,  instead  of  setting  the  instru- 

FiG.  402. 


nient  on  the  top  of  the  hill  or  bottom  of  the  hollow,  time  will  be 
saved  by  the  method  represented  in  Figs.  402  and  403. 


Fio.  408. 


552.  Whe7i  the  rod  is  a  little  too  low,  raise  it  alongside  of  a 
stake,  or  the  body,  and  put  the  top  of  the  rod  "right " ;  then  meas- 
ure down  from  the  bottom  of  the  rod,  and  add  it  to  its  length. 

553.  When  the  rod  is  a  little  too  high,  so  that  the  line  of  sight 
strikes  the  peg  below  the  bottom  of  the  rod,  measure  down  from 
the  top  of  the  peg,  and  put  down  the  sight  with  a  contrary  sign  to 
what  it  would  have  had — i.  e.,  if  a  back-sight  make  it  minus,  and 
if  a  fore-sight  make  it  plus. 
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654.  When  the  rod  is  too  near.  When  no  figure  is  visible,  raise 
the  rod  slowly  till  a  figure  comes  in  sight.  If  too  near  to  read, 
and  there  is  no  target,  use  a  field-book  as  target  If  the  instru- 
ment is  exactly  over  the  peg,  measure  up  to  the  height  of  the  cross- 
hairs, as  given  by  the  side-screws. 

666.  Water.  A. — A  pond  too  wide  to  be  sighted  across.  Drive 
a  peg  to  the  level  of  the  water,  on  the  first  side,  and  observe  its 
height,  as  an  F.  S.  Then  drive  a  peg  on  the  other  side  of  the 
pond,  also  to  the  surface  of  the  water.     Hold  the  rod  on  it.     Set 

Fio.  404. 


up  the  level  beyond  it,  and  sight  to  it  as  a  B.  S.,  and  put  down 
the  observation  as  if  it  had  been  taken  to  the  first  peg. 


PORS-CIIOHT0. 

BTATIONfi. 

74 

74-89  ( 
81-89  ( 

HBIOHTt. 
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1 

•      1 

1 

6-0 

fO-00 
48-00 

8-00         '         68-00 

1 

6-00                6400       i 

There  must  be  no  wind  in  the  direction  of  the  line  of  level. 

B. — For  leveling  across  a  running  stream.  Set  the  two  pegs  in 
a  line  at  right  angles  to  the  current,  although  the  line  to  be  leveled 
may  cross  it  obliquely. 

If  a  profile  or  section  of  the  ground  under  the  water  be  re- 
quired, find  the  height  of  the  surface,  and  measure  the  depths  be- 
low this  at  a  sufficient  number  of  points,  measuring  the  distances 
also,  and  put  these  depths  down  as  fore-sights. 

666.  A  Swamp,  or  Kardi,  This  can  not  be  treated  like  a  pond, 
for  the  water  may  seem  nearly  stagnant  while  its  surface  has  con- 
siderable slope,  its  flow  being  retarded  by  vegetation.  If  only 
slightly  **  shaky,"  have  an  observer  at  each  end  of  the  level.     If 
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more  so,  push  the  legs  down  as  far  as  they  will  go,  and  let  both 
observers  lie  down  on  their  sides.  If  still  more  ^^  shaky/'  drive 
three  stakes  or  piles,  to  support  the  legs  of  the  tripod,  and  stand 
the  tripod  on  them. 

A  water-level  will  level  itself.  Use  that  for  intermediate  points 
on  the  swamp,  and  test  the  result  by  leveling  around  the  swamp 
with  the  spirit-level. 

657.  Underwood.  If  it  can  not  be  cut  away,  set  the  instrument 
on  some  Qminence,  natural  or  artificial. 

558.  Board  Fence.  Run  a  knife-blade  through  one  of  the 
boards,  and  hold  the  rod  upon  it  on  each  side  of  the  fence,  as  if  it 
were  a  peg,  keeping  the  blade  in  the  same  horizontal  position  while 
the  rod  and  instrument  are  taken  over. 

659.  A  WalL  First  Method.  Drive  a  peg  at  the  bottom  of 
the  wall,  on  the  first  side,  and  observe  on  it.  Measure  the  height 
of  the  wall  above  the  peg,  and  put  this  down  as  a  B.  S.  Drive 
another  peg  on  the  other  side  of  the  wall ;  measure  down  to  it 
from  the  top  of  the  wall,  and  put  that  down  as  an  F.  S.,  just  as  if 
the  level  had  been  set  in  the  air  at  the  height  of  the  top  of  the 

Fio.  405. 


wall,  and  this  B.  S.  and  F.  S.  had  been  really  taken.  Set  up  the 
instrument  beyond  the  wall,  take  a  B.  S.  to  this  peg,  and  go  on  as 
usual. 
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Second  Method.  Mark  where  the  line  of  sight  strikes  the  wall ; 
measure  up  to  the  top  of  the  wall^  and  put  this  down  as  an  F.  8., 
with  a  plus-sign,  as  in  553,  where  the  line  of  sight  struck  below 
the  top  of  the  peg. 

On  the  other  side  of  the  wall,  sight  back  to  it,  and  mark  where 
the  line  of  sight  strikes.  Measure  to  the  top  of  the  wall,  and  put 
this  down  as  a  B.  S.,  with  a  minus-sign,  and  then  go  on  as  usual. 

660.  Home.  First  try  to  find  some  place  for  the  instrument 
from  which  you  can  see  through,  by  opening  doors  or  windows. 
Or,  find  some  place  in  the  house  where  you  can  set  the  instrument 
and  see  both  ways,  or  hold  the  rod  at  some  point  inside,  and  look 
to  it  from  front  and  back.  A  straight  stick  may  be  used  if  the  rod 
can  not  be  held  upright,  and  the  height  measured  on  the  rod. 

661.  The  Sun.    It  often  causes  the  leveler  much  difficulty — 

1.  By  shining  in  the  object-glass.  If  the  instrument  has  a 
shade  on  it,  draw  it  out.  If  not,  shade  the  glass  with  your  hand^ 
or  hat,  or  set  the  instrument  to  one  side  of  the  line. 

2.  By  heating  the  level  unequally  in  all  its  parts.  Holding  an 
umbrella  over  it  will  remedy  this. 

3.  By  causing  irregular  refraction.  Some  parts  of  the  ground 
become  heated  more  than  others,  and  therefore  rarefy  the  air  at 
those  places.     This  can  not  be  avoided  nor  corrected. 

662.  Wind.  Watch  for  lulls  of  wind,  and  observe  then  several 
times,  and  take  the  mean.     The  least  wind  is  at  daybreak. 

663.  Idiosyncrasies,  Different  persons  do  not  see  things  pre- 
cisely alike.  Each  individual  may  have  an  inaccuracy  peculiar  to 
himself.  One  may  read  an  observation  higher  or  lower  than 
another  equal  in  skill.  Also,  a  person's  right  and  left  eye  may 
differ.  This  difference  in  individuals  is  termed  their  "personal 
equation.** 

To  test  the  accuracy  of  your  eye,  turn  the  head  so  as  to  bring 
the  eyes  in  the  same  vertical  line,  and  sight  to  the  rod  held  hori- 
zontally.    Note  where  the  vertical  hair  strikes.     Then  turn  the 
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head  to  the  other  side,  so  as  to  invert  the  position  of  the  eyes,  and 
then  sight  again.  As  before,  the  mean  of  the  two  readings  is  the 
correct  one. 

664.  Beoiprooal  Leyeling.  This  is  to  be  used  when  it  is  im- 
possible to  set  midway  between  the  two  points,  and  the  distance 
can  not  be  readily  determined. 

Set  the  instrument  over  A,  and  sight  to  a  rod  at  B,  and  note 

FiQ.  406. 


reading.  The  difference  of  the  reading  and  of  the  height  of  the 
cross-hairs  gives  a  difference  of  height  of  A  and  B.  Then  set  up 
at  B,  and  observe  to  A,  similarly.  A  new  difference  of  lieight  is 
obtained.     The  mean  of  these  two  is  the  correct  one. 

lit.  of  cross-hairs  above  peg  at  A=4*3'  Ht.  of  cross-hairs  above  peg  at  B=4'9' 
Observation  to  B=7'0'  Observation  to  A=4-2' 

Diff.  of  height     =2-7'  Diff.  of  height     =0-7' 

Trae  difference  =  \  (2-7' +  0'7')  =  1-7'. 

Otherwise,  set  the  instrument  at  an  equal  distance  from  each 
point,  as  A'  and  B',  and  observe  to  each  in*  turn.  The  mean  of 
the  two  differences  of  height  obtained  will  be  the  true  difference, 
as  before. 

LEVELnra  location. 

665.  Its  Vature.  It  is  tlie  converse  of  the  general  problem  of 
leveling,  which  is  to  find  the  difference  of  heights  of  two  given 
points.  TJiii  consists  in  determining  the  place  of  a  point  of  any 
requited  height  above  or  below  any  given  point. 

To  do  this,  hold  the  rod  on  some  point  of  known  height  above 
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the  datnm-leTel ;  sight  to  it^  and  thus  determine  the  height  of  the 
cross-hairs.  Subtract  from  this  the  desired  height  of  the  required 
pointy  and  set  the  target  at  the  difference.  Hold  the  rod  at  the 
place  where  the  height  is  desired^  and  raise  or  lower  it  till  the 
cro6s*hair  bisects  the  target.  Then  the  bottom  of  the  rod  is  at  the 
desired  height.  Usually^  a  peg  is  driven  till  its  top  is  at  the  given 
height  above  the  datum. 

566.  Diffionlties,  If  the  difference  of  height  be  too  much  to  be 
measured  at  one  setting  of  the  instrument,  take  a  series  of  levels 
up  or  down  to  the  desired  point.  So,  too,  if  they  be  far  apart ; 
and  thus  find  a  place  where,  the  instrument  having  a  known  height 
of  cross-hairs,  the  target  can  finally  be  set,  as  before. 

If  the  ground  be  so  low  or  so  high  that  a  peg  can  not  be  set 
with  its  top  at  the  required  height,  drive  a  peg  till  its  top  is  just 
above  the  surface  of  the  ground.  Observe  to  the  rod  on  it,  de- 
termine its  height  above  or  below  the  desired  point,  and  note  this 
on  a  large  stake  driven  beside  it ;  or,  place  its  top  a  whole  number 
of  feet  above  or  below  the  required  height,  and  mark  the  difference 
on  it,  or  on  a  stake  beside  it. 

667.  Staking  out  Work.  When  embankments  and  excavations 
are  to  be  made  for  roads,  etc.,  side-stakes  are  set  at  points  in  their 

intended    outside    edges — 

^ .^  i.  e.,  where  their  slopes  will 

\        I  meet    the   surface    of    the 

\       i  ground  ;   and    the    height 

^'^W.  \    i  which  the  cround  at  those 

'^  >?^W^   \ !  points  is  above  or  below  the 

j»ai2^^  required  height  or  depth  of 

"^^^i     the  top  or  bottom  of  the 

finished  work,  is  marked  on 

these  stakes  with  the  words  "  cut,"  or  "fill,"  or  the  signs  +  or  — . 

The  places  of  the  stakes  are  found  by  trial.     (See  Gillespie's 

"  Road-Making,"  page  145.)    These  stakes  are  set  to  prepare  the 

work  for  contractors.     When  the  work  is  nearly  finished,  other 

stakes  are  set  at  the  exact  required  height. 


Fio.  40Y, 

^wC? — 
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In  staking  out  foundation-pits,  set  temporary  stakes  exactly 
above  the  intended  bottom  angles  of  the  completed  pit,  thus  mark- 
ing out  on  the  surface  of  the 

ground  its  intended  shajie.  Fxg.  408. 
Take  the  heights  of  each  of  ,^  ^  ..  .. 
these  stakes  and  move  them 
outward  such  distances  that 
cutting  down  from  them 
with  the  proper  depth  and 
slope  will  bring  you  to  the 
desired  bottom  augle.  ^ -^^ ^-  *     ^^ 

668.  To  locate  a  Leyel-Lme.  This  consists  in  determining  on 
the  surface  of  the  ground  a  series  of  points  which  are  at  the  same 
level — ^i.  e.,  at  the  same  height  above  some  datum.  Set  one  peg  at 
the  desired  height,  as  in  Art.  565.  Sight  to  the  rod  held  thereon, 
and  make  fast  the  target  when  bisected.  Then  send  on  the  rod  in 
the  desired  direction,  and  have  it  moved  up  or  down  along  the  slope 
of  the  ground,  until  the  target  is  again  bisected.  This  gives  a  sec- 
ond point.  So  go  on  as  far  as  sights  can  be  correctly  taken,  keeping 
unchanged  the  instrument  and  target.  Make  the  last  point  sighted 
to.  a  "  turning-point."  Carry  the  instrument  beyond  it,  set  up 
again,  take  a  B.  S.,  and  proceed  as  at  first 

The  rod  should  be  held  and  pegs  driven  at  points  so  near  to- 
gether that  the  level-line  between  them  will  be  approximately 
straight. 

569.  Applioations.  One  use  of  this  operation  is  to  mark  out 
the  line  which  will  be  the  edge  of  the  water  of  a  pond  to  be  formed 
by  a  dam.  In  that  case,  a  point  of  a  height  equal  to  that  of  the 
top  of  the  proposed  dam,  plus  the  height  which  the  water  will 
stand  on  it  (to  be  determined  by  hydraulic  formulas),  will  be  the 
starting-point.  Then  proceed  to  set  stakes  as  directed  in  the  last 
article; 

The  line  from  stake  to  stake  may  then  be  surveyed  like  the 
sides  of  a  field,  and  the  area  to  be  overflowed  thus  determined. 

Strictly,  the  surface  of  the  water  behind  a  dam  is  not  level, 
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but  is  carved  concavely  upward,  and  is  therefore  higher  and  sets  back 
farther  than  if  leyel.     The  backing  up  of  the  water  is  called  Remous. 
Another  important  application  of  this  problem  is  to  obtain 
"  contour-lines  "  for  topography. 

670.  To  run  a  Grade-Line.  This  consists  in  setting  a  series  of 
pegs  so  that  their  tops  shall  be  points  in  a  line  which  shall  have 
any  required  slope,  ascending  or  descending. 

When  a  grade-line  is  to  be  run  straight  between  two  given 
points,  set  the  level  over  one  point,  set  the  target  at  the  height  of 
the  cross-hairs,  hold  the  rod  on  the  other  point,  and  raise  or  lower 
one  end  of  the  instrument  till  the  cross-hair  bisects  the  target. 
Then  send  the  rod  along  the  line,  and  drive  pegs  to  such  heights 
that  when  the  rod  is  held  on  them  the  cross-hair  will  bisect  the 
target.  A  stake  may  be  driven  at  the  extreme  point  to  the  height 
of  the  target. 

Another  Method.     Knowing  the  horizontal  distance  between 

the    two   given    points, 
^'^•^^®-  and    their  diflFerence  of 

level,  determine  the  rise 
or  fall  per  hundred  feet. 
Then  drive  stakes  at 
every  hundred  feet,  so 
that  the  top  of  each  suc- 
ceeding one  is  the  given 
grade  per  hundred  feet  higher  or  lower,  according  as  the  grade 
is  ascending  or  descending. 

For  example,  suppose  the  horizontal  distance  from  A  to  B  is 
1,200  feet,  and  that  B  is  16*8  feet  higher  than  A.  The  rise  per 
hundred  feet  from  A  is  1*4  foot.  Beginning  at  A,  set  stakes  at 
every  hundred  feet,  so  that  the  top  of  each  one  is  1'4:  foot  higher 
than  the  preceding  one. 

A  line  of  uniform  grade  or  slope  is  not  a  straight  line.  Calling 
the  globe  spherical,  this  line,  when  traced  in  the  plane  of  a  great 
circle,  would  be  a  logarithmic  spiral.  On  a  length  of  six  miles,  the 
difiference  in  the  middle  between  it  and  its  straight  chord  would  be 
six  feet. 
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1.  Deflnition.  Plane  Trigonometrj  is  that  branch  of  mathematical  soi- 
enoe  which  treats  of  the  relations  between  the  sides  and  angles  of  plane 
triangles.  It  teaches  how  to  find  any  three  of  these  six  parts,  when  the 
other  three  are  given,  and  one  of  them,  at  least,  is  a  side. 

2.  Angles  and  Arcs.  The  angles  of  a  triangle  are  measured  bj  the  ares 
described,  with  any  radius,  from  the  angular  points  as  centers,  and  inter- 
cepted between  the  legs  of  the  angles.  These  arcs  are  measured  by  com- 
paring them  with  an  entire  circumference,  described  with  the  same  radius. 
£very  circumference  is  regarded  as  being  divided  into  860  equal  parts,  called 
degrees,  £ach  degree  is  divided  into  60  equal  parts,  called  minutes^  and  each 
minute  into  60  seconds.  These  divisions  are  indicated  by  the  marks  °  '  ". 
Thus  28  degrees,  17  minutes^  and  49  seconds,  are  written  'iB**  17'  49"  Frac- 
tions of  a  second  are  best  expressed  decimally.  An  arc,  including  a  quarter 
of  a  circnmference  and  measuring  a  right  angle,  is  therefore  90"^.  A  semi- 
circumference  comprises  180°.  It  is  often  represented  by  tt,  which  equals 
8*14159,  etc.,  or  8|  approximately,  the  radius  being 

unity. 

The  length  of  1°  in  parts  of  radius  =  0-01746329 ; 
that  of  1'  =  000029089  ;  and  that  of  1"  =  000000485. 

The  length  of  the  radius  of  a  circle  in  degrees,  or 
360th8  of  the  circnmference  =  67-29578^  =  57°  17' 
24-8"  =  8487-747'  =  206264-8".  t 

An  arc  may  be  regarded  as  generated  by  a  point, 
M,  moving  from  an  origin,  A,  around  a  circlja,  in  the 
direction  of  the  arrow.  The  point  may  thus  describe 
arcs  of  any  lengths,  such  as  AM;  A  B  =  90°  =  \ 
«-;  A  BO  =  180°  =  ir;  A  BOD  =  270°  =  ftr;  A  B  0  D  A  =  860°  =  2ir. 

The  point  may  still  continue  its  motion,  and  generate  arcs  greater  than  a 

*  For  merely  solving  triangles,  only  Articles  1,  2,  8,  5,  6, 10, 11,  and  12  are  needed. 

f  The  number  of  seconds  in  any  arc  which  is  given  in  parts  of  radius,  radius 
being  unity,  equals  the  length  of  the  arc  so  given  divided  by  the  length  ol  the  arc  of 
one  second ;  or  maltiplied  by  the  number  of  seconds  in  radius. 
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circumference,  or  than  two  circnraferences,  or  than  three ;  or  even  infinite 
in  length. 

While  the  point,  M,  describes  these  arcs,  the  radios,  OM,  indefinitely 
produced,  generates  corresponding  angles. 

It*  the  point,  M,  should  move  from  the  origin,  A,  in  the  contrary  direction 
to  its  former  movement,  the  arcs  generated  by  it  are  regarded  as  negaiite^  or 
minu$;  and  so  too,  of  necessity,  the  angles  measured  by  the  arcs. 

Arcs  and  angles  may  therefore  vary  in  length  from  0  to  +  od  in  one 
direction,  and  from  0  to  ^  od  in  the  contrary  direction. 

The  Complement  of  an  arc  is  the  arc  which  would  remain  after  subtract- 
ing the  arc  from  a  quarter  of  the  circumference,  or  from  90"^.  If  the  arc  be 
more  than  90^,  its  complement  is  necessarily  negative. 

The  Supplement  of  an  arc  is  what  would  remain  after  subtracting  it  from 
half  the  circumference,  or  from  180°.  If  the  arc  be  more  than  ISO"",  its  sup- 
plement is  necessarily  negative. 

3.  Trigonometrieal  Idnei.    The  relations  of  the  sides  of  a  triangle  to  its 
angles  are  what  is  required  ;  but  it  is  more  convenient  to  replace  the  angles 
by  arcs ;  and,  once  more,  to  replace  the  arcs  by  certidn  straight  lines  depend- 
ing upon  tliem,  and  increasing  and  decreasing  with  them,  or,  conversely,  in  such 
a  way  that  the  length  of  the  lines  can  be  found  from  that  of  the  arcs,  and  vice 
versa.    It  is  with  these  lines  that  the  sides  of  a  triangle  are  compared.*    These 
lines  are  called  Trigonometrical  Linee^  or  Cireulwr  Funetiom,  because  their 
length  is  a  function  of  that  of  the  circular  arcs.    The  principal  trigonometrical 
lines  are  Sinea^  Tangents,  and  Secants.    Chords  and  versed  sines  are  also  used. 
The  SINE  of  an  arc,  A  M,  is  the  perpendicular,  M  P,  let  fall,  from  one 
extremity  of  the  arc,  upon  the  diameter  which 
Fio.  411.  passes  through  the  other  extremity. 

The  TANGENT  of  an  arc,  A  M,  is  the  dis- 
tance, A  T,  intercepted,  on  the  tangent  drawn 
at  one  extremity  of  the  arc,  between  that  ex- 
tremity and  the  prolongation  of  the  radius 
which  passes  through  the  other  extremity. 

The  SECANT  of  an  arc,  A  M,  is  the  part, 
O  T,  of  the  prolonged  radius,  comprised  be- 
tween the  center  and  the  tangent. 

The  sine,  tangent,  and  secant  of  the  com- 
plement of  an  arc  are  called  the  Co-sine,  Co-tanosnt,  and  Co-beoant  of  that 
arc.  Thus,  M  Q  is  the  cosine  of  A  M,  B  S  its  cotangent,  and  O  8  its  cose- 
cant. The  cosine  M  Q  is  equal  to  O  P,  the  part  of  the  radius  comprised  be- 
tween the  center  and  the  foot  of  the  sine. 

The  chord  of  an  arc  is  equal  to  twice  the  sine  of  half  that  arc. 
The  versed-sine  of  an  arc,  A  M,  is  the  distance,  A  P,  comprised  between 
the  origin  of  the  arc  and  the  foot  of  the  sine.    It  is  consequently  equal  to  the 
difference  between  the  radius  and  the  sine. 

*  For  the  great  value  of  this  indirect  mode  of  compariog  the  sides  and  angles  of 
triangles,  see  Comte's  *'  Philosophy  of  Mathematics  *'  (Harper's,  1867X  P^^  22fi. 
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The  trigonometrical  lines  are  usually  written  in  an  abbreviated  form. 
Calling  the  arc  A  M  =  a,  we  write, 

M  P  =  sin.  a.  A  T  =  tan.  a.  O  T  =  sec.  a. 

M  Q  =  cos.  a,  B  S  =  cot.  a,  0  8  =  coseo.  a. 

The  period  after  sin.,  tan.,  etc.,  indicating  abbreviation,  is  frequently 
omitted.  * 

The  arcs  whose  sines,  tangents,  etc.,  are  equal  to  a  line  =  a,  are  written, 
sin.    a,  or  arc  (sin.  =  a) ; 
tan.    a,  or  arc  (tan.  =  a) ;  etc. 


4.  The  Lines  as  Batios.  The  ratios  be- 
tween the  trigonometrical  lines  and  the  radius 
are  the  same  for  the  same  angles,  or  number 
of  degrees  in  an  arc,  whatever  the  length  of 
the  radius  or  arc.  Consequently,  radius  being 
unity,  tliese  lines  may  be  expressed  as  simple 
ratios.  Thus,  in  the  right-angled  triangle 
A  B  C,  we  would  have 

.     A  _  B  C  _  opposite  side 
AB        hypotenuse  ' 
.  _  BO  __  opposite  side 
A  0      adjacent  side  * 
A  B        hypotenuse 


Fig.  412. 


cos. 


__  A  0  _  adjacent  side 
AB        hypotenuse  ' 


sec.  A  =  --—  = 


AC      adjacent  side 

cot.  A  =  —7-  =  — = — : — - 

■D  C       opposite  side , 

-       A  B        hypotenuse 

cosec.  A  =  =-—  =     ^^  , — - • 

B  C      opposite  side 


A  0  adjacent  side ' 
When  the  radius  of  the  arcs  which  measure  the  angles  is  unity,  these 
ratios  may  be  used  for  the  lines.  If  the  radius  be  any  other  length,  the 
results  which  have  been  obtained  by  the  above  supposition  must  be  modified 
by  dividing  each  of  the  trigonometrical  lines  in  the  result  by  radius,  and  thus 
rendering  the  equations  of  the  results  "homogeneous."  The  same  effect 
would  be  produced  by  multiplying  each  term  in  the  expression  by  such  a 
power  of  radius  as  would  make  it  contain  a  number  of  linea/r  factors  equal 

to  the  greatest  number  in  any  term. 
Fio.  413.  The  radius  is  usually  represented  by 

S^ ^_B S      r,  or  R. 

6.  Their  Variations  in  Length. 

As  the  point  M  moves  around  the 
circle,  and  the  arc  thus  increases,  the 
sines,  tangents,  and  secants,  starting 
from  zero,  also  increase;  till,  when 
the  point  M  has  arrived  at  B,  and 
the  arc  has  become  90^,  the  sine  has 
become  equal  to  radius,  or  unity,  and 
the  tangent  and  secant  have  become 
"  infinite.     The  complementary  lines 

have  decreased,  the  cosine  being  equal  to  radius  or  unity  at  starting  and  be- 
coming zero,  and  the  cotangent  and  cosecant  passing  from  infinity  to  zero. 
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When  the  point  M  has  passed  the  first  quadrant  at  B,  and  is  proceeding  toward 
0,  the  sines,  tangents,  and  secants  begin  to  decrease,  till,  when  the  point  has 
reached  C,  they  have  the  same  valaes  as  at  A.  They  then  begin  to  increase 
again,  and  so  on.    The  table  on  page  405  indicates  these  variations. 

The  sines  and  tangents  of  very  small  arcs  may  be  regarded  as  sensibly 
proportional  to  the  arcs  themselves;  so  that  for  sin. a",  we  may  write  a  . 
sin.  1'' ;  and  similarly,  though  less  accurately,  for  sin.  a\  we  may  write  a  . 
sin.  1'. 

The  sines  and  tangents  of  very  small  arcs  may  similarly  be  regarded  as 
sensibly  of  the  same  length  as  the  arcs  themselves.* 

a  being  the  length  of  any  arc  expressed  in  parts  of  radins,  the  lengths  of 
its  sine  and  cosine  may  be  obtained  by  the  following  series : 

Bin.  «  =  « -  2 -'g  +  a^'^Vrs  -  2T3'!'-7  +'  '"^ 

•^•"  =  '-2  +27874-3. ..76+'"*"- 

Let  it  be  reqaired  to  find  cos.  SO'',  by  the  above  series. 

SO 
80"*  =  ~  ir  =±  i  X  81416  =  -6286. 

180  ^ 

Substituting  this  number  for  a,  the  series  becomes,  taking  only  three  terms 
of  it, 

^  _  C:5286)_«  ^  05286/  _^  ^^^  ^  ^  _  0-187078  +  0-008180  =  -866052  ; 
2  24 

which  is  the  correct  value  of  cos.  80°  for  the  first  four  places  of  decimals. 

The  lengths  of  the  other  lines  can  be  obtained  from  the  mutual  relations 
given  in  Art.  7.    Some  particular  values  are  given  below  : 

sin.  30**  =  \  sin.  46°  =  J  v  2.  sin.  60°  =  J  V  8. 

tan.  30°  =  J  V8.  tan.  46°  =  1.  tan.  60°  =  v'  3. 

sec.  80°  =  f  V3.  sec.  46°  =  v'  2.  sec.  60°  =  2. 

6.  Their  Changes  of  Sign.  Lines  measured  in  contrary  directions  from 
a  common  origin  usually  receive  contrary  algebraic  signs.  If,  (hen,  all  the 
lines  in  the  first  quadrant  are  called  positive,  their  signs  will  change  in  some 
of  the  other  quadrants.  Thus  the  nne%  in  the  first  quadrant  being  all  meas- 
ured upward,  when  they  are  measured  downward,  as  they  are  in  the  third 
and  fourth  quadrants,  they  will  be  negative.  The  eonnes  in  the  first  quad- 
rant are  measured  from  left  to  right,  and  when  they  are  measured  from  ri^ht 
to  left,  as  in  the  second  and  third  quadrants,  they  will  be  negative.  The 
tangents  and  secants  follow  similar  rnleB. 

The  variations  in  length  and  the  changes  of  sign  are  all  indicated  in  the 
following  table,  radius  being  unity.  The  terms  ^ increasing  ^'  and  *' de- 
creasing "  apply  to  the  lengths  of  the  lines  without  any  reference  to  their 
signs  : 

*  Consequently,  the  note  on  page  401  may  read  thus :  The  number  of  seconds  in 
any  very  small  arc  given  in  parts  of  radius,  radius  being  unity,  is  equal  to  the  length 
of  the  arc  so  given  divided  by  sin.  1. 
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Lengths  and  Signs  of  the  Trigonometrical  Lines  for  Ares  from  0®  to  860® 


Abcs. 


Sine 

Tangent. ... 

Secant , 

Cosine 

Cotangent. . , 
Cosecant 


0' 


0 

0 

+  1 

+  1 

±00 

±» 


BETWBIM  0*  AND  90*. 


+ ,  and  increasing, 
+  ,  and  increasing, 
+ ,  and  increasing, 
+ ,  and  decreasing, 
+  ,  and  decreasing, 
+ ,  and  decreasing. 


90* 


+  1 

±00 
±00 

0 

0 

+  1 


Between  90*  and  180*. 


+ ,  and  decreasing, 
— ,  and  decreasing, 
— ^  and  decreasing, 
— ,  and  increasing, 
— ^  and  increasing, 
+,  and  increasing. 


180* 


0 

0 

— 1 

— 1 

Too 

±00 


Akcs. 

180* 

Between  180*  and  270*. 

270' 

Between  270*  and  860'. 

860* 

Sine 

Tangent 

Secant 

Cosine 

Cotangent. . . 
Cosecant 

0 

0 

—1 

—  1 

Too 

±00 

— ,  and  increasing, 
+ ,  and  increasing, 
— ,  and  increasing, 
.  — ,  and  decreasing, 
+ ,  and  decreasing, 
— ,  and  decreasing. 

—1 

±00 

TOO 

0 
0 

—1 

— ,  and  decreasing, 
— ,  and  decreasing, 
+ ,  and  decreasing, 
+ ,  and  increasing, 
— ,  and  increasing, 
— ,  and  increasing, 

0 

0 

+  1 

+  1 

Too 

TOO 

From  this  table,  and  Fig.  418,  we  see  that  an  a/re  and  its  supplement  have 
the  same  sine;  and  that  their  tangents,  secants,  cosines,  and  cotangents  are 
of  eqnal  length  but  of  contrary  signs ;  while  the  cosecants  are  the  same  in 
both  length  and  sign. 

We  also  deduce  from  the  figure  the  following  consequences: 


sin. 
tan. 
sec. 


(a**  +  180°)  =  -  sin.  a\ 
(a°  +  180°)  =  tan.  a°. 
(a°  +  180°)  =  -  sec.  a°. 
sin.  (  —  a°)  =  —  sin.  o° 
tan.  (  —  a")  =  —  tan.  a° 
sec.  (  —  a°)  =  sec.  a° 


COS.  (a°  +180°)  =  -  cos.  a°, 
cot.  {a°  +  180°)  =  cot.  a°. 
coseo.  (a°  +  180°)  =  —  cosec.  a°. 
cos.  (  —  «")  =  cos.  a°. 
cot.  (  —  (1°)  =  —  cot.  a°. 
coseo.  (  —  a°)  =  —  cosec.  a°. 
An  infinite  number  of  arcs  have  the  same  trigonometrical  lines ;  for,  an 
arc  a,  the  same  arc  plus  a  4)ircumference,  the  same  arc  plus  two  circumfer- 
ence:), and  so  on,  would  have  the  same  sine,  etc. 

"  To  bring  back  to  the  first  quadrant ''  the  trigonometrical  lines  of  any 
large  arc,  proceed  thus:  Let  1029°  be  an  arc  the  sine  of  which  is  desired. 
Take  from  it  as  many  times  360°  as  possible.  The  remainder  will  be  309°. 
Then  we  shall  have  sin.  309°  =  sin.  (180°  —  309°)  =  sin.  —  129°  =  —  sin. 
129°  =  -  sin.  (180°  -  129°)  =  -  sin.  51°. 


7.  Their  Mntnal  Relations.    Radius  being  unity, 


tan. 

a° 

OIII.     c* 

""  COS.  a° 

8<^C. 

a° 

1 
COS.  a"" 

tan.  a°  x 

cot. 

a° 

=  1. 

1  +  (tan. 

ay 

= 

(sec.  ay 

cot.  a°  = 


cos.  a 


sm. 

a" 

cosec.  a°  : 

1 

sin. 

a°' 

(sin.  ay 

+  (cos 

.  ay  = 

1.* 

1  +  (cot. 

a°)'  = 

(cosec. 

ay 

*  The  square,  etc.,  of  the  sine,  etc.,  of  an  arc,  is  often  expressed  by  placing  the 
exponent  between  the  abbreviation  of  the  name  of  the  trigonometrical  line  and  the 
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Henoe)  any  one  of  the  trigonometrical  lines  being  given,  the  rest  can  be 
foand  from  some  of  these  equations. 

8.  Two  Arcs.    Let  a  and  h  represent  any  two  arcs,  a  being  the  greater. 

Then  the  following  formulas  apply  : 

sin.  (a  +  ft)  =  sin.  a  .  cos.  h  +  cos.  a  .  sin.  h. 

sin.  (a  —  5)  =  sin.  a  .  cos.  b  —  cos.  a  .  sin.  h, 

COS.  (a  +  ft)  =  COS.  a  .  cos.  h  ~  sin.  a  .  sin.  h, 

COS.  (a  —  ft)  =  COS.  a  .  cos.  ft  +  sin.  a  .  sin.  ft. 

tan.  a  +  tan.  ft 
tan.  (a  +  ft)  =  ^--^ 


1—  tan.  a  .  tan,  ft 

tan.  a  —  tan.  ft 
tan.  (a  —  ft)  = 


I  1  +  tan.  a  .  tan.  ft ' 

cot.  a  .  cot.  ft  —  1 

cot.  ft  4-  cot.  a 
cot.  a  .  cot.  ft  +  1 


I  ^  ,        Tx      cot.  a  .  cot.  ft  —  1 

cot.  (a  +  ft)  =  - 

cot.  ft  4-  cot.  a 


oot.(a  — ft)  =  -      -^ 

cot.  ft  —  cot.  a 

sin.  a  .  sin.  ft  =  J  .  cos.  (a  —  ft)  —  J  cos.  (a  +  ft). 

cos.  a  .  COS.  ft  =  J  .  cos.  (a  +  ft)  +  J  cf  w.  (a  —  ft). 

sin.  a  .  COS.  ft  =  ^  .  sin.  (a  +  ft)  +  i  sin.  (a  —  ft). 

cos.  a  .  sin.  ft  =  J  .  sin.  (a  -I-  ft)  —  J  sin.  (a  —  ft). 

sin.  a  +  sin.  ft  =  2  Hin.  ^  (a  +  ft)  cos.  f  (a  —  ft). 

cos.  a  4-  cos.  ft  =  2  cos.  ^  (a  4-  ft)  cos.  J  (a  —  ft). 

sin.  a  —  sin.  ft  =  2  sin.  \(a  —  b)  cos.  J  (a  4-  ft). 

cos.  ft  —  COS.  a  =  2  sin.  |(a  —  ft)  sin.  J  (a  4-  ft). 

,  ^       ,        sin.  (a  4-  ft) 

tan.  a  4-  tan.  ft  =  —  -^^ ^  • 

COB.  a .  COS.  ft 

,         sin.  (a  —  ft) 

tan.  a  —  tan.  ft  = ^ \  . 

COS.  a  .  COS.  ft 

^  »   .       *  sin-  ('^  +  ft) 

cot.  ft  4-  cot.  a  =   .     -^^  .      - . 
sm.  a  .  SID.  ft 

^  ,  ^  sin.  (a  —  ft) 

cot.  ft  —  cot.  a  =  - — 


sin.  a  .  sin.  ft ' 

9.  DonUe  and  Half  Arcs.     Letting  a  represent  any  arc,  as  before,  we 

have  the  following  formulas: 

sin.  2  a  =  2  sin.  a  .  cos.  a. 

cos.  2  a  =  (cos.  ay  —  (sin.  ay  =  2  (cob.  a)"  —  1  =  1  —  2  (sin.  ay, 

-              2  tan.  a  2  cot.  a  2 

tan.  2  a= 


1  —  (tan.  ay       (cot.  a)'  —  1      cot.  a  —  tan.  a ' 

cot.  2  a  =  -^^  :-^^-Zl_  =  x  (cot.  a  —  tan.  a). 
2  cot.  a  ' 

number  of  the  degrees  in  the  arc,  thus :  Sin.'  a",  tan,'  a**,  etc.  But  the  notation  given 
above  places  the  index  as  used  by  Gauss,  Delambrc,  Arbogast,  etc.,  though  the  first 
two  omit  the  parentheses. 
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sin.  J  a  =  V  [J  (1  —  cob.  a)  J. 

COS.  J  a  =  V'  [i  (1  +  COS.  a)  ]. 

sin.  a  1  —  COS.  a        ,  /I  —  cos.  a\ 

tan.  4a  = =  — -  =  V  \- J. 

1  +  COS.  a  sin.  a  M  +  cos.  a' 

^    ,  1  +  COS.  a  sin.  a  .  /I  +  coe.  a\ 

cot.  }a=  — : =  - =  VKi )  . 

sm.  a  1  —  COS.  a  \1  —  cos.  a^ 

10.  Trigonometrical  Tables,  In  the  nsaal  tables  of  the  natural  trigo- 
nometrical lines,  the  degrees  from  0°  to  45°  are  found  at  the  top  of  the  table, 
and  those  from  45°  to  90°  at  the  bottom ;  the  latter  being  complements  of 
the  former.  Consequently,  the  columns  which  have  Sine  and  Tangent  at  top 
have  Cosine  and  Cotangent  at  bottom,  since  the  cosine  or  cotangent  of  any 
arc  is  the  same  thing  as  tlie  sine  or  tangent  of  its  complement.  The  minutes 
to  be  added  to  the  degrees  are  found  in  the  left-hand  column,  when  the  num- 
ber of  degrees  at  the  top  of  the  page  are  used,  and  in  the  right-hand  column 
for  the  degrees  when  at  the  bottom  of  the  page.  The  lines  for  arcs  interme- 
diate between  those  in  the  tables  are  found  by  proportion.  The  lines  are 
calculated  for  a  radius  equal  unity.  Hence,  the  values  of  the  sines  and  co- 
sines are  decimal  fractions,  though  the  point  is  usually  omitted.  So  too  are 
the  tangents  from  0°  to  45°,  and  the  cotangents  from  90°  to  45°.  Beyond 
those  points  they  are  integers  and  decimals. 

The  calculations,  like  all  others  involving  large  numbers,  are  shortened 
by  the  use  of  loganthms,  which  substitute  addition  and  subtraction  for  mul- 
tiplication and  division ;  but  the  young  student  should  avoid  the  frequent 
error  of  regarding  logarithms  as  a  necessary  part  of  trigonometry. 


SOLUTION  OF  TRIANGLES. 

11.  Right-angled  TnangloB.     Let  A  B  0 

be  any  right-angled  triangle.  Denote  the  sides 
opposite  the  angles  by  the  corresponding  small 
letters.  Then  any  one  side  and  one  acute  an- 
gle, or  any  two  sides  being  given,  the  other  parts 
can  be  obtained  by  one  of  the  following  equa- 
tions: 


Fio.  414. 


OITSX. 

BSqUIKCD. 

FORMULAS. 

a,b 
a,  e 
a,A 

J,  A 

c,  A 

c,  A,  B 

6,  A,  B 

b,e,    B 

o,e,    B 
0,6,   B 

c  =  V(a«  +  6«);  tan.  A  =-^;  cot.  B  =-^. 
6  =  y  (c«  —  a») ;  sin.  A  =  - ;  cos.  B  =  -. 
k        ft     rtrt*     A  -   1-  —      .  ^       •   R  —  flO®        A 

'          Bin.  A  ' 

a -6.  tan.  A;  c=— ^;  B=90»-A. 
*          COS.  A ' 

a  =  c  .  sin.  A;  6  -  (?  COS.  A;  B  -  90»  -  A. 

Digitized  by  VjOOQIC 


408  APPENDIX  A, 

12.  Oblique-Angled  Triangles.  Let  ABO  be  any  obliqae-angled  tri- 
angle, the  angles  and  sides  being  noted  as  in  the  figure.    Tlien  any  three  of 

its  six  parts  being  given,  and  one  of  them 
being  a  side,  the  other  parts  can  be  ob- 
tained by  one  of  the  following  methods, 
which  are  founded  on  these  three  theo- 
rems : 

Thbobem  I. — In  every  plane  triangle, 
the  8ine$  of  the  angles  are  to  each  other  ae 
the  opposite  eidee. 

Theorem  IT. — In  every  plane  triangle,  the  eum  of  two  sides  is  to  their  dif- 
ference as  the  tangent  of  half  the  sum  of  the  angles  opposite  those  sides  is  to 
the  tangent  of  half  their  difference, 

Thkobbm  III. — In  evei-y  plane  triangle,  the  cosine  qfany  angle  is  equal  to 
a  fraction  whose  numerator  is  the  sum  of  the  squares  of  the  sides  adjacent  to 
the  angle,  minns  the  square  of  the  side  opposite  to  the  angle,  and  whose  de- 
nominator is  twice  the  product  of  the  sides  adjacent  to  the  angle. 

All  the  cases  for  solution  which  can  occur  may  be  reduced  to  fonr: 
.     Case  1. — Given  aside  and  two  angles.    The  third  angle  is  obtained  by 
subtracting  the  sum  of  the  two  given  angles  from   160"^.    Then  either  un- 
known side  can  be  obtained  by  Theorem  I. 

Calling  the  given  side  a,  we  have  5  =  a.   .  --r  ;  and  e  =  a  .— ^.  . 
®  sm.  A  sm.  A 

Case  2. — Giten  two  sides  and  an  angle  opposite  one  of  them.  The  angle 
opposite  the  other  given  side  is  found  by  Theorem  I.  The  third  angle  is  ob- 
tained by  subtracting  the  sum  of  the  other  two  from  180°.  The  remaining 
side  is  then  obtained  by  Theorem  I. 

Calling  the  given  sides  a  and  b,  and  the  given  angle  A,  we  have  sin.  B  = 

wn.  A  .  — . 
a 

Since  an  angle  and  its  supplement  have  the  same  sine,  the  result  is  am- 
biguous ;  for  the  angle  B  may  have  either  of  the  two  supplementary  values 
indicated  by  the  sine,  if  5  >  a,  and  A  is  an  acute  angle. 

C  =  180°  -  (A  -h  B).  c  =  dn.  0  -  ^ . 

sin.  A 

Case  8. — Given  two  sides  and  their  included  angle.  Applying  Theorem 
II  (obtaining  the  sum  of  the  angles  opposite  the  given  sides  by  subtracting 
the  given  included  angle  from  180°),  we  obtain  the  difference  of  the  unknown 
angles.  Adding  this  to  their  sum  we  obtain  the  greater  angle,  and  subtract- 
ing it  from  their  sum  we  get  the  less.  Then  Theorem  I  will  give  the  remain- 
ing side. 

Calling  the  given  sides  a  and  h,  and  the  included  angle  C,  we  have 
A  -h  B  =  180°  -  C.    Then 

tan.  1  (A-  B)  =  tan.  WA  -h  B)  .  ^^^. 

a  -\-  0 

HA  +  B)  +  ^(A-B)  =  A,    ^(A  +  B)-i(A-B)«B.    «  =  «g5^ 
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In  the  first  equation  oot.  ^  0  niaj  be  used  in  the  place  of  tan.  }  (A.  +  6). 

Cabb  4. — Given  the  three  eidee.  Let  $  represent  half  the  sum  of  the  three 
sides  =  f  (a  +  5  +  c).  Then  any  angle,  as  A,  niaj  be  obtained  from  either 
uf  the  following  form  alas,  founded  on  Theorem  111 : 

.      A  _  *2^  V'  [H^  «)  (»  —  ^)  (»  —  c)  ] 

~  be 

J«  +  c»  -  a' 
cos.  A  =  — . 

25c 

The  first  formula  should  be  used  when  A  <  90°,  and  the  second  when 
A  >  90°.  The  third  should  uot  be  used  when  A  is  nearly  180° ;  nor  the 
fourth  when  A  is  nearly  90 ;  nor  the  fifth  when  A  is  very  small.  The  third 
is  the  most  conveuient  when  all  the  angles  are  required. 
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Fig.  416. 


TRANSVERSALS. 

Thbosbm  I. — If  a  Btraight  line  he  drawn  90  as  to  cut  any  two  tides  of  a 
triangle^  and  the  third  side  prolonged^  thus  dividing  them  into  six  parts  (the 
prolonged  side  and  its  prolongation  being  two  of  the  parts)^  then  will  Uu 
product  of  any  three  of  those  parts^  whose  ex^ 
tremities  are  not  contiguous^  equal  the  product 
of  the  other  three  parts. 

That  is,  in  Fig.  416,  ABO  being  the  triangle, 
and  D  F  the  transversal,  B£xADxCF  = 
EA  X  DO  X  BF. 

To  prove  this,  from  B  draw  BG,  parallel  to 
0  A.  From  the  similar  triangles  BEG  and 
A  E  D,  we  have  BG:  BE::AD:AE.  From 
the  similar  triangles  B  F  G  and  0  F  D,  we  have 
0  D  :  0  F  : :  B  G  :  B  F.  Multiplying  these  proportions  together,  we  have 
BG  X  OD:  BE  X  OF::  AD  X  BG:  AE  X  BF.  Multipljing  extremes 
and  means,  and  suppressing  the  common  factor  B  G,  we  have  B  E  x  A  D  x 
OF  =  EAxDOxBF. 

These  six  parts  are  sometimes  said  to  be  in  involution. 
If  the  transversal  passes  entirely  outside  of  the  triangle  and  cuts  the  pro- 
longations of  all  three  sides,  as  in  Fig.  417,   the  theorem  still  holds  good. 
The  same  demonstration  applies  without  any  change.*^ 

Thkobem  II.— Conversely  :  If  three 
points  be  taken  on  two  sides  of  a  triangle, 
and  on  the  third  side  prolonged,  or  on 
the  prolongations  of  the  three  sides,  di- 
viding them  into  six  parts,  such  that  the 
product  of  three  non^eonseeutive  parts 
equals  the  product  of  the  other  three  parts, 
then  will  these  three  points  lie  in  the  same 
straight  line. 

This  theorem  is  proved  by  a  reduetio 
ad  absurdum. 

Theorem  III.— ^,/rom  the  summits 

*  This  theorem  may  be  extended  to  polygons. 


Digitized  by  VjOOQIC 


TRANSVERSALS. 


411 


of  a  triangle^  lines  be  drawn,  to  a  point  situated  either  within  or  without 

the  triangle^  and  prolonged  to  meet  the  sides  of  the  tri" 

angle^  or  their  prolongations,  thits  dividing  them  into  Fiq.  418. 

six  parts,  then  will  the  product  of  any  three  non-con- 

Sfcutive  parts  be  equal  to  the  product  of  the  other  three 

parts. 

That  18,  in  Fig.  418,  or  Fig.  419, 

AE  xBFxCD  =  EB  xFCxDA. 
For,  the  trianffle  A  B  F,  being  cut  by  the  transver- 
'sal  E  C,  gives  the  relation  (Theorem  1). 

AE  X  BO  X  FP  =  EB  x  FC  x  PA. 
The  triangle  A  C  F,  being  cut  by 
the  transversal  D  B,  gives 
I)CxFBxPA  =  ADxCBx 
FP. 
M:iltiplying    these    equations  to- 
gether, and  suppressing  the  common 
factors  PA,  C  B,  and  F  P,  we  have 
AE  X  BF  X  CD  =  EB X FO X 
.-.-'"^  ^^-^^--^../X  DA. 

Z^^'"  "* -jj  Theorem   IV.  —  Conversely :    If 

£  three  points  are  situated  on  the  three 

sides  of  a  triangle,  or  on  their  pro- 
longations (either  one,  or  three,  of  these  points  being  on  the  sides),  so  that 
they  divide  these  lines  in  such  a  way  that  the  product  of  any  three  non-con- 
seeutive  parts  equals  the  product  of  the  other  three  parts,  then  will  lines  drawn 
from  these  points  to  the  opposite  angles  meet  in  the  same  point. 
This  theorem  can  be  demonstrated  by  a  reductio  ad  absurdum. 


COROLLARIES  OF  THE  PREGEDINO  THEOREMS. 

CoROLLART  1. — The  MEDL\NS  of  a  triangle  (i.  e.,  the  lines  drawn  from 
its  summits  to  the  middles  of  the  opposite  sides)  meet  in  the  same  point. 

For,  supposing,  in  Fig.  418,  the  points  D,  E,  and  F  to  be  the  middles  of 
the  sides,  the  products  of  the  non-consecutive  parts  will  be  equal — i.  e.. 
AExBFxCD  =  DAxEBxFC;  since  AE  =  E  B,  BF  =  FC,  CD 
==  D  A.    Then  Theorem  IV  applies. 

OoR.  2.--The  BISSECTRIOES  of  a  triangle  (i.  e.,  the  lines  bisecting  its 
angles)  meet  in  the  same  point. 

For,  in  Fig.  418,  supposing  the  lines  A  F,  B  D,  C  E  to  be  bissectrices,  we 
have  (Legendre,  IV,  17) : 

BF:FC::AB:AC)  (BFxAC  =  FCxAB, 

OD:DA::BC:Ba[.  whence   ^CDxBA  =  DAxBC, 
AE:EB::OA:CB)  (AExCB  =  EBxCA. 

Multiplying  these  equations  together,  and  omitting  the  common  factors, 
we  have  BFxCDxAE  =  FCxDAxEB.    Then  Theorem  IV  applies. 
CoR.  S.^The  ALTITUDES  of  a  triangle  (i.  e.,  the  lines  drawn  from  its 
snmmits  perpendicular  to  the  opposite  sides)  meet  in  the  same  point, 
27 
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For,  in  Fig.  418,  Bupposing  the  lines  AF,  B  D,  and  C  £  to  be  altitadet, 
we  have  three  pairs  of  similar  triangles,  BCD  and  F  G  A,  0  A  E  and  DAB, 
A  B  F  and  £  B  0,  by  comparing  which  we  obtain  relations  from  which  it  is 
cosy  to  deduce  BFxCDxA£=:£BxFCxDA;and  then  Theorem 
IV  again  applies. 

Cob.  4. — ^,  in  Fig,  418,  &r  Fig,  419,  the  paint  F  be  taken  in  the  middle 
of  B  C,  then  will  the  line  ED  be  parallel  tohC. 

For,  since  B  F  =  F  C,  the  equation  of  Theorem  lU  reduces  to  A  £  x  C  D 
=  EB  X  DA;  whence  A£:  £B::  AD:  D  C  ;  consequently  £  D  is  parallel 
to  B  C. 

Cob,  6.— -Conversely :  ^ED  be  parallel  to  B  C,  then  w  B  F  =  F  C. 

For,  since  A£  :  E  B  : :  AD  :  D  C,  we  have  A£xDC=EBxAD; 
whence,  in  the  equation  of  Theorem  III,  we  must  have  B  F  =  F  C. 

Cob.  6. — From  the  preceding  corollary,  we  derive  the  following : 

Jftvio  sides  of  a  triangle  are  divided  proportion'^ 
*    "^'  ally,  starting  from  the  same  summit,  as  A,  and  lines 

Jyf.  arre  drawn  from  the  extremities  of  the  third  side  to 

/l\  the  points  of  division^  the  intersections  of  the  eorre- 

;    /   \         sponding  lines  mil  all  lie  in  the  same  straight  line 
^r     A        joining  the  summit  A,  and  the  middle  of  the  base. 
'jf-V  A  Cob.  7. — A  particular  case  of  the  preceding  corol- 

l^  T- C^A     lary  is  this : 
n         — p  — ^""'q         In  any  trapezoid,  the  straight  line  which  joins  (he 
intersection  of  the  diagonals  and  the  point  of  meeting 
of  the  nonrparaUel  sides  produced^  passes  through  the  middle  of  the  two  par- 
allel bases. 

Cob.  8. — If  the  three  lines  drawn  through  the  corresponding  summits  of 
tioo  triangles  cut  each  other  in  the  same  point,  then  the  three  points  in  which 
the  corresponding  sides,  produced  if  necessary,  will  meet,  are  situated  in  the 
tame  straight  line. 

This  corollary  may  be  otherwise  ennnciated,  thus : 

If  two  triangles  have  their  summits  situated,  two  and  two,  on  three  lines 
which  meet  in  the  same  point,  then,  etc. 

This  is  proved  by  obtaining  by  Theorem  I  three  equations,  which,  being 
multiplied  together,  and  the  six  common  factors  canceled,  give  an  equation 
to  which  Theorem  11  applies. 

Triangles  thus  situated  are  called  homologic  ;  the  common  point  of  meet- 
ing of  the  lines  passing  through  their  summits  is  called  the  center  ofhomoU 
cgy  ;  and  the  one  on  which  the  sides  meet,  the  aads  of  homology. 


HABMOKIC  DIVISION. 

Definttions. — A  straight  line,  AB,  is 

FiQ.  421.  gg^^  ^Q  Ijq  harmonically  divided  at  the  points 

J      0  5      C  and  D,  when  these  points  determine  two 

additive  segments,  AC,  BO,  and  two  sub- 
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tractive  segments,  A  D,  B  D,  proportional  to  one  another ;  so  that  A  0 :  B  0 
: :  A  D  :  B  D.  It  will  be  seen  tbut  A  0  mast  be  more  than  B  0,  since  A  D  is 
more  than  B  D.* 

This  relation  may  be  otherwise  expressed,  thus :  The  product  of  the  whole 
line  by  the  middle  part  equals  the  product  of  tlie  extreme  parts. 

Reciprocally,  the  line  D  0  is  harmonically  divided  at  the  points  B  and  A, 
since  the  preceding  proportion  may  be  written  D  B  :  0  B  ; :  D  A  :  0  A. 

The  four  points,  A,  B,  0,  D,  are  called  harmoniet.  The  points  0  and  D 
are  called  harmonie  conjttgatM.     So  are  the  points  A  and  B. 

When  a  straight  line,  as  A  B,  is  divided  harmonically,  its  half  is  a  mean 
proportional  between  the  distance  from  the  middle  of  the  line  to  the  two 
points,  0  andD,  which  divide  it  liarmonically. 

If,  from  any  point,  O,  lines  be  drawn  so  as  to  divide  a  line  harmonically, 

these  lines  are  called  an  harmonie  pencil. 
The  four  lines  which  compose  it,  O  A,  O  C, 
OB,  O  D,  in  the  figure,  are  called  its  radii^ 
and  the  pairs  which  pass  through  the  conju- 
gate points  are  called  corrugate  radii. 

Theorem  V. — In  any  harmonic  pencil,  a 

line  drawn  parallel  to  any  one  of  the  radii 

is  divided  by  the  three  other  radii  into  two 

equal  parts. 

Let  EF  be  the  line,  drawn  parallel  to  O  A.    Through  B  draw  G  H,  also 

parallel  to  O  A.     "We  have, 

GB:OA::BD:AD;  and  Fio.  428. 

BB:OA::BO:AC. 
But,  by  hypothesis,     A  0 :  B  C : ;  A 1"  : 
BD. 

Hence,  the  first  two  proportions  re- 
duce to  G  B  =  B  U  ;  and,  consequent- 
ly, EK=KF. 

The  reciprocal  is  also  true — i.  e., 
If  four  lines  radiating  from  apoint 
are  such  that  a  line  drawn  parallel 
to  one  of  them  is  divided  into  two  equal 
parts  by  the  other  three,  the  four  lines  form  an  harmonic  pencil, 

Thbobeh  VI. — If  any  transversal  to  an  harmonic  pencil  be  drawn,  it  will 
he  divided  harmonically. 

Let  LM  be  the  transversal.  Through  K,  where  L  M  intersects  O  B,  draw 
E  F  parallel  to  O  A.    It  is  bisected  at  K  by  the  preceding  theorem ;  and  the 

*  Three  numbers,  m,  n,  p,  arranged  in  decreasing  order  of  size,  form  an  harmonic 
proporiion,  when  the  difference  of  the  first  and  the  second  is  to  the  difference  of  the 
second  and  the  third,  as  the  first  is  to  the  third.  Such  are  the  numbers  6,  4,  and  3 ; 
or  6,  8,  and  2 ;  or  16,  12,  and  10 ;  etc.  So,  in  Fig.  421,  are  the  Imes  A  D,  A  B,  and 
AC,  which  thus  give  BD:CB::AD:AC;orAC;CB::AD:BD.  The  series 
of  fractions,  •)-,  i,  i,  i,  i,  etc.,  is  called  an  harmonie  progreashti,  because  any  con* 
secutive  three  of  its  terms  form  an  haniwiUc  propoi'ium. 
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Fig.  424. 


Bimilar  triangles,  FMK  and  LMO,  EKN  and  LNO,  give  the  propoi^ 
tions 

LM:KM::OL:FK,  andLN:NK::OL:EK;  whence, 
since  F  K  =  E  E,  we  have  L  N  :  N  K  : :  L  11 :  K  M. 
OoROLLART.— 7^0  two  MeB  of  any  angU,  together  with  the  bmeetricee  ef 
the  angle  and  o/ite  supplement,  farm  an  har- 
monic pencil, 

Theobem  VII.— -(j^,  from  the  eummits  qf 
any  triangle,  ABC,  through  any  point,  P, 
there  he  drawn  the  tranetersale  A  D,  B  E,  0  F, 
and  the  transversal  £  D  ^  drawn  to  meet  A  B 
prolonged  in  F\  the  points  F  and  F'  will  di- 
vide the  base  A  B  harmonically. 

This  may  be  otherwise  expressed,  thus : 

The  line,  0  P,  which  joins  the  intersection  of  the  diagonals  of  any  quadri- 
lateral, A  B  D  £,  with  the  point  of  meeting,  0,  of  two  opposite  sides  prolonged, 
cuts  the  side  A  Bin  a  point  F,  which  is  the  harmonic  conjugate  of  the  point  of 
meeting,  F'  of  the  other  two  sides,  E  D  and  A  B,  prolonged. 

For,  bj  Theorem  I,  AF'xBDxCE  =  F'BxDOxEA;and 

by  Theorem  III,  AFxBDxCE  =  FBxDOxEA; 
whence  AF:FB::AF:FB. 


THE  OOKPLETE  gu  A  DKHiATERAL. 

A  Complete  Quadrilateral  is  formed  by  drawing  any  four  straight  line«, 
so  that  each  of  them  sliall  cut  each  of  the  other  three,  so  as  to  give  six  di£Fer- 

ent  points  of  intersection.  It  is  so  caUed 
because  in  the  figure  thas  formed  are 
found  three  quadrilaterals;  viz.,  in  Fig. 
425,  A  BCD,  a  common  convex  qnadri- 
lateral ;  E  A  F  C,  a  uni-coneate  quadri- 
lateral ;  and  E  B  A  F  D,  a  hi-concave  quad- 
rilateral, composed  of  two  opposite  trian- 
gles. 

The  complete  quadrilateral,  A  E  B  C 
D  F,  has  three  diagonals ;  viz.,  two  inte- 
rior, A  C,  B  D  J  and  one  exterior,  E  F. 

Theorem  VIII.  —  In  every  complete 
QUADRILATERAL  the  middle  points  of  it4 
three  diagonals  lie  in  the  same  straight 
line, 

A  E  B  C  D  F  is  the  quadrilateral,  and  L  M  N  the  middle  points  of  its  three 
diagonals.  From  A  and  D  draw  parallels  to  B  C,  and  from  B  and  O  draw 
parallels  to  A  D.  The  triangle  E  D  C  being  cut  by  the  transversa]  B  F,  we 
have  (Theorem  I),  DFxCBxEA  =  CFxEBxDA.  From  the  equal- 
ity of  parallels  between  parallels,  we  have  C  B  =  E'  B',  E  A  =  C  A',  E  B  = 
D  B',  D  A  =  E'  A'.    Hence,  the  above  equation  becomes  D  F  x  E'B'  x  0  A' 
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Fig.  426. 


s=  CF  X  p  B'  X  E'  A';  therefore,  by  Theorem  II,  the  points,  F,  B',  A',  lie 
in  the  same  straight  line.  Now,  since  the  diagonals  of  the  parallelogram 
£  C  A'  A  bisect  each  other  at  N,  and  those  of  the  parallelogram  £  B  B'  D 
at  M,  we  have  E  N  :  N  A'  : :  £  M  :  M  B'.  Then  M  N  is  parallel  to  F  A',  and 
we  have  £  N  :  N  A' : :  E  L  :  L  F.  or  £  L  =  L  F,  so  that  L  is  the  middle  of 
£  F,  and  the  same  straight  line  passes  through  L,  M,  and  N. 

Theorem  IX. — In  etery  complete  quadrilateral  ea^cho/the  three  diago- 
nals is  divided  harmonically  by  the  two 
others, 

G  E  B  A  D  F  is  the  complete  quadri- 
lateral.    The  diagonal  £F  is  divided 
harmonically  at  G  and  H  by  D  B  and 
A  0  produced  ;   since  AH,  D  E,   nnd 
F  B  are  three  transversals  drawn  from 
the  summits  of    the    triangle    A  £  F 
through  the  same  point  0 ;  and  there- 
fore, by  Theorem  VII,  D  B  G  and  A  0  U 
divide  £  F  liarmonicnlly. 
So  too,  in  the  triangle  A  B  D.  0  B,  C  A,  0  D,  are  the  three  transversals 
passing  through  0 ;  and  G  and  K  therefore  divide  the  diagonal  B  D  har- 
monically. 

So,  too,  in  the  triangle,  A  B  C,  D  A,  D  B,  D  0  are  the  transversals,  and  H 
and  K  the  points  which  divide  the  diagonal  A  0  harmonically. 

Thbokem  X. — If  from  a  pointy  A, 
any  number  of  lines  be  drawn^  cutting 
the  sides  of  an  angle  P  O  Q,  the  inter- 
sections  (^  the  dia>gonals  of  the  quadri- 
laterals thus  formed  will  all  lis  in  the 
same  straight  line  passing  through  the 
summit  of  the  angle. 

By  the  preceding  theorem,  the  diag- 
onal B  C  of  the  complete  quadrilateral, 
B  A  B'  C  0  O,  is  divided  harmonically 

at  D  and  £.  Hence,  O  A,  O  P,  O  D,  and  O  Q,  form  an  harmonic  pencil.  So 
do  O  A,  O  P,  O  D',  and  O  Q.  Therefore,  the  lines  O  D,  O  D',  coincide.  So 
for  the  other  intersections. 

If  the  point  A  moves  on  O  A,  the  line  O  D  is  not  displa'^ed.  If,  on  the 
contrary,  O  A  is  displaced,  O  D  turns  around  the  point  <X  Hence,  the  point 
A  is  said  to  be  a  pole  with  respect  to  the  line  O  D,  which  is  itself  called  the 
polar  of  the  point  A.  Similarly,  D  is  a  pole  of  O  Au,  which  is  the  polar  of  D. 
O  D  is  likewise  the  polar  of  any  other  point  on  the  line  O  A ;  and  this  prop- 
erly is  necessarily  reciprocal  for  the  two  conjugate  radii  O  A,  O  D,  with  re- 
spect to  the  lines  O  P,  O  Q,  which  are  also  conjugate  radii.  Hence :  in  every 
harmonic  pencil,  each  of  the  radii  is  a  polar  with  respect  to  each  point  of 
its  coi^jugate ;  and  each  point  of  this  latter  line  is  a  pole  with  respect  to  the 
former. 


Fio.  427. 
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4-596 

4.579 
4-562 
4-545 
4-528 
4-5II 
4-494 
4.476 
4-459 
4.441 
4*424 
4.406 
4-388 
4-370 
4-352 
4-334 
4.316 
4.298 
4.280 
4.261 
4*243 

3-857 
3-877 
3*897 
3.917 
3.936 
3.956 
3.976 
3-995 
4-0x5 
4.034 
4-054 
4-073 
4.092 

4-TIl 

4-i3o 

4-149 
4.168 
4.187 
4.206 

4-224 

4.243 

5.362 
5.343 
5.323 
5.3o3 
5.283 
5.263 
5.243 
5.222 
5.202 
5*182 
5.161 
5.140 
5.119 

1:^ 

5.057 
5.035 
5.014 
4.993 

4 
4 
4 
4 
4 
4 
4 
4 
4 

i 

4 
4. 
4 
4 
4 
4 
4 
4- 
4 
4. 

5oo 
523 
546 
569 
592 
6i5 
638 
661 
684 
707 
729 
752 
774 
796 
818 
841 
863 
885 
906 
928 
950 

6.128 
6.106 
6-083 
6-061 
6.038 
6-015 

5-945 
5.922 
5.898 
5.875 
5-851 
5.827 
5.8o3 

5.77? 
5.755 
5.730 
5.706 
5.681 
5.657 

5-142 
5-169 
5-196 

5*222 

5-248 

5*275 

5-30I 
5-327 
5.353 

5-379 
5.4o5 
5.430 
5-456 
5*48i 
5.507 
5.532 
5.557 
5-582 
5-607 
5-632 
5.657 

6-894 
6-869 
6-844 
6-818 
6.792 
6.767 
6-741 
6-715 
6-688 
6-662 
6-635 
6-609 
6-582 
6-555 
6.528 
6.5ox 
6.474 
6.447 
6.419 
6.392 
6-364 

5.785 
5.8x5 
5.845 
5.875 
5.905 
5.934 
5.964 
5-993 
.0-022 
6.o5i. 
6.080 
6.X09 
6.138 
6.167 
6.195 
6.224 

6*252 

6.280 
6.308 
6. 336 
6.364 

w 

Lat 

Dep. 

Lat. 

Dep. 

Lat 

Dep. 

Lat 

Dep. 

Lat 
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X. 
0' 

00 

1- 

ao 

»*» 

4I« 

«*> 

60 

70 

8^ 

90 

10° 

.1743 

M. 
0' 

•0000 

.0175 

.0349 

.0524 

.0698 

.0872 

.1047 

.1331 

.1395 

.1569 

I 

.ooo3 

.0177 

.o352 

.0526 

.0701 

.0875 

.io5o 

.1334 

.1398 

.157a 

.1746 

I 

a 

.0006 

.0180 

.o355 

.0529 

.0704 

.0878 

.io53 

.1337 

.1401 

.1575 

•X749 

a 

3 

.0009 

.oi83 

.o358 

.o532 

.0707 

.0881 

.io55 

.I33o 

.i4o4 

.1578 

.1753 

3 

4 

•  ooia 

.0186 

.o36i 

.0535 

.0710 

.0884 

.xo58 

.1333 

.1407 

.i58i 

.1755 

4 

5 

.ooi5 

•0189 

.o364 

.o538 

.0713 

.0887 

.1061 

.1335 

.i4io 

.i584 

.1758 

6 

6 

•0017 

.0193 

.o366 

.o54i 

.0715 

.0890 

.1064 

.1338 

.i4i3 

.1587 

.1761 

6 

7 

•ooao 

.0195 

.0369 

.o544 

.0718 

.0893 

.1067 

.ia4x 

.i4i5 

.1589 

.1763 

7 

6 

•ooa3 

•0198 

.0372 

.0547 

.0731 

.0896 

.1070 

.1344 

.i4i8 

.159a 

.1766 

8 

9 

•ooa6 

•  oaoi 

.0375 

.o55o 

•0734 

.0899 

.1073 

.1347 

•  l431 

.1595 

.1769 

9 

xo 
11 

•0039 
.oo3a 

•  0204 

.0378 

.0553 

.0737 
.0730 

.0901 
•0904 

.1076 

.i35o 

.1434 
•  1437 

.1598 
.t6oi 

.177a 

10 
11 

.0207 

.o38i 

.o556 

.X079 

.1353 

•1775 

la 

.0035 

•0209 

.o384 

.o558 

.0733 

.0907 

.1082 

.xa56 

.i43o 

.1604 

.1778 

la 

i3 

.(K>Hf\ 

•  0213 

.0387 

.o56i 

.0736 

.0910 

.1084 

.xa59 

.1433 

.x6o7 

.1781 

iJ 

i4 

.oo4i 

.02l5 

.0390 

.o564 

.0739 

.0913 

.1087 

.ia6a 

.1436 

.1610 

.1784 

i4 

i5 

.0044 

•0218 

.0393 

.0567 

.0742 

.0916 

.1090 

.1265 

.1439 

.i6i3 

.1787 

lb 

i6 

.0047 

•  022X 

.0396 

.0570 

.0745 

.0919 

.i093 

.1267 

.1442 

.1616 

.1789 

16 

11 

.0049 

•0224 

.0398 

.0573 

•0747 

.0922 

.1096 

•  1270 

.1444 

.1618 

.1793 

17 

i8 

.oo53 

.0227 

•o4oi 

.0576 

.0750 

.0925 

.1099 

.1273 

.1447 

.i6ax 

.1795 

18 

19 

.oo55 

•  023o 

.o4o4 

.0579 

.0753 

.0928 

.1102 

.1276 

.i45o 

.1634 

.1798 

»9 

ao 
ai 

.oo58 
.0061 

.0233 

.0407 

.0582 

.0756 
.0759 

.0931 
.0933 

.iio5 
.1108 

.1279 
.1383 

.1453 

.1637 

.1801 
.x8o4 

ao 
at 

.0236 

.o4io 

.o585 

.1456 

.i63o 

aa 

.0064 

.0339 

.o4i3 

.od68 

.0763 

.0936 

.fill 

.1385 

.1459 

.1633 

.1807 

aa 

aS 

.0067 

.034l 

.o4i6 

.0590 

.0765 

.0939 

.1114 

.1288 

.i46a 

.1636 

.1810 

a3 

24 

.0070 

.0244 

.0419 

.0593 

.0768 

.0942 

.1116 

.1291 

.1465 

.1639 

.i8i3 

a4 

35 

.0073 

•0247 

.0422 

.0596 

.0771 

.0945 

.1119 

.1294 

.1468 

.1643 

.1816 

ab 

a6 

.0076 

.0250 

.0425 

.0599 

.0774 

.0948 

•  1122 

.1296 

.1471 

.1645 

.1818 

a6 

a? 

•0079 

.0253 

.0428 

.0602 

.0776 

.0951 

.1125 

.7299 

.1473 

.1647 

•  1831 

27 

38 

.0081 

.0256 

.o43o 

.o6o5 

.0779 

.0954 

.1128 

'l302 

.1476 

.i65o 

.1834 

a8 

29 

.0084 

•0259 

.0433 

.0608 

.0782 

.0957 

.ii3i 

i3o5 

.1479 

.1653 

.1837 

39 

3o 
U 

.0087 
•0090 

.026a 

.o436 

.0611 

.0785 
.0788 

.0960 
.096a 

.1134 

.i3o8 

.1482 

.1656 

.i83o 
.1833 

3o 
3i 

.0265 

.0439 

.0614 

.1137 

.i3ii 

.1485 

.1659 

Sa 

.0093 

.0268 

.0443 

.0617 

.0791 

.0965 

.1140 

.i3i4 

.1488 

.1663 

.1836 

33 

S3 

.0096 

.0271 

.0445 

.0619 

.0794 

.0968 

.1143 

.i3i7 

.1491 

.1665 

.1839 

33 

34 

.0099 

.0273 

.0448 

.0622 

.0797 

.0971 

.1145 

.[320 

.1494 

.1668 

.1843 

34 

35 

•oioa 

.0276 

.o45i 

.0625 

.0800 

.0974 

.1148 

.1323 

.1497 

.1671 

.1845 

35 

36 

•  0I03 

.0279 

.0454 

.0628 

.o8o3 

.0977 

.ii5i 

.1325 

.i5oo 

.1674 

.1847 

36 

37 

•0108 

.0282 

•0457 

.o63i 

.0806 

.0980 

.1154 

.1328 

.i5o2 

.1676 

.i85o 

37 

38 

.01 1 1 

.0285 

.0460 

.0634 

.0808 

.0983 

.1157 

.i33i 

.i5o5 

1679 

.1853 

38 

39 

•oxi3 

.0288 

.o46a 

.0637 

.0811 

.0986 

.1160 

.1334 

.i5o8 

.1683 

.1856 

39 

40 
4i 

•01.16 

•0291 

.o465 

.0640 
.0643 

.0814 
.0817 

.0989 
.0992 

.ii63 
.1166 

.1337 
.i34o 

.i5ii 

.1685 

.1859 
.1863 

40 
4i 

•0119 

.0294 

.0468 

.i5i4 

.1688 

4a 

•oiaa 

.0197 

.0471 

.0646 

.0820 

•0994 

.1169 

.1343 

.i5i7 

.1691 

.1865 

43 

43 

•01  a5 

•o3oo 

.0474 

.0649 

.0823 

.0997 

.1173 

.1346 

.l520 

.1694 

.1868 

43 

44 

.0138 

.o3o3 

.0477 

.o65i 

.0826 

•  1000 

.1175 

•  x349 

.1533 

.1697 

.1871 

44 

45 

•oi3i 

.o3o5 

.0480 

.0654 

.0829 

•  ioo3 

.1177 

.1352 

.1526 

.1700 

.1873 

45 

46 

.01 34 

.o3o8 

.o483 

.0657 

.o832 

•  1006 

.1180 

.1355 

.1529 

.1703 

.1876 

46 

47 

.0137 

•o3ii 

.o486 

.0660 

.o835 

.1009 

.1x83 

.1357 

.i53i 

.1705 

.1879 

47 

48 

•oi4o 

•o3i4 

.0489 

.0663 

.o838 

.1012 

.1186 

.i36o 

.1534 

.1708 

.1883 

48 

49 

.0143 

.o3i7 

.049a 

.0666 

.0840 

.ioi5 

.1189 

.1363 

.1537 

.1711 

.1885 

49 

5b 
5i 

.0145 

•  0320 

.0494 

.0669 

.0843 

.10181 

*I02I 

.1193 
.1195 

.1366 
.1369 

.i54o 

.1714 

.1888 
.1891 

5o 

.0148 

.0323 

'0497 

.0672 

.0846 

.1543 

.1717 

5a 

•oi5i 

.0326 

.o5oo 

.0675 

.0849 

.1023, 

.1198 

.1372 

.1546 

.1730 

.1894 

53 

53 

.oi54 

.0329 

.o5o3 

.0678 

.0852 

.I026j 

.1201 

.1375 

.1549 

.1733 

.1897 

53 

54 

.oi57 

.o33a 

.o5o6 

.0681 

.o855 

•  1029 

.iao4 

.1378 

.1552 

.1726 

.1900 

54 

55 

'O160 

.o335 

.o5o9 

.o683 

.o858 

.I032 

.1206 

.i38i 

.1555 

.1739 

.1903 

55 

56 

.oi63 

.0337 

•o5i2 

.0686 

.0861 

.io35 

.1209 

.1384 

.1558 

.1733 

.1905 

56 

57 

.0166 

.o34o 

.o5i5 

.0689 

.0864 

.io38 

.1212 

.1386 

.i56o 

.1734 

.1908 

57 

58 

.0169 

.o343 

.o5i8 

.0692 

.0867 

•  io4i 

.iai5 

.1389 

.1563 

.1737 

.1911 

58 

59 

.0172 

o346 

•o52i 

.0695 

.0869 

.1044 

.1318 

.1393 

.1566 

.1740 

•1914 

59 

66 

.0175 

.0349 

.o524 

.0698 

.0872 

•1047 

.1331 

.1395 

.1569 

.1743 

.1917 

60 
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v. 

I 
a 
3 
4 
5 
6 

7 
8 

9 

lO 

II 
la 

i3 
i4 
i5 
i6 

17 
i8 

'9 
ao 

ai 
aa 
aS 
a4 
a5 
a6 

a? 
a8 

!! 

3i 
3a 
33 
34 
35 
36 

37 
38 
39 
4o 

4i 

42 

43 
44 
45 
46 

4- 
48 

5o 

5i 
5a 
53 
54 
55 
56 

57 
58 

2 

11^ 

.1917 
.1920 

•  I9a3 

•  1926 
.1928 
.1931 
.1934 
.1937 
.1940 
.1943 
.1946 

.1949 
.1952 
.1955 
.1957 
.i960 
.1963 
.1966 
.1969 
.1972 
.1975 

.1978 
.1981 
.1983 
.1986 
.1989 
.1992 
.1995 
.1998 

•  aooi 

•  aoc4 

ia° 

1»° 

14° 

1««^ 

16° 

17° 

18° 

W° 

90° 

»1° 

M. 

0' 

x 

3 

3 
4 
5 
6 

7 
8 

9 
10 

II 

13 

i3 
14 
i5 
16 

17 
x8 

19 

30 

31 
33 
33 
34 
35 
36 
27 
38 

?9 
3o 

3i 

33 

33 
34 
35 
36 

37 
38 

^9 
4o 

4i 
43 
43 
44 
45 
46 
47 
48 

5i 

53 

53 
54 
55 
56 

.3091 
.3093 
.3096 
.3099 

.3102 

.2io5 

.2108 
•  2III 
.2114 
.2117 
.2119 

.3133 
.3X25 
.3128 
.3l3l 

.3134 
.3137 
.3i4o 

.3143 

.3146 
.3x48 

.2264 
.2267 
.2270 
.2273 
.2276 
.2279 
.2281 
.2284 
.2287 
.2290 
.2293 

.3437 
.3440 
.3443 
.3446 

.3449 
.3452 
.2455 
.2458 
.2460 
.2463 
.3466 

.36x1 
.36i3 
.36x6 
.36x9 
.3622 
.2625 
.2628 
.263 1 
.2634 
.2636 
.2639 

.3783 
.3786 
.3789 
.3793 
.3795 
.3798 
.380X 
.3804 
.3807 
.3809 
.3813 

.3956 
.3959 
.3963 
.3965 
.3968 
.3971 
.3973 
.3976 
.3979 
.3983 
.3985 

.3x39 
.3x33 
.3x34 
.3x37 
.3x4o 
.3x43 
.3x46 
.3x49 
.3x52 
.3x55 
.3x57 

.3i6o 
.3x63 
.3x66 
.3169 
.3172 
.3175 
.3178 
.3180 
3i83 
.3x86 

.3x89 
.3x92 
.3x95 
.3x98 
.3200 
.32o3 
.3206 
.3209 

.32X3 

.33x5 

.33oi 
.33a4 
.3307 
.33io 
.3312 
.33x5 
.33x8 
.3321 
.3324 
.3327 
.3330 

.3333 
.3335 
.3338 
.3341 
.3344 
.3347 
.3350 
.3353 
.3355 
.3358 

.336x 
.3364 
.3367 
.3370 
.3373 
.3376 
.3378 
.3381 
.3384 
.3387 

.3473 
.3476 

-3479 
.3483 

.3484 
.3487 
.3490 
.3493 
.3496 

.3499 
.35o3 

.3645 

.3648 
.365o 
.3653 
.3656 
.3659 
.3663 
.3665 
.3668 
.3670 
.3673 

.3396 

.3299 

.2302 

.23o5 
.2307 

.23lO 

.33x3 
.33i6 
.33x9 
.3332 

.3469 
.3472 
.3475 
.3478 
.348x 
.3484 
.3486 
.3489 
.3492 
•3495 

.3498 
.35oi 
.35o4 
•  35o7 

.35lO 
•35X3 

.35x5 
.35x8 

.3531 

.3524 

.2527 

.2530 
.2533 
.2536 
.2538 
.2541 
.3544 
.3547 
.3550 
.3553 

.3556 
.3559 
.3561 
.3564 
.3567 
.3570 
.3573 
.3576 
.3579 

.3583 

.3585 
.3587 
.3590 
.3593 
.3596 
.3599 
.3602 
.3605 
.3608 
.3611 

.3643 
.3645 
.3648 
.3651 
.3654 
.3657 
.3660 
.3663 
.3665 
.3668 

.3671 
•2674 
.3677 
.3680 
.3683 
.2685 
.2688 
.2691 
.2694 
.2697 

.2700 
.2703 
.3706 
.3709 
.37x1 
.3714 
.37x7 
.3730 
.3723 
.3736 

.3729 
.3733 
.3734 
.3'»37 
.3740 
.3743 
.3746 
.3749 
.3753 
.2755 

.3758 
3760 
.3763 
.3766 
.3769 
.3773 
.3775 
.3778 
.3781 
.3783 

.38x5 
.38x8 
.3831 
.3834 
.3827 
.2830 

.2832 

.2835 
.2838 
.284x 

.2988 
3991 
.3994 
.3996 
.2999 

.3002 

.3oo5 
.3008 
.3oii 
.3ox4 

.35o4 
.3507 
.35io 
.35x3 
.35x6 
.35x9 

.3522 

.3525 
.3527 
.3530 

.3533 
.3536 
.3539 
.3542 
.3545 
•3547 
.355© 
.3553 
.3556 
.3559 

.3676 

.3679 
.3683 
.3685 
.3688 
.3690 
.3693 
.3696 
.3699 
.3703 

.3705 
.3708 
.3710 
.37x3 
.37x6 
.37x9 
.3733 
.3735 
.3738 
.3730 

.3733 
.3736 
.3739 
•3743 
•3745 
.3748 
.3750 
.3753 
.3756 
•3759 

.3763 
.3765 
.3768 
.3770 
.3773 
.3776 

•3779 
.3783 
.3785 
.3788 

.3790 
.3793 
.3796 

•3799 
.38o3 

.38o5 
.3808 
.3810 
.38x3 
.38x6 

.3i5x 
.3x54 
•  3i57 
.3160 
.ai63 
.3x66 
.3x69 
.3x73 
•3x74 
.3x77 

.2325 

.2328 

.233x 
.2333 
.2336 
.2339 
.2342 
.2345 
.2348 
.2351 

.2354 
.2357 
.2359 

.2362 

.2365 
.2368 
.2371 
•3374 
.3377 
.338o 

.3383 
.3385 
.3388 
.3391 
.3394 
.3397 
.3400 
.3403 
.3406 
.3409 

.34x1 
•34x4 
.34x7 
.3420 
.3433 
.3436 
.3439 
.3432 
.2434 
.2437 

.2844 
.2847 
.385o 
.3853 
.2855 
.3858 
.38D1 
.3864 
.3867 
.3870 

.3873 
.3876 
.3878 
.388x 
.3884 
.3887 
.3890 
.3893 
.3896 
.3899 

.3903 
.3904 
.3907 
.39x0 
.3913 
.3916 
.39x9 
.3933 

•  3935 
.3937 

.3930 
.3933 
.3936 
.3939 
.3943 
.3945 
.3948 

•  3950 
.3953 
.3956 

.3017 
.30x9 

.3022 

.3o25 
.3028 
.3o3i 
.3o34 
.3o37 
.3o4o 
.3o42 

.3045 
.3o48 
.3o5i 
.3o54 
.3o57 
.3o6o 
.3o63 
.3o65 
.3068 
.3071 

.aoo7 

•  aoio 
*aoi2 

•  201 5 
.aoi8 
'aoai 

•  2024 

•  2027 
.2o3o 
.ao33 

•  3180 
.3x83 
.3x86 
.3189 
.3x92 
.2195 
.2198 
.2200 

.33o3 
.3206 

.33x8 

.3331 

.3333 
.3336 
.3339 
.3333 

.3235 
.3238 
.3241 
.3244 

.3390 
.3393 
.3396 
.3398 
.3401 
.3404 
.3407 
.3410 
.34x3 
.34x6 

.3562 
.3565 
.3567 
.3570 
.3573 
.3576 

.3579 
.3582 
.3585 
.3587 

.ao36 
.ao38 
•  ao4i 
.ao44 
.ao47 
.ao5o 
.ao53 
.ao56 
.2059 
.ao6a 

•  2209 

•  3313 
.33X5 
.33X8 
.3221 
.2224 
.2226 
.3229 
.2232 
.3235 

.3074 
.3077 
.3o8o 
.3o83 
.3086 
.3o88 
.3091 
.3094 
.3097 
.3ioo 

.3x03 
.3xo6 
.3109 
.3x11 
.3xx4 
.3x17 

.3X20 

.3123 
.3x26 
.3129 

.3246 
.3249 

.3252 

.3255 
.3258 
.326X 
.3264 
.3267 
.3269 
.3373 

.3275 
.3278 
.3281 
.3284 
.3287 
.3289 
.3292 
.3295 
.3298 
.33ox 

.3419 
.3421 
.3424 
.3437 
.3430 
.3433 
.3436 
.3439 
.3441 
.3444 

.3447 
.3450 
.3453 
3456 
3459 
3463 
3464 
.3467 
.3470 
.3473 

.3590 
.3593 
.3596 
.3599 
.36o2 
.36o5 
.36o8 
.36x0 
.36x3 
.36x6 

.3619 

.3622 

.3625 
.3638 
.363o 
.3633 
.3636 
.3639 
.3643 
3645 

.ao65 
.ao67 
0070 
.ao73 
.ac76 
.ao79 
.ao82 
.ao85 
.ao88 
•  3091 

.3338 
•  2241 
•3344 
.2247 
.2250 
.2253 
.2255 
.2258 

.2261 
.2264 
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v. 

o' 

I 
s 
3 
4 
5 
6 

7 
8 

9 

lO 

II 

12 

i3 
i4 
i5 
i6 

\l 
'9 

20 

21 
22 
23 

24 
25 
26 

37 
28 

3i 

32 

33 
34 
35 
36 

37 
38 

i 

4i 

42 

43 
44 
45 
46 
47 
48 

t 

5i 

52 

53 
54 
55 
56 

57 
58 

.381-6 
.3819 

.383  2 

.3825 
.3628 
.383o 
.3833 
.3836 
.3839 
.3842 
.3845 

.3848 
.385o 
.3853 
.3856 
.3859 
.3862 
.3865 
.3868 
.3870 
.3873 

.3876 

.3879 
.3882 
.3885 
.3888 
.3890 
.3893 
.3896 
.3899 
.3902 

.3905 
.3908 
.3910 
.3913 
.3916 
.3919 
.3922 
.3925 
.3927 
.3930 

»»*» 

940 

a5«   »6° 

97° 

ds^* 

«•« 

.5176 

.5179 

.5182 

.5i85  ' 

.5188' 

.5190! 

.5193 

.5196 

.5199 

.5202 

.5ao4 

8I0 

.5345 
.5348 
.5350 
.5353 
.5356 
.5359 
.5362 
.5364 
.5367 
.5370 
.5373 

.55i3 
.55x6 
.5518 
.5521 
.5524 
.5527 
.5530 
.5532 
.5535 
.5538 
.5541 

M. 

0 

I 
2 

3 
4 
5 
6 

7 
8 

9 
0 

II 
12 
i3 
i4 
i5 
16 

X7 
x8 

19 
20 

21 

22 
23 
24 
25 
26 

37 
38 

? 

3i 

32 

33 
34 
35 
36 

37 
38 

? 

4i 
42 
43 
44 
45 
46 
47 
48 

? 

5i 

52 

53 

54 
55 
56 

57 
58 

.3987 
.3990 
.3993 
.3996 
.3999 
.4002 
.4004 
.4007 
.4010 
.4013 
.4016 

.4019 
.4022 
.4024 
.4027 

.4o3o 
.4033 
.4o36 
.4039 
.4042 
.4044 

.4047 
.4o5o 
.4053 
.4o56 
.4059 
.4061 
.4064 
.4067 
.4070 
.4073 

.4i58 
.4161 
.4164 
4167 
.4170 
•4i7i 

.4175 
.4178 
.4181 
.4184 
.4187 

•4190 
.4192 

.4195 

.4198 

•430 1 

.4304 

•4207 
.4209 

*42I2 

.4ai5 

.4329 

.4332 
.4334 

.4337 
.4340 
.4343 
.4346 

.4349 
.4352 
.4354 
.4357 

.4360 
.4363 
•4366 
•4369 
.4371 
.4374 
.4377 
.4380 
•4383 
•4386 

.4499 
.4502 
.45o5 
.4508 
.4510 
.45i3 
.45x6 
.4519 
.4522 
.4525 
.4527 

.4669 
.4672 
.4675 
.4677 
•4680 
.4683 
.4686 
.4689 
.4692 
.4694 
•4697 

.4838 
.4841 
.4844 
.4847 
.485o 
.4853 
•  4855 
.4858 
.4861 
.4864 
.4867 

.5008 
.5oio 
.5oi3 
.5016 
.5019 
.5022 
.5024 
.5027 
.5o3o 
.5o33 
.5o36 

.4530 
.4533 
.4536 
.4539 
.4542 
.4544 
.4547 
.4550 
.4553 
.4556 

.4559 
.4561 
•  4564 
.4567 
•4570 
.4573 
.4576 
.4578 
•4581 
.45*4 

.4700 
.4703 
.4706 
.4708 
.4711 
.4714 
.4717 
.4720 
.4723 
.4725 

.4869 
.4872 
.4875 
.4878 
.4881 
•4884 
.4886 
.4889 
.4892 
.4895 

.5039 
.5o4i 
.5044 
.5047 
.5o5o 
.5o53 
.5o55 
.5o58 
.5o6i 
.5064 

.5207 
•6210 
.5213  , 
.5216 
.5219 

•5221 
.5224 
•5227 

.523o 
.5233 

.5376 
.5378 
.5381 
.5384 
.5387 
.5390 
.5392 
.5395 
.5398 
.540X 

.5404 
.5406 
.5409 

.541 5 
.5418 
.5420 
.5423 
.5426 
.5429 

.5432 
.5434 
.5437 
.5440 
.5443 
.5446 
.5448 
.5451 
.5454 
.5457 

.5460 
.5462 
.5465 
.5468 
.547X 
.5474 
.5476 

.5479 
.5482 

.5485 

.5488 
.5490 
.5493 
.5496 

.5502 
.55o4 
.5507 
.55xc 
55i3 

.5543 
.5546 

.5549 
.555a 
.5555 
.5557 
.556o 
.5563 
.5566 
.5569 

.5571 
.5574 
.5577 
.5580 
.5583 
.5585 
.5588 
.5591 
.5594 
•5597 

.5599 
.5602 
.56o5 
.5608 
.5611 
.56i3 
.56x6 
.56x9 

5622 

.5625 

.5627 
.563o 
.5633 
.5636 
.5638 
5641 
.5644 
.5647 
.5650 
.5652 

.5655 
.5658 
.5661 
.5664 
.5666 
.5669 
.5672 
.5675 
.5678 
.5680 

.4218 
•4221 
•4224 
.4226 
.4229 

•4232 

.4235 

•4238 
•4241 
•4244 

.4388 
•4391 
.4394 

.4397 
.4400 
.4403 
.4405 
.4408 
*44ii 
,4414 

.4728 
.4731 
.4734 
.4737 
.4740 
.4742 
•4745 
•4748 
.475x 
•4754 

.4898 
.4901 
.4903 
.4906 
.4909 
.4913 
.4915 
.4917 
.4920 
.4923 

.4926 

.4929 
.4932 

.4934 
.4937 
.4940 
.4943 
.4946 
.4948 
.4951 

.4954 
.4957 
.4960 
.4963 
.4965 
.4968 
.4971 
.4974 
•4977 
.4979 

.4983 
.4985 
.4988 
.499' 
.4994 
.4996 

.4999 
.5oo2 
.5oo5 
.5008 

.5067 
.5070 
.5072 
.5075 
.5078 
.5081 
.5o84 
.5086 
.5089 
.5092 

.5095 
.5098 
.5ioo 
.5io3 
.5106 
.5109 
.5112 
.5ii5 
.5117 
.5120 

.5123 
.5126 
.5129 
.5i3i 
.5x34 
.5i37 
.5i4o 
.5i43 
.5145 
.5i48 

.5i5i 
.5i54 
.5157 
.5i6o 
.5162 
.5x65 
.^5x68 
.5i7x 
.5174 
.5176 

.5235  ' 

.5238  1 

.5241 

•5244 

•5247 

.5249 

.5252 

.5255 
.5258 
.5261 

.5263 
.5266  1 
.5169! 
.5272  1 
.5275 

.5277 
.5280 
.5283 
.5286 
.5289  1 

.5291 
.5294 
.5297 
.5300 
.53o3 
.5306 
.53o8 
.53ii 
.53x4 
.53x7 

.5320 

.5322 

.5325  ; 
.5328  ' 
.5331 
.5334  1 
.5336' 
.5339  i 
.5342  ! 
.5345  1 

.4076 

.4079 
.4081 
.4084 
.4087 
.4090 
.4093 
.4096 
.4098 
•4ioi 

.4246 
.4249 
.4252 
.4255 
.4258 
.4261 
.4263 
.4266 
.4269 
•4272 

.4417 
.4420 
.4422 
'4425 
.4428 
.4431 
.4434 
.4437 
.4439 
•4442 

.4445 
.4448 
.4451 
.4454 
.4456 
.4459 
.4462 
.4465 
.4468 
.4471 

.4587 
.4590 
.4593 
■4595 
.4598 
.4601 
.4604 
.4607 
.4609 
.4612 

.46i5 
.4618 
.4621 
.4624 
.4626 
.4629 
.4632 

•  4635 
.4638 
.4641 

.4643 
.4646 

.4649 

•  4652 
.4655 

•  4658 
.4660 
.4663 
.4666 
.4669 

.4757 
•4759 
.4762 
.4765 
.4768 
•4771 
.4773 
.477a 

•4779 
.4782 

.4785 
.4788 
.4790 

.4796 

.4799 
.4802 

.4805 
.4807 
.4810 

.4813 
.4816 
.4819 
.4822 
.4824 
.4827 

.483o 
.4833 
.4836 
.4838 

.3933 
3936 

3939 
.3942 
.3945 
.3947 
.3950 
.3953 

3956 
.3959 

.3962 
.3965 
•3967 
.3970 
.3973 
.3976 

.3982 
.3985 
•3987 

.4104 
.4107 
.4110 
.41x3 
.4116 
.4118 
.4iai 
.4124 
•4127 
.4i3o 

.4275 
.4278 
.4280 
.4283 
.4286 
.4289 
.4292 
•4295 
.4298 
.4300 

.4133 
.4135 
.4i38 
.4141 
'4i44 
.4147 
.4i5o 
.4i53 
.4155 
•4x58 

.43o3 
.4306 
.4309 
.4312 
.43i5 
.4317 
.4320 
.4323 
.4326 
.4329 

.4474 
.4476 

.4479 
.4482 
.4485 
.4488 
.4491 
.4493 
.4496 
.4499 
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=1 

& 

I 
a 
3 
4 
5 
6 
7 
8 

9 
II 

13 

i3 
i4 
15 
i6 

*7 
i8 

'9 
ao 

ai 
aa 
sJ 
M 

a5 
a6 

17 

aS 

L' 

3i 

3a 

33 
34 

35  1 

38 

4i 
4a 
43 
44 

45 
46 
4? 
43 

? 

6a 
53 
5^' 

55 
56 
57 
58 

.568o 
.5683 
.5686 
.5689 
.5601 
.5694 
.5697 
.5700 
<57o3 
<57o5 
-5708 

.5711 
.5714 
.5717 
.5719 
*57aa 
.57a5 
-57a8 
.5730 
.5733 
■  5736 

S4<^ 

.5847 
.585o 
.5853 
.5856 
.5859 
.5861 
.5864 
.5867 
.5870 
.587a 
.5875 

S5<> 

.6014 
.6017 
.6oao 
.6oaa 
.6oa5 
.6oa8 
.6o3i 
.6034 
.6o36 
.6039 
.6o4a 

.6180 

.6i83 
.6186 
.6189 
.6191 
.6194 
.6197 
>6aoo 
.6aoa 
.6ao5 
.6ao8 

W 

S9^ 

89'> 

40° 

41° 

49° 

4S° 

.7330 
.7333 
.7335 
.7338 
.7341 
.7344 
.7346 
.7349 
.735  a 
.7354 
.7357 

M. 

0 

I 

a 
3 
4 
5 
6 
7 
6 

9 
10 

II 
la 
i3 
i4 
i5 
16 
17 
18 

19 
ao 

ai 
aa 
a3 
a4 
a5 
a6 

27 
a8 

?9 
3o 

Ti 
3a 
33 
34 
35 
36 

37 
38 
39 
4o 

4i 
4a 
43 
44 
45 
4& 
41 
48 

5o 

5i 
5a 
53 
54 
55 
56 

57 
58 

60 

.6346 
.6349 
.635a 
.6354 
.6357 
.636o 
.6363 
.6365 
.6368 
.6371 
.6374 

.6511 
.65i4 
.65i7 
.65ao 
.65aa 
.65a5 
.65a8 
.6531 
.6533 
.6536 
.6539 

.6676 

.6679 
.668a 
.6684 
.6687 
.6690 
.6693 
.6695 
.6698 
.6701 
.6704 

.6840 
.6843 
.6846 
.6849 
.6851 
.6854 
.6857 
.6860 
.686a 
.6865 
.6868 

.7004 

7007 
7010 
.701a 
.7015 
.7018 
.7oao 
.7oa3 
.7oa6 
.7039 
.7031 

.7034 
.7037 
.7040 
•704a 
.7045 
.7048 
•  7o5o 
.7053 
.7056 
.7059 

.7167 
.7170 

7173 
.7176 

7178 
.7181 
.7184 
.7186 
.7189 
.719a 
.7195 

.5878 
.588i 
.5884 
.5886 
.5889 
.589a 
.5895 
.5897 
•5900 
.5903 

.6045 
•6047 
.6o5o 
.6053 
.6o56 
.6o58 
.6061 
.6064 
.6067 
.6070 

.6aii 
.6ai4 
.6ai6 
.6ai9 
.6aaa 
.6aa5 
.6aa7 
.6a3o 
.6a33 
.6a36 

.6376 

.6379 
.638a 
.6385 
.6387 
.6390 
.6393 
.6396 
.6398 
.64oi 

.654a 
.6544 
.6547 
.655o 
.6553 
.6555 
.6558 
.6561 
.6564 
.6566 

.6706 
.6709 
.671a 
.6715 
.6717 
.67ao 
.67a3 
.67a5 
.67a8 
.6731 

.6870 
.6873 
.6876 
.6879 
.6881 
.6884 
.6887 
.6890 
.689a 
.6895 

.7197 
.7300 
.7ao3 
;7ao5 
.7308 

•  7aii 
.7214 

•  7316 
.7319 
.7aaa 

.7aa4 
.-722-7 
.7a3o 
.7a3a 
.7335 
.7a38 
.7M1 
.7243 
.7246 
.7249 

.7a5i 
'1254 
.-725-7 
.7360 
.7a6a 
.7a65 
.7a68 
.7370 
.7273 
•7276 

.7360 
.736a 
•7365 
•  7368 
.7371 
.7373 
.7376 

.7379 
.7381 

.7384 

.7387 
.7390 
.7392 
.7395 
-7398 
.7400 
.7403 
.7406 
.7408 
•74ii 

.7414 

•7417 
.7419 

.74aa 
.74a5 
.74a7 
.7430 
.7433 
.7435 
.7438 

.7441 
.7443 
.7446 

.7449 
.745a 
.7454 
.7457 
.7460 
.746a 
•7465 

.7468 
.7471 
.7473 
.7476 

•7479 
.7481 
.7484 
.7487 
.7489 
•7492 

.5739 
*574a 
•5744 
•5747 
*575o 
.5753 
^5756 
.5758 
-5761 
^5764 

.5906 
.5909 
.5911 
.5914 
.5917 
.59ao 
.59a  a 
.59a5 
.59a8 

.607a 
.6075 
.6078 
.6081 
.6o83 
.6086 
.6089 
.609a 
.6095 
.6097 

.6a38 
.6a4i 
.6a44 
.6a47 
.6a49 
.6a5a 
.6a55 
.6a58 
.6a6o 
.6a63 

.6a66 
.6a69 
.6a7a 
.6a74 
.6a77 
.6a8o 
.6a83 
.6a85 
.6a88 
.6a9i 

.6a94 
.6a96 
.6a99 
.63oa 
.63o5 
.63o7 
.63io 
.63i3 
.63i6 
.63i8 

.63ai 
.63a4 
.63a7 
.633o 
.633a 
.6335 
.6338 
.6341 
.6343 
.6346 

.64o4 
.6407 
.6410 
.64ia 
.64i5 
.64i8 
.64ai 
.64a3 
.64a6 
.64a9 

.6569 
.657  a 
.6575 
.6577 
.658o 
.6583 
.6586 
.6588 
.6591 
.6594 

.6734 
.6736 
.6739 
.674a 
.6745 

.6747 
.6750 
.6753 
.6756 
•6758 

.6898 
.6901 
.6903 
.6906 
.6909 
.6911 
.6914 
.6917 
.6930 
69a  a 

.7061 
.7064 
.7067 
.7069 
.707a 
.7075 
.7078 
.7080 
.7083 
.7086 

.7089 
.7091 
.7094 
.7097 
.7099 
.710a 
•  7io5 
.7108 
.7110 
.7113 

-5767 
^5769 
•5772 
■5775 
-5778 
^5781 
.5783 
.5786 
.5789 
.579a 

.5934 
.5936 

•594a 
.5945 
.5947 
.5950 
.5953 
.5956 
.5959 

.6100 
.6io3 
.6106 
.6108 
.6111 
.6114 
.6117 
.6119 
.6iaa 
.6ia5 

.643a 
.6434 
.6437 
.6440 
.6443 
.6445 
.6448 
.6451 
.6454 
.6456 

.6597 

.6599 
.660a 
.66o5 
.6608 
.6610 
.66i3 
.6616 
.6619 
.66ai 

.6761 
.6764 
.6767 
.6769 
.6772 
.6775 
.6777 
.6780 
.6783 
.6786 

.6788 
.6791 
.6794 
.6797 

•^99 
.680a 

.68o5 
.6808 
.6810 
.68i3 

.6816 
.6819 
.68ai 
.68a4 
.68a7 
.6839 
.683a 
.6835 
.6838 
.684o 

.69a5 
.6938 
.6931 
.6933 
.6936 

.6941 
.6944 
.6947 
.6950 

.695a 
.6955 
.6958 
.6961 
.6963 
.6966 
.69(i9 
.6971 
.6974 
•6977 

.6980 
.698a 
.6985 
.6988 

'^\ 
.6996 
.6999 
.7001 
.7004 

■5795 

<58oo 
.58o3 
.5806 
.5808 
.58ii 
*58i4 
.5817 
.58a:> 

.5961 
.5964 
.5967 
.5970 
.597a 
.5975 
.5978 

.5984 
.5986 

.6ia8 
.6i3o 
.6133 
.6i36 
.6139 
.6i4a 
.6144 
.6147 
.6i5o 
.6i53 

.6i55 
.61 58 
.6161 
.6164 
.6166 
.6169 
.6172 
.6175 
.6178 
.6180 

.6459 
.646a 
.6465 
.6467 
.6470 
.6473 
.6476 
.6478 
.6481 
.6484 

.66a4 
.66a7 
.663o 
.663a 
.6635 
.6638 
.6640 
.6643 
.6646 
.6649 

.7116 
.7118 
.7131 
.7134 
.7137 
.7139 
.7i3a 
.7135 
.7137 
.7140 

.7143 
.7146 
.7148 
.7151 
.7154 
.7156 
.7159 
.716a 
.7165 
.7167 

.7279 
.7a8i 
.7284 
.7287 
•7289 
•7292 
•7295 
.7298 
.7300 
.7303 

.7306 
.7308 
.7311 
.73M 
.7316 
.7319 
.73aa 
.73a5 
•73a7 
.7330 

<58aa 
.58a5 
.58a8 
-5831 
■5834 
■5836 
-5839 
<584a 
^5845 
^5847 

.5989 
.599a 
.5995 

•^ 
.6000 

.6oo3 

.6006 

.6009 

.6011 

.6014 

.6487 
.6489 
.649a 
.6495 
.6498 
.65oo 
.65o3 
.65o6 
.65o9 
.65ii 

.6651 
.6654 
.6657 
.6660 
.666a 
.6665 
.6668 
.6671 
.6673 
.6676 
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TABLE  OF  CHORDS:  [Radius =1.0000].          | 

-. 
o' 

I 

2 

3 
4 
5 
6 

T 

8 
9 

lO 

II 

12 

i3 
i4 
i5 
i6 

17 
i8 

»9 

20 

21 
22 

ll 

25 
26 
27 
28 

3? 
3i 

32 

33 
34 
35 
36 

37 
38 

39 

4o 

4i 

42 

43 
44 
45 
46 
47 
48 

t 

5i 

52 

53 
54 
55 

56 

57 
58 

12 

440 

.7492 
.7495 
•7498 
.750c 
.75o3 
.7506 
.7508 
.7511 
.7514 
.7516 
.7519 

.7522 
.7524 
•7527 
.7530 
.7533 
.7535 

•  7538 
•7541 
.7543 
•7546 

.7549 
.7551 
.7554 
.7557 
.7560 
.7562 

•  7565 

•  7568 
.7570 
.7573 

.7576 
•7578 
.7581 
•7584 

•  7586 
.7589 
.7592 
.7595 
•7597 
.7600 

45° 

.7654 
•  7656 
.7659 
.7662 
.7664 
.7667 
.7670 
.7672 
•7675 
•7678 
.7681 

.7683 
.7686 
.7689 
.7691 
•7694 
.7697 
.7699 
.7702 
.7705 
.7707 

.7710 
.7713 
•77i5 
.7718 
.7721 
•7723 
.7726 
.7729 
•773 1 
.7734 

•7737 
•7740 
.7742 
•7745 
•7748 
•775o 
•7753 
•7756 
•7758 
.7761 

46'> 

41° 

48'> 

.8i35 
.8137 
.8i4o 
.8143 
.8145 
.8i48 
.8i5i 
.8i53 
.8i56 
.8159 
.8161 

490 

50° 

51° 

.8610 
.86i3 
.861 5 
.8618 
.8621 
.8623 
.8626 
.8629 
.8631 
.8634 
.8636 

59° 

•8767 
.8770 
.8773 
.8775 
.8778 
.8780 
.8783 
.8786 
.8788 
.8791 
.8794 

5S° 

.8924 
.8927 
.8929 
.8932 
.8934 
.8937 
.8940 
.8942 
.8945 
.8947 
.8950 

54° 

.9080 
.908a 
.9085 
.9088 
.9090 
.9093 
.9095 
.9098 

•  9101 
.9103 
.9106 

.9108 
.9111 
.9113 
.9116 
.9119 
.9121 
.9124 
.9126 
.9129 
.9132 

•9134 
•9'37 
.9139 
.9142 
•9»45 

.9147 
.9150 
.9152 
.9155 
.9157 

.9160 
.9163 
.9165 
.9168 
.9170 
.9.73 

•  9176 
.9178 
.9181 
.9183 

.9186 
.9188 
.9191 

•9'94 
.919b 
.9199 
.9201 
.9204 
.9207 
.9209 

.9212 
•9214 
.9217 
.9219 
.9222 
•9225 
.9227 
•9230 
.9232 

.Q235 

M. 

c 

1 
a 
3 
4 
5 
6 

7 
8 

9 
10 

12 
i3 
i4 
i5 
16 
17 
18 

>9 
20 

21 
22 

23 

24 

25 

26 

27 
28 

3o 
3i 

32 

33 
34 
35 
36 
37 
38 
39 
4o 

4i 
42 
43 
44 
45 
46 
47 
48 

t 

5i 

52 

53 
54 
55 
56 
57 
58 

.7815 
.7817 
.7820 
.7823 
.7825 
.7828 

•  7831 
.7833 

•  7836 
.7839 
.7841 

.7844 
•7847 
•7849 
.7852 
.7855 
•7857 
.7860 
.7863 
.7865 
.7868 

.7975 
•7978 
•7980 
•7983 
.7986 
.7988 

•799< 
•7994 
•7996 

•7999 
.8002 

.8004 
.8007 
.8010 
.8012 
.8oi5 
.8018 
.8020 
.8023 
.8026 
.8028 

.8;>94 
•8297 
.8299 
.83o2 
.83o4 
.83o7 
.83io 
.8312 
.83 1 5 
.83i8 
.8320 

.8452 
.8455 
.8458 
.846o 
.8463 
.8466 
8468 
.8471 
.8473 
.8476 
.8479 

.8481 
.8484 
.8487 
.8489 
.8492 
.8495 
•8497 
.85oo 
.85o2 
.85o5 

.85o8 
.85io 
.85i3 
.85i6 
.85i8 
.8521 
.8523 
.8526 
.8529 
.853i 

.8534 
.8537 
.8539 
.8542 
.8545 

.8547 
.8550 
.8552 
.8555 
.8558 

.8164 
.8167 
.8169 
.8172 
.8175 

•8177 
.8180 
.8i83 
.8i85 
.8188 

.8190 
.8193 
.8196 
.8198 

•  8201 
.8204 
.8206 

•  8209 

•  8212 
.8214 

.8217 
.8220 
.8222 
.8225 
.8228 
.8230 
.8233 
.8236 
.8238 
.8241 

.8244 
.8246 
.8249 
.8251 
.8254 
.8257 
.8259 
.8262 
.8265 
.8267 

.8270 
.8273 
.8275 
.8278 
.8281 
.8283 
.8286 
.8289 
.8291 
■8294 

.8323 
.8326 
.8328 
.8331 
.8334 
.8336 
.8339 
.8341 
.8344 
.8347 

.8349 
.8352 
.8355 
.8357 
.836o 
.8363 
.8365 
.8368 
.8371 
.8373 

.8376 
.8378 
.8381 
.8384 
.8386 
.8389 
.8392 
.8394 
.8397 
.8400 

.8639 
.8642 
.8644 
.8647 
.865o 
.8652 
.8655 
.8657 
.8660 
.8663 

.8665 
.8668 
.8671 
.8673 
.8676 
.8678 
.8681 
.8684 
.8686 
.8689 

.8692 
.8694 
.8697 
.8699 
.8702 
.8705 
.8707 
.8710 
.8712 
.8715 

.8718 
.8720 
.8723 
.8726 
.8728 
.8731 
.8734 
.8736 
.8739 
•8741 

.8744 
8747 
.8749 
.8752 

•8754 
•8757 
.8760 
.8762 
.8765 
•8767 

.8796 

.8801 
.8804 
.8807 
.8809 
.8812 
.8814 
.8817 
.8820 

.8822 
.8825 
.8828 
.883o 
.8833 
.8835 
.8838 
.8841 
.8843 
.8846 

.8848 
.8851 
.8854 
.8856 
.8859 
.8861 
.8864 
.8867 
.8869 
.8872 

.8874 
•8877 
.8880 
.8882 
.8885 
.8887 
.8890 
.8893 
.8895 
.8898 

.8953 
.8955 
.8958 
.8960 
.8963 
.8966 
.8968 
•8971 
•8973 
.8976 

1979 
.8981 

.8984 
.8986 
.8989 
.8992 
.8994 

•8997 
.8999 

•  9002 

.9005 
.9007 
.9010 
.9012 
.9015 

•  9018 
.9020 
.9023 
.9025 
.9028 

.9031 
.9033 

•  9036 
.9038 
.9041 
•9044 
.9046 

.9049 
.9051 
•9054 

.7871 
.7873 
.7876 

.7879 
.7882 

.7884 
.7887 
.7890 
.7892 
•7895 

.8o3i 
.8o34 
.8o36 
.8039 
.8042 
.8044 
.8047 
.8o5o 
.8o52 
.8o55 

.7898 
.7900 
.7903 
.7906 
.7908 
.7911 
.7914 
.7916 
.7919 
.7922 

.7924 
.7927 
.7930 
.7932 
.7935 
.7938 
.7940 
.7943 
.7946 
.7948 

•795i 
.7954 
.7956 

.7959 
79(52 
■7964 
.7967 
.7970 
.7972 
•7975 

.8o58 
.8060 
.8o63 
.8066 
.8068 
.8071 
.8074 
.8076 

.8079 
.8082 

.8084 
.8087 
.8090 
.8092 
.8095 
.8098 

•  8100 
.8io3 
.8io5 
•8108 

.8111 
.8ii3 
.8116 
8119 
.8121 
.8124 
.8127 

•  8129 

•  8i32 
.8i35 

.7603 
.7605 
.7608 
.7611 
.7613 
.7616 
.7619 
.7621 
;6a4 
.7627 

.7629 
.7632 
.7635 
•  7638 
.7640 
.7643 
.7646 
.7648 
765: 
.7654 

.7764 
.7766 
.7769 
•7772 
•7774 
•7777 
7780 
•7782 
•7785 
.7788 

.7791 
.7793 
•7796 

•7799 
.7801 

.7804 
•7807 
.7809 
.7812 
.7815 

.8402 
.84o5 
.84o8 
.84io 
.84i3 
.84i5 
.8418 
.8421 
.8423 
.8426 

.8429 
.8431 
.8434 
.8437 
.8439 
.8442 
.8444 
.8447 
.8450 
.8452 

.856o 
.8563 
.8566 
.8568 
.8571 
.8573 
.8576 
•8579 
.8581 
.8584 

.8587 
.8589 
.8592 
.8594 
•8597 
.8600 
.8602 
.86o5 
.8608 
.8610 

.8900 
.8903 
.8906 
.8908 
.8911 
.8914 
.8916 
.8919 
.8921 
.8924 

.9056 
.9059 
.9062 
.9064 
.9067 
.9069 
.9072 
.9075 

•9077 
.9080 
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K.  55<> 

ft6° 

.9389 
.9392 
.9395 
.9397 
.9400 
.9402 
.9405 
•9407 
.9410 
.9413 
.9415 

51° 

fkS^ 

59*' 

60° 

61*^ 

69<> 

6S<> 

e^*' 

M. 

0 
I 
S 

3 
4 
5 
6 

7 
8 

9 
10 

II 

13 

i3 
i4 
i5 
16 

17 
18 

«9 
30 

31 
33 
33 
34 
35 
36 

27 
28 

?9 
3o 

Ti 

33 

33 
34 
35 
36 

37 
38 

? 

4i 
42 
43 
44 
45 
46 
47 
48 

5o 

5i 

52 

53 
54 
55 
56 

57 
58 

;■ 

3 

! 

9 
II 

12 

i3 
i4 
i5 
i6 

17 
i8 

«9 

20 

21 
22 
S3 

24 

25 

26 

27 

28  1 

! 

3i 

32 

33 
34 
35 
36 

37 
38 

i 

4i 

42 

43 
44 
45 
46 

47 
48 

5o 

5i 

52 

53 
54 
55 
5€ 

57 
58 

.9235 
.9238 
.9240 
.9243 
•9^5 
.9248 
.9250 
9253 
9256 
.9258 

•  9261 

.9263 
.9266 
.9268 
.9271 
.9274 
.9276 
.9279 

•  9281 
.9284 
.9287 

.9289 
.9292 

.9294 
.9297 
.9299 

•  9302 
.9305 
.9307 

•  9310 

•  9312 

.9315 
.9317 
.9320 
.9323 
•9325 
.9328 
.9330 
.9333 
.9335 
.9338 

.9341 
.9343 
.9346 
.9348 
.9351 
.9353 
.9356 

•9359 
.9361 

•  9364 

.9366 

.9369 

.9371 

•9374 

•9377 

•9379 
.9382 

•9384 

.9387 

.9389 

.9543 
.9546 
.9548 
.9551 
.9553 
.9556 

■9561 

•9564 
.9566 
.9569 

.9696 
.9699 
.9701 
•9704 
.9706 
.9709 
.9711 
.9714 
•9717 
.9719 
•9722 

.9848 
.9851 
.9854 
•  9856 

•9859 
.9861, 
.9864 
.9866 
.9869 
.9871 
•9874 

1.0000 
i.ooo3 
I.0005 
1.0008 

l.OOIO 

i.ooi3 
i.ooi5 
1.Q018 
i.ooao 

I .0023 

1*0025 

i.oi5i 
I.OI53 
I.0156 
I.OI58 
1.0161 
i.oi63 
1.0166 
I .0168 
1.0171 
I. 0173 
I. 0176 

i.o3oi 
i.o3o3 
i.o3o6 
i*o3o8 
i*o3ii 
i.o3i3 
i.o3i6 
i*o3i8 

I*o32I 

i*o323 
i*o326 

i*o45o 
i*o452 
1.0455 
1.0457 
1.0460 
1.0462 
I.0465 
1*0467 
1*0470 
1*0472 
1.0475 

1.0598 
I .0601 

I.o6o3 
1.0606 
1.0608 
I. 0611 
i.o6i3 
I. 0616 
1.0618 
1*0621 
1.0623 

.9418 
.9420 
.9423 
.9425 
.9428 
.9430 
.9433 
•  9436 
•9438 
•9441 

.9443 
.9446 
.9448 
.9451 
.9454 
•9456 
.9459 
.9461 
•9464 
.9466 

.9571 
•9574 
.9576 

.9579 
.9581 
•9584 
.9587 
.9589 

:® 

.9597 
.9599 
.960a 
•9604 
.9607 
•9610 
.9612 
.9615 
.9617 
•9620 

.9724 
•9727 
.9729 
.9732 
.9734 
.9737 
•9739 
•9742 
•9744 
•9747 

.9876 

.9881 
.9884 
.9886 

.9889 
.9891 
•9894 
.9897 
.9899 

1.0028 
I .0030 
1.0033 
1.0035 
I.0038 
i.oo4o 
1.0043 
1.0045 
I.0048 
i.oo5o 

I. 0178 
1.0181 
I.OI83 
I. 0186 
I. 0188 
1.0191 
1.0193 
1.0196 
1.0198 
I. 0201 

i*o328 
i.o33i 
I.0333 
i*o336 
I.0338 
i.o34i 
1.0343 
I* 0346 
i*o348 
i.o35i 

I •0477 
i*o48o 
1.0482 
I.0485 
1.0487 
1.0490 
1.0492 
1.0495 
1^0497 
i.o5oo 

1.0626 
1.0628 
i.o63o 
1.0633 
I.0635 
1.0638 
1.0640 
1.0643 
1.0645 
1.0648 

.9750 
.9752 
.9755 

•9757 
.9760 
.9762 
•9765 
.9767 
•9770 
.9772 

.9902 
•9904 
.9907 
.9909 
.9912 

•99"4 
.9917 
.9919 
.9922 
•9924 

I.0053 
I.0055 
I.0058 
1.0060 
I.0063 
I.0065 
1.0068 
1.0070 
1.0073 
1.0075 

1.0203 

1.0206 
1.0208 
I. 0211 

I.02l3 
l.02l6 

1*0218 
i*o2ai 

1*0223 

1*0226 

x*o353 
i*o356 
i*o358 
i.o36i 
I.0363 
I.0366 
1.0368 
1.0370 
1.0373 
1.0375 

i.o5o2 
i.o5o4 
i.o5o7 
i.o5o9 
i.o5i2 
i.o5i4 
i.o5i7 
i.o5i9 

I.o522 

1.0524 

i.o65o 
1.0653 
1.0655 
I.0658 
1.0660 
X.0662 
I.0665 
1.0667 
1.0670 
1.0672 

.9469 
.9472 
•9474 
•9477 

•9479 
.948a 

•9484 
.9487 
.9489 
•9492 

.9495 
•9497 
•9500 
.950a 
.9505 
.9607 
.9510 
•  95ia 
.9515 
.9518 

.9622 
.9625 
.9627 
.c63o 
.9633 
.9635 
•9638 
.9640 
.9643 
.9645 

.9775 
.9778 
.9780 
.9783 
0-85 
.9788 
.9790 

•9793 
.9795 
.9798 

.9927 
.9929 
.9932 
•9934 
.9937 

•9939 
.9942 

.9945 

•9947 
.9950 

1.0078 
1.0080 
I.0083 
1.0086 
1.0088 
I  0091 
1.0093 
1.0096 
1.0098 

f.OIOI 

1*0328 

I.023l 

1*0233 
I  0236 
1*0238 
1*0241 
1*0243 
i*oa46 
i*oa48 
i*oa5i 

1.0378 
i.o38o 
I.0383 
I.0385 
I.0388 
1.0390 
i.o3o3 
1.0395 
1*0398 
i*o4oo 

1.0527 
I .0529 
I.0532 
i*o534 
i*o537 
1.0539 
I.0542 
1.0544 
I.0547 
1.0549 

1.0675 

1.0677 
1.0680 
1.0682 
I.0685 
1.0687 
1.0690 
1.0692 
1.0694 
r.0697 

.9648 
.9650 
.9653 
.9655 
.9658 
.9661 
.9663 
.9666 
.9668 
.9671 

.9800 
.9803 
.9805 
.9808 

•  0810 
.9813 
.9816 
.9818 

•  9821 
.9823 

.9955 
.9957 
.9960 
.9962 
.9965 
.9967 
.9970 
.9972 
.9975 

i.oio3 
I. 0106 

I.0ID8 
I.OIII 

I.OII3 
I. 0116 
i.oii8 
1.0121 

I.OI23 

I. 0126 

1*0253 
1*0256 
I.0258 
1*0261 
i.oa63 
1.0266 
1.0268 
1.0271 
1*0273 
1*0276 

i.o4o3 
i.o4o5 
i.o4o8 
i*o4io 
i*o4i3 
i.o4i5 
i*o4i8 
1*0420 
i*o423 
1*0425 

i.o55i 
I. 0554 
I.0556 
I .0559 
r.o56i 
1.0564 
I.0566 
1.0569 
1.0571 
1.0574 

1.0699 
1.0702 
1.0704 
1.0707 
1.0709 
I. 0712 
1*0714 
1*0717 
1*0719 
I •0721 

•  95ao 
.9523 
.9525 
.9528 
.9530 
.9533 
.9536 
.9538 
•9541 
.9543 

.9673 
.9676 
.9678 
.9681 
.9683 
.9686 
.9689 
.9691 
.9694 
.9696 

.9826 
.9828 
.9831 
.9833 
.9836 
.9838 
•9841 
.9843 
.9846 
.9848 

•9977 
.9980 
.9982 
.9985 
.9987 
.9990 
.9992 
.9995 
.9998 

lOOOO 

1.0128 
i.oi3i 
1.0I33 
I.0136 
I.OI38 
i.oi4i 
1.0143 
i.oi46 
I.OI48 
i.oi5i 

1*0378 
1.0281 
I.0283 
1.0286 
1.0288 
I. 0291 
1*0293 
1*0296 
1*0298 
i.o3oi 

1*0428 
i*o43o 
1.0433 
1.0435 
1.0438 
i.o44o 
I. 0443 
1.0445 

I '0447 
i.o45o 

1.0576 
1.0579 
i.o58i 
1.0584 
I.0586 
1.0589 
1.0591 
1*0593 
1*0596 
1.0598 

1.0734 
1.0736 
1.0739 
I -0731 
1.0734 
1.0736 
1.0739 
I. 0741 
1-0744 
1.0746 
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TABLE  OF  CHORDS:  [Radius  =  1.0000].          | 

K. 

M"" 

66*> 

W 

68*> 

69° 

TO^^ 

»!*> 

y^o 

7S^ 

M. 
0 

1.0746 

1.0893 

1*1039 

1.1184 

1.1328 

x.i47a 

1.1614 

1.1756 

1.1896 

I 

1.0748 

1.0895 

i*io4i 

1.1186 

i.i33i 

1.1474 

1.1616 

1.1758 

1.1899 

1 

9 

I. 0751 

1.0898 

1.1044 

1.1189 

I.I333 

1.1476 

1.1619 

1.1760 

1*1901 

a 

3 

1.0753 

1.0900 

1.I046 

1.1191 

1.1335 

I -1479 

i.i6ai 

1.1763 

1.1903 

3 

4 

1.0756 

1*0903 

1*1048 

1.1194 

1.1338 

i.i48i 

1.1624 

1.1765 

1*1906 

4 

5 

I. 0758 

1*0905 

i.io5i 

I. 1196 

i.i34o 

I.I483 

1.1626 

1-1767 

1*1908 

5 

6 

I. 0761 

1*0907 

1.1053 

1  1198 

i.i34a 

I  i486 

1.1628 

1.1770 

1*1910 

6 

7 

1.0763 

1*0910 

1.I056 

!•  laoi 

1.1345 

I.I488 

i.i63i 

1.1772 

1.1913 

7 

8 

1.0766 

1.0912 

i*io58 

i.iao3 

I.I347 

1.1491 

1.1633 

1-1775 

1*1915 

8 

9 

1.0768 

I. 0915 

1*1061 

i.iao6 

i.i35o 

I. 1493 

1.1635 

1.1777 

1.1917 

9 

10 
XI 

I. 0771 

1.0917 

1.1063 

i.iao8 

i.i35a 

1.1495 

1.1638 

1.1779 

I. 1920 

10 
11 

1.0773 

1.0920 

1.1065 

i.iaio 

I. 1354 

I. 1498 

i.i64o 

1.1782 

1.192a 

la 

1.0775 

1.092a 

1.1068 

i.iai3 

1.1357 

i.i5oo 

i.i64a 

I. 1784 

i.i9a4 

11 

i3 

1.0778 

i.o9a4 

1*1070 

i.iai5 

1.1359 

i.i5oa 

1.1645 

1*1786 

I.i9a7 

i3 

i4 

1.0780 

1.0927 

1*1073 

i.iai8 

1.1362 

i.i5o5 

1.1647 

1.1789 

i.i9a9 

i4 

i5 

1.0783 

1.0929 

1.1075 

i.iaao 

I.I364 

i.i5o7 

i.i65o 

I. 1791 

1.1931 

i5 

i6 

1.0785 

1.0932 

I. 1078 

i.iaaa 

1.1366 

i.i5io 

i.i65a 

1.1793 

1.1934 

16 

17 

1.0788 

1.0934 

I. 1080 

i.iaa5 

1.1369 

i.i5ia 

1.1654 

1.1796 

1.1936 

17 

i8 

1.0790 

1.0937 

1.108a 

i.ia27 

I. 1371 

i.i5i4 

1.1657 

I. 1798 

1.1938 

18 

19 

1.0793 

1.0939 

1.1085 

i.ia3o 

I.I374 

i.i5i7 

1.1659 

1*1800 

1.1941 

«9 

ao 
ai 

1.0795 

1.0942 

1.1087 

i.ia3a 

1.1376 

i.i5i9 

1.1661 

i.i8o3 

1.1943 

ao 
ai 

1.0797 

1*0944 

I. 1090 

i.ia34 

I. 1378 

i.i52a 

1.1664 

i*i8o5 

1.1946 

aa 

1.0800 

1.0946 

1.1092 

i.ia37 

i.i38i 

i.i5a4 

1.1666 

1.1807 

1.1948 

aa 

aS 

I. 080a 

1.0949 

1.1094 

i.ia39 

I.I383 

i.i5a6 

1.1668 

1*1810 

1*1950 

a3 

a4 

i.o8o5 

1.0951 

1.1097 

i.ia42 

I.I386 

1.1529 

1.1671 

I*l8l2 

1.195a 

a4 

a5 

1.0807 

1.0954 

I. 1099 

I. 1244 

I.I388 

i.i53i 

I. 1673 

I. 1814 

1.1955 

a5 

a6 

i.o8io 

1.0956 

1.1102 

I. 1246 

1.1390 

1.1533 

1.1676 

I. 1817 

1*1957 

a6 

a7 

I. 0812 

1.0959 

1.1104 

I. 1249 

1.1393 

1.1536 

1.1678 

1.1819 

1*1959 

»7 

a8 

i.o8i5 

1.096I 

I. I 107 

I.I25i 

1.1395 

1.1538 

1.1680 

1.1821 

I* 196a 

a8 

ao 

I. 0817 

1.0963 

I. 1109 

I. 1254 

1.1398 

i.i54i 

1.1683 

1.1824 

1.1964 

a9 

36 
3i 

i.o8ao 

1.0966 

I. nil 

i.ia56 

i.i4oo 

I.I543 

I.I685 

1.1826 

1.1966 

3o 
3^ 

i.o8aa 

1.0968 

1.1114 

i.ia58 

I . i4o2 

1.1545 

1.1687 

1.1829 

1.1969 

3a 

1.0824 

1.0971 

1.1116 

i.ia6i 

i.i4o5 

1.1548 

1.1690 

i.i83i 

1-1971 

32 

33 

1.0827 

1.0973 

1.1119 

i.ia63 

I . 1407 

i.i55o 

1.1692 

1.1833 

1.1973 

33 

34 

1.0829 

1.0976 

I. 1121 

i.ia66 

1.1409 

1.1552 

I. 1694 

1.1836 

1.1976 

34 

35 

I.0832 

1.0978 

I. 1123 

1.1268 

i.i4ia 

1.1555 

1.1697 

1.1838 

1.1978 

35 

36 

I.0834 

1.0980 

1 . 1 1 26 

1.1271 

i.i4i4 

I.I557 

1.1699 

1.1840 

1.1980 

36 

3? 

1.0837 

1.0983 

1.1128 

1.1273 

1.1417 

i.i56o 

1.170a 

I. 1843 

I. 1983 

37 

38 

1.0839 

1.0985 

i.ii3i 

i.ia75 

I. 1419 

1*1562 

1.1704 

1.1845 

I. 1985 

38 

39 

1.0841 

1.0988 

I.1I33 

1.1278 

I. 1421 

I.I564 

I. 1706 

I. 1847 

1-1987 

39 

40 
4i 

1.0844 

1.0990 

I.1I36 

i.ia8o 

1.1424 

1.1567 

1.1709 

i.i85o 

I. 1990 

40 
4i 

1.0846 

1.0993 

I.I138 

i.ia83 

1  -  [ 4  i6 

I.I569 

1.1711 

I.I852 

1.1992 

4a 

1.0849 

1.0995 

1.1140 

i.ia85 

1-  (-(i9 

1.1571 

1.1713 

1.1854 

I. 1994 

42 

43 

i.o85i 

1.0997 

I. 1143 

i.ia87 

I  nil 

1.1574 

1.1716 

1.1857 

1-1997  43  1 

44 

I.0854 

f.IOOO 

1.1145 

i.ia9o 

i-i  ii3 

1.1576 

1.1713 

I. 1859 

1. 1999 

44 

45 

I.0856 

I. 1002 

1.1148 

I. 1292 

i-..,i6 

I. 1579 

1.1720 

1.1861 

1.2001 

45 

46 

1.0859 

i.ioo5 

i.ii5o 

I. 1295 

I  - 1  i  i8 

i.i58i 

I. 1723 

1*1864 

I .2004 

46 

47 

I. 0861 

I. 1007 

1.II52 

I. 1297 

it.iii 

I.I583 

I.i7a5 

I. 1866 

1.2006 

47 

48 

I.0863 

f.IOIO 

I.II55 

I. 1299 

i^t.r\3 

I.I586 

1.1727 

I. 1868 

1.2008 

48 

49 

1.0866 

1.1012 

1.1157 

I.l302 

1  1,15 

i.i588 

1.1730 

1.1871 

I  >  2011 

49 

5o 
5i 

1.0868 

1.1014 

1.1160 

i.i3o4 

I  ..i»8 
i.i45o 

1.1590 

1.1732 

1.1873 

i.aQi3 

56 

I. 0871 

1.1017 

I. 1162 

i.i3o7 

I. 1593 

I. 1735 

I. 1875 

1.20l5 

52 

1.0873 

1.1019 

I.II65 

i.i3o9 

I. 1452 

I. 1595 

1-1737 

1.1878 

I. 2018 

52 

53 

1.0876 

I. 1022 

I. I 167 

i.i3ii 

I. 1455 

I. 1598 

1.1739 

I . 1880 

I . 2020 

53 

54 

1.0878 

I. 1024 

1.1169 

i.i3i4 

I. 1457 

I. 1600 

I •174a 

i.i8b2 

1.202a 

54 

55 

I. 0881 

I. 1027 

1.1172 

I.i3i6 

1.1460 

1.1602 

I -1744 

I.I885 

1*2025 

55 

56 

1.0883 

I . 1029 

i»ii74 

I.i3i9 

I. 1462 

i.i6o5 

1.1746 

1.1887 

1 • 2027 

56 

5? 

I.0885 

i.io3i 

1.1177 

I.I32I 

1.1464 

I. 1607 

I. 1749 

I. 1889 

1 . ao29 

57 

58 

1.0888 

I.I034 

1.1179 

I.I323 

i.»467 

I. 1609 

1.1751 

1.1892 

1.2032 

58 

59 

1.0890 

I.1036 

1.I181 

1.1326 

1.1469 

i.i6ia 

1.1753 

1.1894 

i*ao34 

59 

60 

1.0893 

I. 1039 

I  1184 

I. 1328 

f.1472 

!i.i6i4 

I. 1756 

1-1896 

r  ao36 

60  1 
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TABLE  OF  CHORDS 

:    [Radius  :=  1. 

0000].                           1 

K. 

^40 

MO 

16° 

yyo 

18*' 

790 

80*> 

§1° 

sa"" 

M. 
0' 

i.ao36 

10175 

io3i3 

io45o 

1.2586 

1.3733 

1.3856 

1.3989 

I.312I 

I 

i.ao39 

10178 

io3i6 

10453 

1.2589 

1.3734 

1.3858 

1.3991 

1.3123 

X 

a 

i.ao4i 

1 0180 

io3i8 

10455 

1.2591 

I . 3726 

1.3860 

1.2993 

I. 3126 

2 

3 

i.ao43 

ioi8a 

I0320 

10457 

i.a593 

1.2728 

1.3863 

1.2996 

I. 3128 

3 

4 

i.ao46 

10184 

I0322 

1.2459 

i.a595 

1.2731 

1.3865 

1.2998 

i.3i3o 

4 

5 

i.ao48 

10187 

10325 

1.2462 

i.a598 

1.3733 

1.3867 

i.3ooo 

i.3i32 

5 

6 

i.ao5o 

10189 

10327 

1.2464 

1*2600 

1.3735 

1.3869 

1.3002 

i.3i34 

6 

7 

i.ao53 

10191 

10329 

1.2466 

i.a6oa 

10737 

I. 3871 

i.3oo4 

i.3i37 

7 

8 

i.ao55 

10194 

I0332 

1.2468 

i.a6o4 

10740 

X.3874 

1.3007 

i.3i39 

8 

9 

i.ao57 

10196 

10334 

I. 2471 

i.a6o7 

1.3743 

1.3876 

1.3009 

x.3i4i 

9 

lO 

II 

i.ao6o 

10198 

10336 

10473 

10609 

10744 

1.3878 

1.3011 

i.3i43 

XO 
XI 

i.ao6a 

loaoi 

I0338 

1.2475 

i.a6ii 

1.3746 

1.3880 

i.3oi3 

i.3i45 

12 

i.ao64 

ioao3 

io34i 

10478 

i.a6i4 

1.3748 

10883 

i.3oi5 

i.3i47 

12 

i3 

i.ao66 

ioao5 

I0343 

i.a48o 

i.a6i6 

1.3751 

1.3885 

i.3ai8 

i.3i5o 

i3 

i4 

i«ao69 

ioao8 

10345 

1.2482 

i.a6i8 

1.3753 

1.3887 

1.3020 

1.3(52 

i4 

i5 

i.ao7i 

loaio 

io348 

1.2484 

i.a6ao 

1.3755 

1.3889 

i.3oaa 

i.3i54 

i5 

i6 

10073 

loaia 

io35o 

i.a487 

io6a3 

1.3757 

1.389T 

i.3oa4 

i.3i56 

16 

17 

i.ao76 

ioaf4 

I0352 

i.a489 

x.a6a5 

1.3760 

1.3894 

1.3037 

i.3i58 

17 

18 

i.ao78 

ioai7 

10354 

i.a49i 

i.a6a7 

I . 276a 

1.3896 

i.3o39 

1.3161 

18 

'9 

i*ao8o 

ioai9 

10357 

i.a493 

1.2629 

1.3764 

1.3898 

i.3o3i 

i.3i63 

«9 

20 
ai 

i.ao83 

loaai 

10359 

i.a496 

i.a63a 

1.3766 

1.3900 

i.3o33 

I. 3x65 

30 
ai 

|.ao85 

ioaa4 

io36i 

i.a498 

i.a634 

10769 

1.3903 

i.3o35 

I. 3167 

aa 

i.ao87 

ioaa6 

io364 

i.a5oo 

i.a636 

I. 3771 

1.3905 

i.3o38 

X.3169 

33 

aS 

i*ao90 

loaaS 

10366 

i.a5o3 

i.a638 

1.3773 

1.3907 

i.3o4o 

1.3x7a 

33 

a4 

i*ao9a 

ioa3i 

I0368 

i.a5o5 

i.a64i 

1.3775 

1.3909 

i.3o43 

1.3174 

a4 

a5 

10094 

1 0233 

10370 

i.a5o7 

i.a643 

1.3778 

I. 391 I 

i.3o44 

1.3x76 

35 

a6 

i.ao97 

1 0235 

I • 2373 

i.a5o9 

1.2645 

X.3780 

1.3914 

i.3o46 

1.3x78 

a6 

a? 

i.ao99 

10237 

10375 

i.a5ia 

I. 2648 

1.3783 

1.3916 

1.3049 

X.3180 

37 

a8 

i-aioi 

xoa4o 

10377 

io5i4 

i.a65o 

1.3784 

I. 3918 

i.3o5i 

1.3x83 

38 

ao 

i«aio4 

1024a 

io38o 

i.a5i6 

i.a652 

1.3787 

1 . 3930 

i.3o53 

x.3i85 

39 

36 

i«aio6 

X0244 

I0382 

i.a5i8 

1.2654 

1.3789 

1.3933 

i.3o55 

X.3187 

36 
3^ 

i.aio8 

ioa47 

10384 

i.a5ai 

1.2656 

X.3791 

1.3935 

i.3o57 

1.3x89 

3a 

itaiii 

10249 

10386 

i.a523 

1.2659 

1.3793 

1.3937 

i.3o6o 

1.3x91 

33 

33 

i.aii3 

1025i 

10389 

10525 

1.2661 

1.3795 

1.3939 

1.3063 

1.3x93 

33 

34 

i*aii5 

ioa54 

1 0391 

1.2528 

1.2663 

1.3798 

10931 

i.3o64 

1.3x96 

34 

35 

i.aii7 

I0256 

10393 

i.a53o 

1.2665 

1.3800 

1.2934 

1.3066 

X.3198 

35 

36 

i«ai20 

10258 

10396 

i.a53a 

1.2668 

1.3803 

1.2036 

1.3068 

1.3200 

36 

37 

i*aiaa 

10260 

10398 

i.a534 

I . 2670 

1.3804 

1.2938 

1.3071 

1.3202 

37 

38 

i«aia4 

I0263 

I • 2400 

i.a537 

1.267a 

1.3807 

1.2940 

1.3073 

1.3204 

38 

39 

i.aia7 

10265 

1 . 2402 

i.a539 

i.a674 

1.3809 

1.2942 

1.3075 

X.3207 

39 

z 

41 

i«axa9 

10267 

io4o5 

io54i 

1.2677 

1.3811 

10945 

1.3077 

1.3209 

40 
4i 

I*2l3l 

1 . 2270 

I . a4o7 

i.a543 

1.2679 

1.3813 

1.2947 

1.3079 

1.321X 

4a 

i.ai34 

I  2272 

10409 

i.a546 

1. 2681 

1.3816 

1.2949 

1.3083 

X.32I3 

42 

43 

i.ai36 

10274 

io4i2 

i.a548 

1.2683 

1.3818 

I. 2951 

i.3o84 

1.32x5 

43 

44 

i.ai38 

10277 

io4i4 

i.a55o 

1.2686 

1.3820 

1.2954 

i.3o86 

i.3ai8 

44 

45 

i*ai4i 

10279 

io4i6 

i.a552 

i.a688 

1.2833 

1.3956 

i.3o88 

X.3220 

45 

46 

i.ai43 

102bl 

I. 2418 

i.a555 

1.3690 

1.3825 

1.3958 

1.3090 

1.3223 

46 

47 

i.ai45 

I0283 

J  0421 

i.a557 

1.3692 

1.2827 

1.3960 

1.3093 

X.3224 

47 

48 

i.ai48 

10286 

io4a3 

i.a559 

1.3695 

X.2829 

1.3962 

1.3095 

X.3226 

48 

49 

i-ai5o 

10288 

10425 

i.a562 

1.3697 

1.3831 

1.3965 

1.3097 

1.3228 

49 

56 
5i 

i«ai5a 

10290 

10428 

1.2564 

1.3699 

1.3833 

1.2967 

1.3099 

I.323I 

5o 
5^ 

i.ai54 

10293 

1.2430 

1.2566 

1.3701 

10836 

1.2969 

x.3ioi 

1.3233 

5a 

i.ai57 

10295 

10432 

1.2568 

1.3704 

1.3838 

1.2971 

i.3io4 

X.3235 

52 

53 

i.ai59 

10297 

10434 

I. 2571 

1.3706 

1 . 3840 

1.2973 

i.3io6 

i.3a37 

53 

54 

i*ai6i 

10299 

10437 

I. 2573 

1.3708 

1.3842 

1.2976 

i.3io8 

x.3j39 

54 

55 

10164 

10302 

10439 

i.a575 

1. 37 10 

1.2845 

1.2978 

i.3iio 

X.3242 

55 

56 

i.ai66 

io3o4 

10441 

i.a577 

I. 3713 

1.2847 

1.2980 

1.3ll3 

X.3244 

56 

57 

i.ai68 

io3o6 

10443 

i.a58o 

10715 

1.2849 

1.2982 

i.3ii5 

X.3246 

57 

58 

i.ai7i 

I • 23o9 

10446 

1.2582 

1.3717 

1.2851 

1.3985 

1.3117 

X.3248 

58 

59 

10173 

io3ii 

1 0448 

1.2584 

1.3719 

1.2854 

1.3987 

I. 3119 

X.3250 

59 

66 

10175 

io3i3 

io45o 

1.2586 

1.2732 

1.2856 

10989 

1.3l2I 

X.3252 

66 

^itizedbyL^OOgle 


TABLE 

OF  CHORD8: 

[Radius 

=  1.0000; 

K. 

i.3a5a 

840 

8«o 
i.35ia 

86^ 

1.3640 

8»<> 

88« 

890 

M. 
<• 

1.3383 

1.3767 

1.3893 

1.4018 

I 

i.3a55 

1.3385 

i.35i4 

1.364a 

1.3769 

1.3895 

i.4oao 

I 

9 

i.3a57 

1.3387 

1.3516 

1.3644 

1.377' 

1.3897 

i.4oaa 

9 

3 

i.3a59 

1.3389 

1.3518 

1.3646 

1.3773 

1.3899 

i.4oa4 

3 

4 

i.3a6i 

1.3391 

i.35ao 

1.3648 

1.3776 

1.3902 

i.4oa6 

4 

5 

1.3263 

1.3393 

1.3523 

I.365I 

1.3778 

1.3904 

1.4029 

5 

6 

1.3265 

1.3396 

1.3525 

1.3653 

1.3780 

1.3906 

i.4o3i 

6 

7 

i.3a68 

i.33;8 

1.3527 

1.3655 

1.3782 

1.3908 

1.4033 

7 

8 

1.3270 

1.3400 

1.3529 

1.3657 

1.3784 

1.3910 

i.4o35 

8 

9 

1.327a 

I. 340a 

I.353I 

1.3659 

1.3786 

1.391a 

1.4037 

9 

lO 

II 

1.3274 

1.3404 

1.3533 

1.3661 

1.3788 

1.3914 

1.4039 

10 
II 

i.3a76 

1.3406 

1.3535 

1.3663 

1.3790 

1.3916 

1.4041 

la 

i.3a79 

1.3409 

1.3538 

1.3665 

1.3792 

1.3918 

1.4043 

la 

i3 

I. 3281 

1.3411 

1.3540 

1.3668 

1.3794 

1.3920 

1.4045 

i3 

i4 

1.3283 

i.34i3 

I. 354a 

1.3670 

1.3797 

1.392a 

1.4047 

14 

i5 

i.3a85 

i.34i5 

1.3544 

1.367a 

1.3799 

1.3925 

1.4049 

i5 

i6 

1.3287 

1.3417 

1.3546 

1.3674 

I.380I 

1.3927 

i.4o5i 

le 

>7 

1.3289 

1.3419 

1.3548 

1.3676 

i.38o3 

1.3939 

1.4053 

17 

i8 

1*3292 

1.3421 

1.3550 

1.3678 

i.38o5 

I. 3931 

i.4o55 

18 

'9 

1.3294 

1.3424 

1.3552 

1.3680 

1.3807 

1.3933 

i.4o58 

"9 

ao 
ai 

1.3296 

1.3426 

1.3555 

I. 368a 

1.3809 

1.3935 

1.4060 

ao 
ai 

1.3298 

i.34a8 

1.3557 

1.3685 

1.3811 

1.3937 

1.4062 

aa 

1.3300 

1.3430 

1.3559 

1.3687 

i.38i3 

1.3939 

1.4064 

aa 

aS 

i.33oa 

I. 343a 

I.356I 

1.3689 

i.38i6 

1.3941 

1.4066 

93 

a4 

i.33o5 

1.3434 

1.3563 

I. 3691 

1.3818 

1.3943 

1.4068 

U 

a5 

I. 3307 

1.3437 

1.3565 

1.3693 

1.3820 

1.3945 

1.4070 

95 

a6 

1.3309 

1.3439 

1.3567 

1.3695 

1.3822 

1.3947 

1.407a 

96 

a? 

I.33II 

1.3441 

1.3570 

1.3697 

1.3824 

1.3950 

1.4074 

27 

aS 

i.33i3 

1.3443 

1.3572 

1.3699 

1.3826 

1.3952 

1.4076 

98 

a9 

i.33i5 

1.3445 

1.3574 

1.370a 

1.3828 

1.3954 

1.4078 

99 

36 
Ti 

1.3318 

1.3447 

1.3576 

1.3704 

1.3830 

1.3956 

1.4080 
1.408a 

36 
3^ 

I.3320 

1.3449 

1.3578 

1.3706 

1.3832 

1.3958 

32 

1.3322 

I. 345a 

1.3580 

1.371^ 

1.3834 

1.3960 

1.4084 

3a 

33 

1.3324 

1.3454 

1.3582 

I. 3710 

1.3837 

1.396a 

1.4086 

33 

34 

1.3326 

1.3456 

1.3585 

1.371a 

1.3839 

1.3964 

1.4089 

34 

35 

1.3328 

1.3458 

1.3587 

1.3714 

I.384I 

1.3966 

I. 4091 

35 

36 

I.333I 

1.3460 

1.3589 

1.3716 

1.3843 

1.3968 

1.4093 

36 

3t 

1.3333 

I. 346a 

1.3591 

1.3718 

1.3845 

1.3970 

1.4095 

37 

38 

1.3335 

1.3465 

1.3593 

I. 3721 

1.3847 

1.397a 

1.4097 

38 

39 

1.3337 

1.3467 

1.3595 

1.3723 

1.3849 

1.3975 

1.4099 

39 

40 
4i 

1.3339 

1.3469 

1.3597 

1.3725 

I.385I 

1.3977 

1.4101 

40 
41 

i.334f 

I. 3471 

1.3599 

1.3727 

1.3853 

1.3979 

i.4io3 

4a 

1.3344 

1.3473 

I.3602 

1.3729 

1.3855 

I. 3981 

i.4io5 

4a 

43 

1.3346 

1.3475 

i.36o4 

1.373; 

1.3858 

1.3983 

I. 4107 

43 

44 

1.3348 

1.3477 

i.36o6 

1.3733 

1.3860 

1.3985 

1.4109 

44 

45 

I.3350 

1.3480 

i.36o8 

1.3735 

1.386a 

1.3987 

1.41H 

45 

46 

1.3352 

i.348a 

i.36io 

1.3738 

1.3864 

1.3989 

1.4113 

46 

4? 

1.3354 

1.3484 

I.36I2 

1.3740 

i.386e 

1.3^1 

1.4115 

4? 

48 

1.3357 

1.3486 

i.36i4 

2.374a 

1.3868 

1.3993 

1.4117 

48 

49 

1.3359 

1.3488 

1.3617 

1.3744 

1.3870 

1.3995 

1.4119 

49 

56 
5i 

I.336I 

1.3490 

I. 3619 

1.3746 

1.387a 

1-3997 

i.4iaa 

5o 
5i 

1.3363 

1.349a 

1.3621 

1.3748 

1.3874 

1.3999 

i.4ia4 

5a 

1.3365 

1.3495 

1.3623 

1.3750 

1.3876, 

1.400a 

i.4ia6 

5a 

53 

1.3367 

1.3497 

1.3625 

1.3752 

1.3879 

1.4004 

1.41 a8 

53 

54 

1.3370 

I.349SI 

1.3627 

1.3754 

I.388I 

1.4006 

i.4i3o 

54 

55 

1.337a 

1.3501 

1.3629 

1.3757 

1.3883 

1.4008 

i.4i3a 

55 

56 

1.3374 

i.35o3 

I.363I 

1.3759 

1.3885 

1.4010 

1.4134 

56 

5? 

1.3376 

i.35o5 

1.3634 

1.376T 

1.3887 

1.401a 

i.4i36 

57 

58 

1.3378 

1.3508 

1.3636 

1.3763 

1.3889 

1.4014 

i.4i38 

58 

59 

I.3380 

1.3510 

1.3638 

1.3765 

I. 3891 

I. 4016 

1.4140 

59 

66 

1.3383 

i.35ia 

1.3640 

1.3-67 

1.3893 

1.4C18 

i.4i4a 

66 

16 

c 

igitized  by  V 

J.oog 

e 

TABLE  I., 


LOGARITHMS  OF  NUMBERS 


lEOIt 


1   TO   !••••. 


N. 

Log. 

N. 

W. 

N. 

L<«. 

N.' 

w. 

I 
3 

Q.OOOOOO 

O'SoioSo 

26 

11 

1-414973 
1.431364 

5i 

52 

\:]n^ 

76 

I. 880814 
1. 886491 

3 

0.477121 

I. 447158 

53 

1.724276 

1. 892095 

4 
5 

0.602060 

0.698970 

12 

1.462398 
i.477'a« 

54 
55 

1.732394 
1.740363 

2? 

1.897627 

1.903090 

6 

I 

0.178151 
0.645098 

3i 

32 

t* 491362 
i.565i5o 

56 

I. 748188 
1.755875 

81 
82 

1 .908485 
1.9I38I4 

0-903090 

33 

I -518514 

1.763428 

83 

I .919078 

9 

0.954243 

34 

1.531479 
1.544068 

59 

1.770852 

84 

1-924279 

ID 

1.000000 

35 

60 

I. 778151 

85 

1-929419 

11 

I.o4i3o3 

36 

1.556303 

61 

1.785330 

86 

1.934498 

13 

i3 

1.070181 
1.113943 

U 

1.568202 
1-579784 

62 

63 

1.792392 
1.806180 

ll 

I.9395IQ 
1.944483 

14 

1. 1461 28 

39 

1.59T065 

64 

89 

1.949390 

i5 

1.176091 

40 

1.602060 

65 

1.812913 

90 

1.954243 

i6 

I. 2041 20 
i.23o44o 
1-255273 

1.278764 

41 
42 

I. 61 2784 
1.623249 
1.633468 

66 

1.819544 
1.826075 

9> 
92 

I. 959041 
1.963788 

43 

1.832509 

93 

1.968483 

19 

44 

1.643453 

69 

1.838840 
1.845098 

94 

1-973128 

30 

I.3oio3o 

45 

1.653213 

70 

95 

1.977724 

31 

1*332210 

1.342423 

46 

1.662758 

V 

1.851258 

96 

I. 98227 I 

22 

ii 

1-672098 

72 

1.857333 
1.863323 

^2 

1.986772 

23 

1.361728 

i.68i2'4i 

73 

1.991226 

24 

I.3802II 

49 

1-690196 

^ 

1.869232 
1.875061 

99 

1-995635 

25 

1.397940 

5o 

1.698970 

75 

100 

3.000000 

V.  &  Id  the  following  table,  in  the  last  nine  oolumna  of  each  page,  where  tlie 
first  (V  loading  figures  change  from  9*r  to  0*8,  the  character  ♦  is  introduced  instead 
of  tiie  O's,  to  catch  the  e^e,  and  to  indicate  that  from  thence  the  annexed  first 
two  figures  of  the  Logantlim  in  the  second  oolunm  stand  in  the  next  lower  line, 
direct^  under  the  atUruk, 


Digitized  by  VjOOQ IC 


Digitized 


by  Google 


LOGARITHMS  OF  NUMBERS.             8  | 

N. 

0 

1 

2 

S 

4 

6 

e 

7 

8 

9 

D. 

160 

204120 

4391 

4663 

4934 
7634 

5204 

5475 

5746 

6016 

6286 

6556 

s 

^ 

161 
162 

6826 
•  95i5 

1% 

1^'. 

11^ 

un 

8441 
1121 

8710 

^t 

9347 
4579 

i63 

21  2188 

2454 

2720 
5373 

3252 

35i8 

3783 

4049 

43i4 

164 

4844 

5109 

5902 

6166 

6430 

6694 

6957 

7221 

tbi 

i65 

7484 

0370 

8010 

8273 

8536 

8798 

9060 

9323 

9585 

9846 

2b» 

166 

220108 

o63i 

0892 

ii53 

1414 

1675 

7ii5 

2196 

2456 

261 

\U 

K 

'^ 

3236 
5826 

^ 

3755 
6343 

4oi5 
6600 

68^8 

4793 
7^73 

5o5i 
763o 

\u 

169 

♦  7887 

8144 

8400 

8657 

8913 

9170 

9436 

9682 

♦193 

256 

170 

23  044Q 

0704 

0960 
35o4 

I2l5 

1470 

1734 

i?]? 

2234 

2488 

3743 

354 

171 

2090 

325o 

VM 

401 X 

4364 

4770 

5o23 

5276 

253 

*''?• 

5328 

5781 

6o33 

6537 

6789 

7041 

7292 

7544 

oioo 

252 

173 

*So46 

8297 

8548 

8799 

ra 

9399 
1795 

9550 

9800 

;o5o 

25o 

174 

240549 

0799 

1048 

1297 

2044 

2293 

254X 

2790 

349 

175 

3o38 

3286 

3534 

3782 

4o3o 

m 

4525 

^m 

5019 

5266 

248 

176 

55i3 

5759 

6006 

6252 

Bg 

6991 

7482 

7728 

246 

\]l 

•  7973 
25  0420 

8219 
0664 

8464 
0908 
3338 

8709 

ii5i 

?^8 

9443 
1881 

9687 

2125 

l^d 

2610 

245 
243 

'79 

2853 

3096 

358o 

3822 

4064 

43o6 

4548 

4790 

5o3i 

243 

180 

6273 

5514 

5755 

5096 

6237 

6477 

6718 

6958 
9355 

7198 

1^ 

341 

181 

^7679 

7018 
o3io 

8i58 

8Jo8 

8637 
1026 

^U 

9116 

9^4 

'^ 

182 

260071 
245i 

o548 

0707 

i5oi 

1739 

'^,t 

2214 

i83 

2688 

2925 

3i62 

'5??? 

3636 

3873 

6232 

4109 

4582 

23- 

184 

4818 

5o54 

5290 

5525 

5996 

6467 

6702 

6937 

235 

18$ 

717a 

7406 

7641 

7875 

Si  10 

8344 

8578 

8812 

9046 

9279 

334 

186 

«95i3 

9746 

1^ 

♦2l3 

0446 

5679 

0912 

1144 

5^ 

1609 

233 

lis 

27  1842 

S2^ 

2538 

§22? 

3oox 

3233 

3464 

3927 

232 

4i58 

4620 

4850 

53ii 

5542 

5772 

6002 

6232 

23o 

189 

6462 

6692 

6931 

7i5i 

7380 

7609 

7838 

8667 

8296 

8525 

229 

190 

191 
192 

♦  8754 

28  io33 

33oi 

8982 
1261 
3527 

921 1 
1488 
3753 

9430 
1715 

9667 
43o5 

9805 
2169 
443i 

♦  123 

2396 
4656 

o35i 
2622 
4882 

0578 
2849 
5i07 

0806 
3075 
5332 

228 

in 

193 

5557 

278? 

6007 

6456 

6681 

6905 

7i3o 

7354 

7578 

225 

194 

7802 

8026 

8249 

8473 

8696 

8920 

9143 

9366 

9589 

9812 

223 

195 

290035 

0257 
3476 

0480 

0702 

0925 

1143 
3363 

i369 

1591 

i8i3 

2o34 

222 

196 

2256 

2699 

2920 

3i4i 

3584 

38o4 

4025 

4346 

221 

\u 

4466 

4907 

5127 
7323 

5347 

5567 

5787 

6007 
8198 

6226 

6446 

220 

6665 

6884 

7104 

754a 

7761 

7979 
♦161 

8416 

8635 

l\t 

199 

«8853 

9071 

9289 

9507 

9735 

9943 

0378 

0595 

o8i3 

200 

3oio3o 

1347 

1464 

.1681 

1808 
4059 

2114 

233i 

4706 
6d54 

3764 

2980 

III 

201 

It 

3413 

3628 

3844 

4375 

hi 
0906 

4931 

5?36 

202 

5566 

5781 

s?!? 

6211 

6425 

7068 

7282 

2l5 

203 
204 

,'X 

^iS 

1^ 

835i 
0481 

8564 
0693 

8991 
IX18 

9304 
i33o 

9417 
i542 

2l3 
212 

205 

''l-^ 

1966 

4389 

2389 

2600 

2812 

3023 

3234 

3445 

3656 

211 

206 

46t8 
6ido 
8272 
03^4 

4499 

4710 

4930 

5i3o 

5340 

555i 

5760 

210 

JS 

^ 

6396 
8481 

^ 

8M 

7018 
9106 

7227 
93i4 

7436 
9522 

7646 
?S2S 

^ 

209 

32  0146 

o562 

0769 

0977 

1184 

1391 

1598 

2012 

207 

210 

2219 

2436 

2633 

2839 

3046 

3252 

3458 

3665 

3871 

^] 

206 

211 

4382 

4488. 

4694 

8991 

5io5 

53io 

55i6 

5721 

5926 

205 

212 
2l3 

6336 
«838o 

6541 
8583 

6745 
8787 
0819 

7i55 
9194 

J^ 

7563 
9601 

'A 

7973 
♦008 

8176 
0211 

204 
203 

314 

33  0414 

0617 

X022 

1225 

1437 

i63o 

i832 

2o34 

2236 

202 

2l5 

2438 

2640 

2842 

3044 

3246 

3447 
545d 

565^ 

385o 

4o5i 

4353 

202 

216 

4454 

4655 

4856 

5o57 

5257 

785? 

6059 
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2754 

1607 

1734 

186s 
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2627 
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127 
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7441 
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0955 

1080 

I2o5 
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124 

35i 
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^635 

27'^ 

2^; 

123 
123 
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35i9 

3640 

3762 

121 

3883 

4004 

4126 

4247 

4368 

4610 

473i 

4852 

^ 

121 

359 

5094 

52i5 

5336 

5457 

5578 

5699 

5820 

5940 

6061 

121 

360 

36i 
362 

63o3 

6423 

til 

♦026 

6544 

2^1 

6664 

7868 
9068 

6785 
9188 

6905 
8T08 
9308 

7026 
8228 
9428 

7146 
8340 
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3o36 
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3469 

5736 
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4118 

108 
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3525 
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6o32 

6a36 
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6i85 
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Table  I 

LOGARITHMS  OF  NUMBERS.             0  | 

N. 
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LOGARITHlfS  OF  NUMBERS.         Tabu  L  | 
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530 

393834 

/ 

Oodne. 

D. 

Bine. 

D. 

Cotanc. 

D. 

Tm,. 

/ 

116 

0 
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Table  II.   LOGARITHMIO  SINES,  TANGENTS,  ETC.       4G  | 

2^0 

» 

U2<>   1 

/ 

8i». 

D. 

CodM. 

D. 

Tanf. 

D. 

Cotanc. 

/ 

0 

I 

'■'^%l 

4i3 
4i3 

%« 

107 
107 

0' 707166 

707478 

530 
530 

10.392834 
292522 

IT 

u 

3 

3 
4 

65754a 

949633 

IS 

Z08 

707790 
708103 
708414 

530 
530 

5i9 

392210 

5 

658284 

949558 

108 

708736 

519 

291214 

55 

6 

658531 

949494 

108 

709037 

519 

54 

I 

65877? 

949429 

108 

709349 

5i5 

53 

659035 

949364 

108 

709660 

5i8 

390340 

53 

9 

10 

659371 
659517 

410 

949300 
949335 

108 
108 

709971 
710383 

390029 
389718 

5i 
5o 

II 

9.659763 

410 

9-949no 

108 

9.710593 

5i8 

"1H 

n 
i3 

660009 
660355 

409 
409 

949105 

108 
108 

710904 
711215 

5i8 
5i8 

U 

66o5oi 

409 

108 

711535 

5i7 

^88475 
388164 

i5 

660746 

S 

948910 
948845 

108 

7II836 

517 

45 

i6 

66?2?6 

108 

713146 

5i7 

387854 

44 

\l 

408 

948780 

109 

712456 

517 

387544 

43 

661481 

408 

948^15 

109 

712766 

386934 
386614 

43 

19 

661736 

407 

109 

n^ 

5i6 

41 

30 

661970 

407 

948584 

109 

5i6 

40 

31 

9*663314 

407 

9.948519 

109 

9.713696 

5i6 

10.386304 

33 
33 

662459 
662703 

i^ 

948454 
948388 

109 
109 

714005 
714314 

5i6 
5i5 

ii^ 

34 

662946 

406 

948333 

109 

714624 

5i5 

285376 
285067 
384754 

35 

663100 
663433 

406 

948357 

109 

714933 

5i5 

35 

36 

4o5 

948193 

109 

715243 

5i5 

34 

U 

663677 

4o5 

948126 

109 

7i555i 

5i4 

384449 

33 

663930 

4o5 

948060 

109 

715860 

5i4 

384140 

33 

39 

664163 

4o5 

947995 

no 

716168 

5i4 

383833 

3i 

36 

664406 

404 

947939 

no 

716477 

5i4 

383533 

3o 

3i 

9-664648 

404 

9.947863 

no 

9  716785 

5i4 

I0.3833I5 

33 

33 
34 

664801 
665i33 
665375 

404 
4o3 
4o3 

947797 

no 
no 
no 

717093 
717401 

717709 
718017 
718335 

5i3 
5i3 
5i3 

382291 
281963 
381675 
281367 

35 

665617 

4o3 

947600 

no 

5i3 

35 

36 

665859 

403 

947533 

no 

5i3 

34 

U 

666106 

403 

947467 

no 

718633 

5l3 

33 

666343 

403 

947401 

no 

718940 

5l3 

281060 

33 

39 

666583 

403 

947335 

no 

719348 

5l3 

280752 

31 

4o 

666834 

401 

947269 

no 

719555 

5l3 

280445 

30 

41 

9.667065 

401 

9.947203 

no 

9.719863 

5l3 

io.28oi38 

\t 

43 

667305 

401 

947136 

III 

730169 
730476 
730783 

5n 

279831 

43 

667546 

401 

947070 

III 

5ii 

279524 

\l 

44 

W 

400 

947004 

III 

5ii 

270317 

45 

400 

946937 

III 

]l\^ 

5ii 

378011 

i5 

46 

668367 
6685o6 

400 

111 

5ii 

14 

49 

399 

946804 

III 

721703 

5io 

378398 

i3 

668746 
668986 

399 
399 

946738 
946671 

III 
III 

]l^ 

5io 
5io 

3^ 

13 
11 

5o 

669335 

399 

946604 

III 

722631 

5io 

377379 

10 

5i 

59 

9.669464 
669703 

398 

9.946538 
946471 

III 
III 

9.733937 

723233 

5io 
509 

10.377073 
376768 

? 

53 

669943 

398 

946404 

in 

733538 

509 

376463 

2 

54 

670181 

397 

946337 

III 

733844 

509 

376156 

55 

670419 
670658 

397 

946370 

112 

724149 

509 

375851 

5 

56 

397 

946203 

112 

724454 

5o8 

275546 

4 

u 

t]% 

^ 

946i36 
946069 

113 
113 

724760 
725665 

375340 

3 

3 

59 

671373 

396 

94600a 

113 

725370 

5o8 

I 

6o 

67x609 

396 

945935 

113 

725674 

5o8 

274336 

0 
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D. 
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D. 

Cotaaf. 
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LOGARITHMIO  SINES,  TANGENTS.  ETO.    Tamm  JL  \ 

280 

!«•  1 

/ 

Sin*. 

D. 

GodiM. 

D. 

Tang. 

D. 

OoUaff. 

/ 

0 

9.671609 

?^ 

'» 

iia 

9-725674 

5o8 

10*374326 

60 

I 

671847 

395 

xia 

\& 

5o8 

874021 

U 

a 

673084 

M 

945800 

iia 

507 

873716 

3 

?72??i 

M 

9^:^--^^ 

113 

736588 

507 

27341a 

57 

4 

673558 

395 

^,J'''^, 

113 

73689a 

507 

273108 

56 

5 

673368 

394 

94  .r.,^ 

113 

727197 

507 

373803 

55 

6 

I 

^94 
394 

9^1  MJ  I 

iia 
ii3 

737501 
737805 
788109 

^ 

272499 
273195 

54 
53 

673505 

394 

94Vi</.i 

ii3 

5o6 

3725^ 

53 

9 

673741 

?9? 

94i3a3 

ii3 

73841 a 

5o6 

5i 

10 

673977 

393 

94536t 

xi3 

738716 

5o6 

371384 

5o 

II 
la 

9*674313 

674448 

393 
393 

9.945193 
945125 

ii3 
ii3 

9.739020 
729323 

5o6 
5o5 

10- 370980 

370677 

S 

i3 

674684 

39a 

945o58 

ii3 

729626 

5o5 

a7o374 

45 

14 
i5 

t]ini 

393 
392 

944990 
944922 
944854 

ii3 
ii3 

]lV.lt 

5o5 
5o5 

iS 

i6 

675390 

391 

ii3 

730535 

5o5 

44 

\l 

675634 

391 

944786 

ii3 

73o838 

5o4 

2^162 

43 

675859 

391 

« 

ii3 

731141 

5o4 

43 

19 

676094 

391 

ii3 

731444 

5o4 

41 

20 

676328 

390 

944582 

114 

731746 

5o4 

268254  . 

40 

31 
33 

9.67656a 
676706 
677030 
677364 

i 

9.944514 
944446 

114 
X14 

9.732048 
732351 

5o4 
5o3 

10.367053 
367649 

U 

33 
34 

s 

944377 
944309 

114 
114 

73a653 
732955 

5o3 
5o3 

267347 
367045 
366743 

U 

25 

^• 

^ 

944241 

114 

73355? 

5o3 

35 

36 

^ 

94417a 

114 

5o3 

366443 

34 

11 

S 

944104 

114 

733860 

5o2 

366140 

33 

388 

944036 

114 

73416a 

5oa 

365838 

33 

39 

388 

« 

114 

734463 

5oa 

365537 
36523^ 

3i 

3o 

678663 

388 

114 

734764 

5oa 

3o 

3i 

9.678895 

387 

9.943830 

114 

9.735066 

502 

10. 264934 
264633 

S 

33 

679138 

387 

» 

114 

& 

5o2 

33 

679360 

387 

ii5 

5oi 

264332 

U 

34 

67959a 

fd 

943624 

ii5 

735969 

5oi 

26403 I 

35 

xu 

943555 

ii5 

736269 

5oi 

263731 

35 

36 

386 

943486 

ii5 

736570 

5oi 

263430 

34 

ll 

680388 

386 

943417 
943346 

ii5 

736870 

5oi 

263 i3o 

33 

68o5io 

385 

ii5 

737171 

5oo 

262829 

32 

39 

680750 

385 

943279 

ii5 

737471 

5oo 

262529 

21 

40 

68098a 

385 

943210 

ii5 

737771 

5oo 

262229 

20 

4i 

9.68iai3 

385 

9.943141 

ii5 

9.738071 

5oo 

10*261029 
261629 

\l 

43 

681443 

384 

943072 

ii5 

^  738371 

5oo 

43 

681674 

384 

943oo3 

ii5 

738671 

499 

261329 

\l 

44 

68190T 

384 

« 

ii5 

738971 

499 

261029 

45 

683135 

384 

Ii5 

739271 

499 

260729 

i5 

46 

683365 

383 

942795 

116 

739570 

499 

260430 

14 

ii 

683595 

383 

tx 

116 

499 

2601 3o 

i3 

682825 

383 

116 

'^ 

259831 

12 

49 

683o55 

383 

942587 

116 

259532 

11 

5o 

683384 

383 

942517 

116 

740767 

498 

a59233 

10 

5i 

9.683514 

38a 

9.942448 

116 

9.741066 

498 

10*258934 
258635 

t 

5a 

683743 

383 

942378 

116 

741365 

498 

53 

683973 

382 

9423o8 

116 

741664 

498 

258336 

I 

54 

684201 

38i 

942239 

116 

74196a 

497 

a58o38 

55 

684430 

38i 

942169 

116 

742261 

497 

257739 

5 

56 

684658 

38i 

942099 

116 

742550 
742858 
743i56 

497 

aD744i 

4 

u 

684887 
6851 i4 

38o 
38o 

942029 
941059 
941889 

116 
116 

t] 

257142 
256844 

3 

a 

59 

685343 

38o 

117 

743454 

^ 

356546 

1 

6o 

t 

685571 

38o 

941819 

117 

74375a 

a56a48 

0 
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Table  II.   LOGARITHMIO  SINES,  TANGENTS,  ETC.       41  \ 

29° 

150<>  1 

/ 

Sine. 

D. 

Corine. 

D. 

Tang. 

D. 

Ootaof. 

/ 

0 

9.685571 

38o 

9-941819 

117 

9-743752 

496 

10*256248 

60 

1 

685799 

379 

941749 
941679 

117 

744o5o 

496 

255950 
255652 

U 

9 

686027 

379 

"7 

744348 

496 

3 

686254 

379 

941609 

"7 

744645 

496 

255355 

u 

4 

686482 

378 

941539 

"7 

744943 

496 

255057 

5 
6 

^ 

& 

"7 
"7 

745240 
745538 

496 
495 

254760 
254462 

55 

54 

I 

687163 

378 

941328 

117 

745835 

495 

254165 

53 

687389 
687616 

378 

941258 

117 

746i32 

495 

253868 

52 

9 

377 

941187 

"7 

746420 
746726 

495 

253571 

5i 

10 

687843 

377 

94III7 

"7 

495 

253274 

5o 

II 

12 

i3 

688521 

377 

9.941046 
940975 

118 
118 

118 

9-747023 
747310 
747616 

494 
494 
494 

252384 

3 

i4 

688747 

376 

118 

747913 
748209 
7485o5 

494 

252087 

i5 

688972 

376 

« 

118 

494 

251791 

45 

i6 

689198 

?7t 

118 

493 

251495 

44 

>9 

689423 

375 

940622 

118 

748801 

493 

250003 
250607 

43 

689648 
689873 

375 

94o55i 
940480 

118 
118 

® 

493 
493 

42 

41 

20 

690098 

375 

940409 

118 

493 

25o3ii 

40 

QI 

9.690323 

374 

9-940338 

118 

9.749985 

493 

io.25ooi5 

35 

22 

690548 

374 

940267 
940196 

118 

750281 

49a 

249719 

23 

690772 

374 

118 

750576 

49a 

249424 

li 

690996 
691220 

374 
373 

940125 
940054 

119 
119 

751167 

49a 
492 

249128 
248833 

26 

691444 

^? 

939982 

119 

751462 

49a 

248538 

34 

U 

691668 

373 

939840 

119 

751757 

492 

248243 

33 

691892 

373 

119 

752052 

491 

247948 
247653 

32 

29 

692115 

372 

« 

119 

752347 

491 

3i 

36 

692339 

372 

119 

752642 

491 

247358 

3o 

3i 

9.692562 

372 

9.939625 

119 

9.752937 

491 

^^•« 

^ 

32 

692785 

371 

939554 

119 

753231 

491 

33 

693008 

371 

939482 

119 

753526 

491 

246474 
246180 

U 

34 

693231 

?7' 

939410 

119 

753820 

490 

35 

693453 

371 

939339 

119 

754115 

490 

245885 

25 

36 

u 

693676 
693898 
694120 

370 

370 

370 

939195 
939123 

120 
120 
120 

75470? 
754997 

490 
490 
490 

245591 

24 
23 
22 

39 
40 

694342 
694564 

11^ 

93§^ 

120 
120 

& 

489 

244709 
2444i5 

21 
20 

41 

9.694786 

369 

't^' 

120 

9-755878 

489 

10>244I22 

:i 

42 

695007 

369 

120 

7564Z5 
756759 

489 

243828 

43 

44 

695229 
695450 

^ 

ffi 

120 
120 

489 
489 

243535 
243241 

M 

45 

695671 

368 

938619 

120 

757052 

488 

242948 
242655 

i5 

46 

695892 

368 

93847? 

120 

757345 

14 

13 

6961 i3 

368 

120 

757638 

488 

242362 

i3 

696334 
696554 

367 
367 

938402 
938330 

121 
121 

756224 

488 
488 

242060 

24i4d3 

12 
11 

5c 

696775 

367 

938258 

121 

758517 

488 

10 

5i 

9.696995 

lU 

9-938185 

121 

9.758810 

488 

10. 241 190 

t 

52 

'  697215 

9381 i3 

121 

759102 

487 

240898 

53 

697435 

366 

938040 

121 

?^? 

487 

240605 

I 

54 

697654 

366 

m 

121 

487 

24o3i3 

55 

« 

366 

121 

759979 

487 

240021 

5 

56 

365 

937822 

121 

7605^4 
760856 

487 

239728 

4 

U 

698313 
698532 

365 
365 

m 

121 
121 

fd 

239436 
23oi44 
23S852 

3 
2 

*9 

698751 

365 

937604 

121 

761148 

486 

1 

6o 

698970 

364 

937531 

lai 

761439 

486 

238561 

0 
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TANGENTS.  ETC.   Tabl.  IL  | 

80O 

1490  1 

/ 

Bine. 

D. 

Codne. 

D. 

Taof. 

D. 

CoUnf. 

/ 

0 

9-698970 

364 

9.937531 

131 

9.761439 

486 

10.238561 

"6^ 

I 

699169 

364 

937458 

133 

76173; 

486 

238269 

U 

a 

a 

364 

937385 

133 

762023 

^^ 

il]m 

3 

364 

937313 

133 

762314 

486 

U 

4 

699844 

363 

937338 

123 

762606 

485 

237394 

5 

700062 

363 

937165 

122 

1,1^% 

485 

337103 
2368ia 

55 

6 

700280 

363 

937093 

122 

485 

54 

I 

700498 

363 

936046 

122 

763479 

485 

236521 

53 

700716 

363 

122 

?6^4a? 

485 

236a3o 

5a 

9 

700933 

363 

122 

485 

a35^ 

5i 

10 

7oii5i 

363 

936799 

122 

76435a 

484 

5o 

II 

9.701368 

363 

'■^^ 

122 

9.764643 

484 

10.235357 

S 

12 

701585 

363 

123 

^  764933 

484 

235067 

i3 

701803 

36i 

936578 

123 

765224 

484 

2 

14 

7030IO 

703236 

36i 

9365o5 

123 

765514 

484 

i5 

36i 

936431 

123 

7658o5 

484 

234195 

45 

i6 

703453 

36i 

936357 

123 

766385 

484 

233905 

2336i5 

44 

\l 

703669 
703885 

36o 

936384 

123 

483 

43 

36o 

o363io 

123 

?^i 

483 

233325 

43 

19 

703 101 

36o 

936i36 

123 

483 

233o35 

41 

ao 

703317 

36o 

936o6a 

123 

767255 

483 

232745 

40 

31 

9.703533 

359 

9-935988 

123 

9-7675<5 

483 

10-232455 

U 

32 

703749 

359 

« 

123 

td?:^ 

483 

232166 

33 

703964 

359 

123 

482 

231876 
23i5d6 

U 

34 

CT 

359 

935766 

124 

768414 

482 

35 

1^ 

93569a 

124 

768703 

482 

ll)'^ 

35 

36 

704610 

9356T8 

124 

?^J 

482 

34 

39 

704835 

358 

935543 

124 

482 

230719 

33 

705040 
705354 

358 
358 

93539? 

124 

124 

W> 

482 
481 

230429 
23oi4o 

32 

3i 

3o 

705469 

357 

935330 

124 

770148 

481 

22985a 

3o 

3i 

32 

9-705683 
705898 

lt\ 

9-935346 
935171 

124 

124 

9.770437 
770726 

481 
481 

10-229563 

220274 

S 

33 

70611a 

lU 

935097 

124 

771015 

481 

228985 

U 

34 

706336 

935033 

124 

77i3o3 

481 

228697 

35 
36 

]^U 

356 
356 

934948 
934873 

124 

124 

??:i§J 

481 
480 

228408 
228120 

25 
24 

U 

39 

706967 

356 

934798 

125 

772168 

480 

227832 

33 

707180 
707393 

355 
355 

934649 

125 
125 

77245] 
772745 

480 
480 

227543 
227255 
226967 

33 
21 

40 

707606 

355 

934574 

125 

773o33 

480 

20 

41 

'•?S!J! 

355 

9.934499 

125 

9.773321 

480 

10- 226679 

\l 

42 

354 

934434 

125 

773608 

479 

226392 

43 

708345 

354 

934349 

125 

773806 
774184 

479 

226104 

\l 

44 
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og 

% 
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45 

i6 
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44 
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837679 
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3o 
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9.977503 

422 

10.022497 

^ 

32 

221 

86o322 

900 

978009 

429 

022244 

33 

838211 

221 

860202 

900 

499 

021901 
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TABL£   III., 

or 

NATUBAL   SIN£S   AND  TANGENTS) 


TO 


EVERT  DEGREE  AND  MlinnV  OF  THE  QUADRANT. 


Lr  the  giyen  angle  is  less  than  45^,  look  for  the  degrees  and  the  title  of  the 
oolimm,  at  the  top  of  the  page ;  and  for  the  minutes  on  the  ItfU  But  if  the  angle 
IB  between  45^  and  90^,  look  for  the  degrees  and  the  title  of  the  ooliunn,  at  the 
boUem;  and  for  the  minutes  on  the  rigM, 

The  SaoaaiU  and  OoMoamta^  which  are  not  inserted  in  this  table,  may  be  easily 
supplied.  If  I  be  divided  by  the  oosine  of  an  arc,  the  quotient  will  be  the  seoant 
of  that  are.    ^nd  if  1  be  divided  by  the  idne,  the  quotient  will  be  the  ooseoant. 

The  values  of  the  Sines  and  Goshies  are  less  than  a  unit,  and  are  given  in  deci- 
mals, although  the  dedmal  point  is  not  printed.  80  also,  the  tangents  of  ares  less 
than  450,  and  ootangents  of  arcs  greater  than  45^,  aie  leas  than  a  unit  and  are  ez- 
pitflsod  in  dedmals  with  the  deoimal  point  omitted. 
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5i 

10 

00291 

Unit 

99979 

03781 
o3dio 

99929 

05524 

99847 

99736 

5o 
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12 
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07585 

9971a 

^ 

32 

00640 

99998 

02385 

99972 

04129 

99915 

05873 

99826 

07614 

99710 

23 

00660 
00698 

99998 

02414 

99971 

o4i5o 
04188 

99913 

0590a 

07643 

99708 

U 

24 

99998 

02443 

99970 
99969 

99912 

05931 

99824 

07672 

99705 

25 

00727 
00756 

00785 
00814 
00844 

99997 

02472 

04217 
04240 
04275 
04304 
04333 

99911 

05960 

99822 

07701 

99703 

35 

26 

»9 

99997 
99997 
99997 
99996 

02501 

o253o 
0256o 
0258o 

02618 

99910 
99909 
99907 
99906 

06018 
06047 
06076 
o6io5 

99821 
99819 
99817 
99816 

07730 

°7759 
07788 

07846 

996^ 
99694 

34 
33 
3a 
3i 

3o 

00873 

99996 

99966 

04362 

99905 

99813 

9969a 

3o 

3i 

00902 

99996 

02647  99965 

04391 

99904 

o6i34 

99812 

07875 

99689 

S 

3a 

00931 

99996 

02676 

99964 

04420 

99902 

o6i63 

99810 

07904 

ii^ 

33 

00960 

99995 

02705 

99963 

04449 
04478 

99901 

0619a 

99808 

07933 

a 

ii 

00980 
01018 

99995 

02734 

99963 

^ 

06221 

99806 

07962 

99683 

35 

99995 

02763 

99962 

04507 
04536 

o625o 

99804 

^.l 

99680 

a5 

36 

01047 
01076 

99995 

02792 
02821 

99961 

^ 

^'^ 

99803 

99678 

a4 

11 

99994 

99960 

04565 

99801 

08049 
08078 

99676 

a3 

oiio5 

99994 

02850 

99959 

04594 

99894 

06337 
06366 
06395 

99799 

99673 

aa 

^ 

oii34 
01164 

99994 
99993 

02870 
02908 

99959 
99958 

04623 
04653 

99893 
99892 

99797 
99795 

08107 
o8i36 

^ 

ai 
ao 

41 

01 193 

99993 

02938 

99957 
99956 

04682 

^88? 

06424 

99793 

o8i65 

99666 

\t 

4a 

01222 

99993 

02967 
02996 

04711 

06453 

99792 

08194 

99664 

43 

oia5i 

9999a 

99955 

04740 

06482 

99788 

08223 

99661 

\l 

44 

01280 

9999a 

o3o25 

99954 

04760 
04798 

99886 

o65ii 

08252 

99659 

45 

oi3o9 

9999« 

o3o54 

99953 

99885 

o654o 

99786 

08281 

99657 

i5 

46 

01338 

9999« 

o3o83 

99952 

04827 
04856 

99883 

06569 
06598 

99784 

o83io 

99654 

14 

il 

01367 

99991 

03ll2 

99952 

99882 

99782 

08339 
08368 

9965a 

i3 

01396 

99990 

o3i4i 

99951 

04885 

99881 

06627 
06656 
06685 

99780 

99649 

la 

t 

01425 
01454 

99990 
99989 

o3i70 

99950 
99949 
99948 

04914 
04943 

^l]l 

99778 
99776 

0842Z 

99647 
99644 

11 
10 

5i 

01483 

99989 

04972 

99876 

06714 

99774 

08455 

9964a 

9 

52 

oi5i3 

^ 

o3257 
03286 

99947 
99946 

o5ooi 

99875 

06743 

99772 

08484 

99639 

8 

53 

oi542 

o5o3o 

99873 

06773 

99768 

o85i3 

^l 

I 

54 

01571 

99988 

o33i6 

99945 

o5o59 
o5o88 

99872 

06802 

08542 

55 

01600 

99987 

03345 

99944 

99870 

0683 1 

99766 

08571 

9963* 

5 

56 

01629 
01658 
01687 
01716 

99986 

03374 

99943 

o5ii7 
o5i4o 
o5i75 

99869 

06860 

99764 

08600 

99630 

4 

u 

o34o3 
o3432 

99942 
99941 

Si 

06889 
06918 

99762 
99760 

08629 
08658 

^l 

3 

a 

59 

99985 

03461 

99940 

o52o5 

99864 

06976 

99758 

08687 
08716 

996aa 

1 

00 

01745 

99985 

03490 

99939 

05234 

99863 

99756 

99619 

0 

/ 

COWM. 

8iM. 

Codae. 

QiM. 

CoriM. 

Bin*. 

CoaiiM. 

BilM. 

Codne. 

BiM. 

# 

890 

88° 

87° 

86°    1 

86° 
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50 


Wne    Codne. 


70 


Sine. 


OodM. 


8« 


Bine.    Cottoa. 


90 


Sine.    Codne. 


9 
10 
II 
la 
i3 
U 
i5 

16 

\l 

«9 
30 
ai 
aa 
a3 
U 
a5 
a6 

U 

3i 
3a 
33 
34 
35 
36 

u 

39 

40 
41 
4a 
43 
44 
45 

46 

% 

5o 
5i 
5a 
53 
54 
55 
56 

U 


08716 
08745 

o883i 
08860 


0891 

Zi 

09005 
09034 
09063 
0909a 
09iai 
091 5o 

09170 
09308 

09366 
09395 
09334 
09353 
0938a 
09411 
09440 
09469 
09498 
0953-7 
09556 
09585 

09614 
0964a 
09671 
09700 
09730 
09756 

^U 

09845 
09874 
09903 
0993a 
09961 
09990 
10019 

10048 
10077 
10106 
ioi35 
10164 
1019a 

10331 

ioa5o 
10379 
io3od 
io337 
io366 
10395 
40434 
10453 


99619 
99617 
99614 
99613 
99609 
99607 
99604 
99603 


99594 

99588 
99586 
99583 
99580 

99578 
99575 
99J72 

99?70 
99D67 
99564 
99563 

^55? 

99553 
99551 
99548 
99545 
99^43 
99540 

99537 
99534 
99531 
99538 
99536 
99533 
99530 

99517 
99514 
99511 
99508 
99506 
995o3 
99500 
99497 


0453 
0483 
o5ii 
o54o 
0569 

o655 
0684 
0713 
0743 
0771 
0800 
0839 
o858 
0887 

0916 
0945 
0973 

003 

o3i 
060 

??§ 

176 

305 

334 

363 
391 

330 

349 
378 
407 
436 
465 
494 
533 
553 
58o 

m 


9945a 


735 
754 

840 
89S 

in 

985 

3014 

3043 
3071 

3100 
3139 

31 58 

3187 


99441 
99443 
99440 
99437 
99434 
99431 

994a8 
99424 
99431 
99418 
9941 5 
9941a 


994< 

9940a 
99399 
99396 
99393 

^^ 

99383 
99380 

99377 
99374 
99370 
99367 
99364 
99360 
99357 

99354 
99351 
99347 
99344 
99341 
99337 
99334 
99331 

^V, 

99330 
99317 
99314 
99310 
99307 

993o3 
99300 

99297 
99393 
99300 
99386 
99383 
99370 
99376 
99373 
99260 
99365 
99363 
99358 
99355 


3187 
3216 
3345 
3374 

3303 

333i 
336o 
3389 
3410 
3447 
3476 
35o4 
3533 

3563 

3591 
3630 

3649 

3678 

3706 

3735 
3764 
3793 

3823 
385i 
3880 
3908 

3995 
3o34 
3o53 

3o8i 
3iio 
3i39 
3i68 

?*97 
3336 

3354 
3383 
33i3 
3341 
3370 

3399 
3437 
3456 
3485 

35i4 
3543 
357a 
36oo 
3639 
3658 
3687 
3716 
3744 

lUl 

383i 
3860 
3889 
3917 


99355 
99351 
99248 
99244 
99340 

99333 
99a3o 
99236 
99233 
99310 
993i5 
99311 
99208 
99204 
99300 

99<97 
99103 
99180 
99186 
99183 
99178 
99175 

991 

991 

991 

99160 

99156 

99153 

99>48 

99144 

99141 

Q9i3i 
99139 
99125 
99133 
99118 
99114 
99110 
99106 
99103 
99098 
99094 
99001 
99087 


99047 
99043 


3946 
3975 
4004 
4o33 
4061 
4090 
4119 
4148 

4177 
4305 
4334 
4363 
4393 
4330 
4349 

4378 
4407 
4436 
4464 
4493 
4533 
455i 
458o 
4608 
4637 
4666 
4695 
47a3 
4753 
4781 

4810 
4838 
4867 
4896 
4925 
4954 
4983 
5oii 
5o4o 
5069 

5i36 
5i55 
5i84 
5213 

5341 
5370 

5?99 
5337 
5356 
5385 
5414 
5443 
5471 
55oo 
5539 
5557 
5586 
56i5 
5643 


99037 
Qooa3 


9876 


5643 
567a 
5701 
5730 
5758 

5^1^ 
5845 
5873 
5ooa 
5931 

^ 

6017 
6046 
6074 

6io3 
6i33 
6160 
6189 
63i8 
6346 
6375 
63o4 
6333 
636i 
6390 
6419 
6447 
6476 
65o5 

6533 
6563 
6591 
6630 
6648 

t3. 

6734 
6763 

Utl 

6849 
6878 
6906 
6935 

6964 
6993 
7031 
7o5o 
7078 

?:s 

7164 
7193 
7333 

735o 

?IS 

7336 
7365 


98769 
98764 
98760 
98755 
&75i 
98746 
9f74i 
9?'737 
98733 
98728 
98733 
98718 
98714 
98709 
98704 
98700 

98695 


98681 
98676 
98671 


98663 
98657 
98653 
98648 
98643 
98638 
98633 
98629 

98634 
98619 
98614 
98609 


98600 
98595 
98590 
98585 
98580 
98575 
98570 
985^5 
98561 
98556 

98551 
98546 
98541 
98536 
98531 
98536 
98531 
985i6 
985ii 
98506 
98501 
98496 
98491 
98^ 
98481 


60 

U 

u 

55 
54 
53 

53 

5i 
5o 


48 

45 

44 
43 
43 
41 
40 

u 

35 
34 
33 
33 
3i 
3o 

It 
II 

35 

34 
33 
32 
31 
30 

\t 
\l 

i5 

14 
i3 

12 
11 
10 


CMine.  Sine. 


84» 


88° 


Oodae.  Bine. 


Cofine.     Bine.    Codne.     Sine. 


820 


8I0 


80° 


83 
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/ 

10° 

no 

12° 

13° 

14° 

/ 

Sine. 

Codne. 

Sine. 

Corine. 

Bine. 

Codne. 

Sine. 

Conne. 

Sine. 

Codne. 

e 

17365 

98481 

19081 

98163 

20791 
20S30 

97815 

22495 

97437 

24193 

97080 

60 

I 

17393 

98476 

19100 

98157 

l]^ 

22523 

9743o 

24220 

97023 

n 

2 

17422 

984^ 
98461 

1913S 

98152 

20848 

22552 

97424 

24249 

97015 

3 

4 

17451 

17479 
17508 

19167 
19195 

98146 
98140 

20877 
20905 

97797 
97791 
97784 

2258o 
22608 

97417 
97411 

24277 
243o5 

97008 

u 

5 

98455 

19224 

98135 

20933 

22637 
22665 

97404 

24333 

55 

6 

'^L^l 

98450 

19252 

98129 

20962 

97778 

97398 

24362 

54 

I 

17565 

98445 

19281 

98124 

20990 

97766 

22693 

973^4 

24390 

96980 

53 

17594 

98440 

1933? 

98118 

21019 

22722 

24418 

^ 

5a 

9 

17623 

98435 

98112 

21047 
21070 

97760 

22750 

97378 

24446 

5i 

10 

I765I 

98430 

19366 

98107 

97754 

22178 
22807 
22835 

l]lll 

24474 

96959 

5o 

II 

17680 

98425 

19395 

98101 

21 104 

97748 

245o3 

^52 

i? 

12 

17708 

98420 

19423 

98096 

2Il32 

97742 

97358 

24531 

969^ 

i3 

\V^d 

98414 

19452 

980^4 

21161 

97735 

22863 

97351 

24559 

96^7 

ii 

14 

98409 

19481 

21180 
21218 

97720 
97723 

22892 

97345 

24587 
2461 5 

96^3i 

.i5 

17794 

98404 

19509 

98079 

22920 

97338 

^23 

45 

i6 

17823 

98399 

19538 

98073 

21246 

977  n 

22948 

97331 

24644 

96916 

44 

\l 

'7?2' 

983§9 

19566 

98067 

21275 

97711 

22977 
23oo5 

97325 

24672 

96909 

43 

17880 

19595 

98061 

2i3o3 

??2^ 

97318 

24700 

4a 

19 

17909 

98385 

19623 

98o56 

2i33i 

23o33 

97311 

24738 

41 

20 

17937 
17966 

98378 

19652 

98o5o 

2i36o 

t^x 

23062 

97304 

24756 

40 

21 

983^8 
98362 

19680 

98044 

21388 

23090 

97298 

24784 
24813 
24841 
24869 

9688^ 

22 

23 

34 

i8o52 

19709 
19737 
I97b6 

9803? 
98027 

21417 
21445 
21474 

97680 

23ii8 
23 146 
23175 

97201 
97284 
97278 

968^6 
96858 

25 

18081 

98352 

19794 

98021 

2l502 

97661 

23203 

97271 
97264 

24897 
24925 

96851 

35 

26 

18109 
18136 

98347 

19823 

98016 

2i53o 

97655 

23231 

96844 

34 

2^^ 

^2^11 

19851 

98010 

21559 

97648 

23260 

97257 

24954 

96837 

33 

18166 

98336 

19880 

98004 

21587 

2I6I6 

97642 

23288 

97251 

24982 

96829 

33 

? 

18195 

98331 

19908 

97998 

97636 

233 16 

97244 

25oio 

$6822 

3i 

3o 

18224 

98325 

19937 

97992 

21644 

97630 

23345 

97237 

25o38 

96815 

3o 

3i 

18252 

98320 

19965 

97987 

21672 

97623 

23373 

97230 

25o66 

96807 

S 

32 

18281 

9^^'^ 

19994 

97981 

21701 

97617 

23401 

97223 

25094 

96800 

33 
34 

i83o9 
18338 

9S310 
98304 

20022 

2005l 

97975 
97969 
97963 

21720 
21758 

97611 
97604 

23429 
23458 

97217 
97210 

25l22 

25i5i 

t]^ 

2 

35 

18367 
18396 

98299 

20079 

21786 
21814 

97598 

23486 

97203 

25i79 

96778 

25 

36 

98294 

20108 

97958 

97502 
97585 

23514 

97106 
97189 

25207 
25235 

96771 

24 

ll 

18424 

98288 

2oi36 

97952 

21843 

23542 

96764 

a3 

18452 

98283 

2oi65 

97946 

21871 

97579 

23571 

97182 

25263 

^756 

2a 

39 

18481 

98277 

20193 

97940 

21890 

21928 

d 

23599 

97176 
97169 

25291 

96749 

21 

40 

i8509 
18538 

982Z7 

20222 

97934 

23627 
23656 

25320 

96742 

30 

4t 

2025o 

97928 

21956 

97560 

97162 

25348 

96734 

\l 

42 

18567 
18595 

98261 

20279 

97922 

21985 

97553 

23684 

97155 

25376 

96727 

43 

98255 

2o3o7 
20336 

97916 

220l3 

97547 

23712 

97148 

25404 

96719 

17 

44 

18624 

98250 

97910 

22041 

97541 

23740 

97141 

25432 

96712 

16 

45 

18652 

98245 

2o364 

97905 

22070 

97534 

23769 

97134 

25460 

96705 

i5 

46 

18681 

98240 

20393 

97890 

97M 

97887 

22098 

97528 

23797 

97127 

25488 

96697 

14 

% 

18710 

98234 

20421 

22126 

97521 

23825 

97120 

255i6 

^ 

i3 

18738 

98229 
98223 

2o45o 

22l55 

9751 5 

23853 

97113 

25545 

12 

^9 

18852 

20478 

97881 

22183 

97508 

23882 

97106 

25573 

^2? 

II 

5o 

98218 

2o5o7 

97875 

22212 

97502 

23910 

97100 

2560I 

10 

5i 

52 

98212 
98207 

20535 
20563 

.tsol 

22340 
22268 

97496 
97489 

97483 

23938 
23966 

t]X 

25629 
25657 
25685 

96660 
96653 

I 

53 

1 8881 

98201 

20592 

97857 

22297 
22325 

23995 

97079 

96645 

I 

54 

18910 

98196 

20620 

97851 

97476 

24023 

97072 
97065 

25713 

96638 

55 

18938 

98179 

20649 

97845 

22353 

97470 

24o5i 

25741 

9663o 

5 

56 

Zi 

20677 
20706 

^^^ 

22382 

22410 

97463 
97457 

24070 
24108 

97058 
9705 1 

25760 
35798 
25626 

96623 
96615 

4 
3 

19024 

98174 
98168 

20734 

97827 

22438 

9745o 

24i36 

97044 

96608 

s 

s 

19052 

20763 

97821 

22467 
22495 

97444 

24164 

97037 

25854 

96600 

1 

6o 

19081 

98163 

20791 

97815 

97437 

24192 

97o3o 

2588a 

Q65q3 

0 

Coabie. 

Sine. 

Cosine. 

Sine. 

Cosine. 

Sine. 

CoiiDe. 

Sine. 

Corine. 

Bine. 

/ 

^^ 

1\ 

J'' 

780    1 

770 

76* 

75° 
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/ 

16° 

I60 

17°    1 

18°    1 

19° 

i 

Bine. 

Codm. 

Sine. 

Codne. 

Sine. 

Oodne. 

Sine. 

CcMine. 

Bine. 

Cosine. 

0 

I 

25882 
25910 

^% 

37564 
37593 

96136 
96118 

^^ 

95630 
95633 

30903 
30939 

95106 

33557 
33584 

94553 
9454a 

60 

is 

a 

25938 

96578 

37630 

96110 

39393 

956i3 

'3^? 

3361a 

94533 

3 

35966 

96555 

37648 

96103 

39321 

956o5 

95079 

32639 

94533 

55 

i 

25994 
26022 

37676 
37704 

^ 

29348 
29376 

955?8 

3l013 

3 1 040 

1^1 

33667 
33694 

'S^ 

6 

26o5o 

96547 

37731 

96078 

29404 

95579 

3io68 

95o53 

33733 

54 

I 

26079 
26107 
26135 

96540 
96533 

37759 
37781 

^ 

29432 
29460 

955^3 

31095 
31133 

95043 
95o33 

33749 

53 

53 

9 

96534 

37615 

96054 

J^?? 

$5554 

3ii5i 

95034 

5i 

lO 

26163 

96517 

37843 

96046 

95545 

31178 

9501 5 

33833 

94457 

5o 

II 

26191 

96509 

37871 

96037 

29543 

95536 

3i3o6 

95006 

i^l^ 

9443S 
94438 

1? 

12 

i3 

36319 
26247 
26275 

96503 
964^ 

37899 

^, 

29571 

95538 
95519 

31333 
3 1361 

» 

33887 
33914 

14 

96013 

9551 1 

31389 
3i3i6 

94979 

33943 

94418 

i5 

263o3 

96479 

37983 

96005 

39654 

95503 

94970 

33969 

94409 

45 

i6 

\l 

20 

26331 
26359 

^iu 

3801 1 
38039 

^ 

39683 
39710 

$% 

3i344 
31373 

94961 
94953 

33997 
33o34 

94399 
943Z? 

44 
43 

26387 
26415 
26443 

96456 
96448 
96440 

38067 
38095 

38133 

95981 

39765 
39793 
39821 

95476 
95467 
95459 

3i399 
31437 
31454 

94943 
94933 
94924 

33o5i 

43 
41 
40 

21 

26471 

96433 

38i5o 

95956 

95450 

31483 

949J^ 

33i34 

94351 

^ 

22 

265oo 

96435 

38178 

95948 

l^ 

95441 

3i5io 

33i6i 

94343 

23 

26528 

96417 

38306 

95940 

95433 

3i537 
3i565 

94807 

33189 
33316 

94333 

U 

24 

26556 

96410 

38334 

95931 

29904 

95434 

94880 

94333 

25 

26584 

96403 

28262 

95933 

29932 

95415 

31593 

^ 

33244 

943 1 3 

35 

26 

26612 

96379 

28290 

95915 

29960 

3 1630 

??'7i 

943o3 

34 

11 

26640 
26668 

283i8 
28346 

m 

l^l 

o53?o 

31648 
31675 

94860 
94851 

33298 
33326 

94203 
94284 

33 

33 

3l 

26696 
26724 

& 

28374 
28403 

i^. 

30043 
30071 

95380 
95373 

3i7o3 
3i73o 

94843 
94833 

33353 
33381 

94274 
94264 

3i 
3o 

3i 

26752 

96355 

38439 

$lli 

30098 

95363 

31758 

94833 

33408 

94254 

It 

32 

26t8o 

96347 

38457 
38485 

30126 

95354 

31786 
3i6i3 

94814 

33436 

94245 

33 

96340 

95857 

3oi54 

95345 

94805 

33463 

94235 

U 

34 

26836 

96333 

385i3 

95849 

30183 

inii 

3i84i 

'^,t 

33490 

94225 

35 

26864 

96334 

38541 

95841 

30209 

3i868 

335i8 

942i5 

35 

36 

26892 

96316 

38569 

95833 

30237 
30265 

95319 

31896 

^4 

33545 

94206 

24 

ll 

26920 

96308 

l^l 

95834 

o53io 

31933 

33573 

lit 

23 

26948 

0301 

95816 

30292 

95301 

31951 

94758 

336oo 

22 

39 
40 

26976 
27004 

^% 

38653 
38680 

95807 
95799 

3o32o 
3o348 

$lf, 

l'^ 

94749 
94740 

33627 
33655 

94176 
94167 

21 
30 

41 

27032 

96277 

38708 

$]tl 

30376 

l^ 

33034 

94730 

33683 

94157 

\t 

42 

27060 

96369 

38736 

3o4o3 

33o6i 

94721 

??7;° 

94147 

43 
44 
45 

37088 
37116 
37144 

96361 
96353 
96246 

38764 

95757 

3o43i 
30459 
30486 

95340 

33089 
33116 
33144 

94712 

33737 
33764 
33793 

94137 

94127 

941 18 

i5 

46 

37173 

96238 

'^l 

95749 

3o5i4 

95331 

33171 

94684 

33819 
33846 

94108 

14 

tl 

37200 

96230 

95740 

3o543 

95333 

33199 

^J 

94088 

i3 

27228 

96222 

38903 

95733 

3o570 

95313 

33337 

33874 

13 

49 

27256 

96214 

38931 

95724 

^06^ 
3o653 

95304 

33354 

94656 

33901 

94058 

II 

5o 
5i 

27284 
27313 

96206 
96198 

38959 
38987 
39015 
39043 

95715 

'9^ 

$\t 

33383 

33309 

94646 
94637 

11 

10 

I 

53 

53 

37340 
37368 

&. 

3o68o 
30708 

lllll 

32337 
32364 

^l 

33983 
34011 

94049 
94039 

54 

37396 

t^n 

39070 

30736 

95159 

32393 

94609 

34038 

94029 

55 

37434 

39098 

95673 

30763 

95i5o 

33419 

94599 

34065 

94019 

5 

56 

37453 

96158 

39136 

95664 

30846 

95143 

33447 

94571 

34093 

94009 

4 

U 

37480 
37508 

96150 
96143 

39154 
39183 

95656 
95647 

95i33 
95134 

33474 

33503 

34130 
34147 
34175 

^ 

3 
a 

59 

37536 

96134 

39309 

95639 

30874 

9511 5 

33539 

94561 

^ 

I 

66 

37564 

96136 

39337 

95630 

30903 

95106 

33557 

94553 

34303 

0 

# 

Codne. 

Sine. 

Codne. 

Sine. 

Codne. 

Sine. 

Codne. 

Sine. 

Codne. 

Sine. 

# 

1^40 

78° 

72° 

71° 

70° 
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20° 

210 

22°    1 

280    1 

240   1 

f 

Bine. 

Codne. 

Bine. 

CoaM. 

Bine. 

Co«ne. 

Sine. 

Corioe. 

Bine. 

Corine. 

0 

34202 

93969 

35837 

93358 

37461 

92718 

39073 

93o5o 

40674 

91355 

60 

I 

34229 

93959 

35864 

93348 

IH^I 

^'Z^ 

39100 

92o3o 
92028 

40700 

91343 

u 

7 

34257 

93949 

35891 

93337 

375i5 

ZU 

'^11 

9i33i 

3 

34284 

93939 

35918 

933!? 
93306 

37542 

92016 

91319 

55 

4 

5 

343 II 
34339 
34366 

93929 
93919 

35945 
35973 

l'.^ 

92664 

39180 
39207 

92005 

91994 
91^2 

40780 
40806 

91307 
91206 
91283 

6 

93g09 

36000 

1! 

376ia 

92653 

39234 

40833 

54 

I 

34393 

36027 

37675 

92642 

39260 

91971 

40860 

91322 

91260 

53 

34421 

93889 

36o54 

93264 

92631 

39287 

91950 

40886 

53 

9 

34448 

^tl^ 

36o8i 

37703 

92620 

39314 

91948 

40913 

91248 

5i 

10 

34475 

36io8 

93253 

37730 

92565 

39341 

91936 

^ 

91236 

5o 

II 

345o3 

93859 

36i35 

93243 

37757 

39367 

91925 

91224 

S 

12 

34530 

93849 

36162 

93332 

??2?f 

39394 

91914 

40992 

91212 

i3 

34557 

93839 

36190 

93222 

39421 

91002 
91891 

41010 
41045 

91200 

% 

i4 

34584 

93829 

36217 

93211 

37838 

39448 

91188 

i5 

34612 

93819 

36244 

93201 

37865 

93554 

39474 

91879 

41072 

91176 

45 

i6 

34639 
34666 

93809 

36371 

$X 

37893 

93543 

39501 

91868 

41098 

91164 

44 

\l 

1^ 

36298 

izi 

92532 

39528 

91856 

41 1 25 

9ii52 

43 

34694 

36325 

93169 

93531 

39555 

91845 

4ii5i 

91140 

43 

19 

34721 

93769 
93738 

36352 

93i5o 

37973 

93510 

39581 

91833 

41178 

91138 

41 

30 
31 

34748 
34830 

364^? 

93148 
93137 

m 

lin 

39608 
39635 

91822 
91810 

41204 
4i23i 

91116 
91104 

40 

u 

33 

23 

36434 
36461 

93122 
93116 

38o53 
38o8o 

lliU 

39661 
39688 

91776 
91764 

41257 
41284 

91002 
91080 

34 

34857 

93728 

36488 

93106 

38107 

93455 

39715 

4i3io 

91068 

35 

34884 

93718 

365i5 

^ 

38i34 

92444 

39741 

41337 
41363 

9io56 

35 

36 

34912 

36542 

38i6i 

92432 

39768 

91752 

91044 

34 

11 

li^ 

36569 
36596 

^X 

38i88 
38215 

92431 
92410 

I'^f. 

91741 
91720 
91718 

41390 
41416 

91032 
910S0 

33 

33 

39 

34993 

S 

36623 

93o52 

38241 

& 

39848 

41443 

91008 

3i 

3^ 

35631 

3665o 

93042 

38268 

39875 

91706 

41469 

90996 

3o 

3i 

35048 

93657 

36677 

93o3i 

38295 

& 

39902 

I'X 

41496 

00084 

S 

33 

35075 

93647 

36704 

93020 

38323 

39928 

4l533 

90972 
90960 
90948 

33 
34 

35162 
35i3o 

$fd 

36731 
36758 

93010 
92988 

3834Q 
38376 

92355 
92343 

^9955 
39982 

tx 

41 549 
41575 

U 

35 

35i57 

93616 

36785 
36di2 

38403 

92332 

40008 

91648 

41602 

90936 

35 

36 

35i84 

93606 

929^8 

38430 

92321 

40O35 

91636 

41628 

90924 

34 

U 

353 II 

fsM 

36839 

38456 

92310 

40063 

91635 

41655 

33 

35339 
35266 

36867 

38483 

9228? 
92276 
92265 

40088 

91613 

41681 

90099 

S3 

39 

$Ul 

36894 

92945 

38510 

401 15 

91601 

41707 

90887 

31 

46 

35293 

36931 

92935 

38537 

40141 

91590 

41734 

9^?3 

30 

41 

35320 

93555 

36948 

92924 

38564 

40168 

9'iq 

41760 

\l 

43 

35347 
3537* 

93544 

36975 

92913 

38591 

92254 

40195 

4idi3 

9o85i 

43 

93534 

37003 

92002 

38617 

92243 

40321 

91555 

9^36 

\l 

44 

35402 

93524 

1]IU 

92802 

38644 

92231 

40248 

91543 

41840 

45 

35429 

93514 

92881 

38671 

92220 

40275 

9i53i 

41866 

90814 

i5 

46 

35456 

935o3 

37083 

IX 

38698 

92200 

4o3oi 

l\^ 

41893 

90803 

14 

% 

35484 

f.% 

371 10 

??725 

92108 

4o328 

41919 
41945 

90790 

i3 

35511 

37137 

92849 
92838 

38752 

92186 

40355 

91484 
91473 
91461 

^1 

90753 
90741 

13 

5i 

35538 
35565 
35592 

93452 

37164 
37218 

38832 

92175 
92164 
92 1 52 

4o38i 
40408 
40434 

41972 
41998 
42034 

11 
10 

53 

35619 

93441 

37245 

92805 

38859 
38886 

92I4I 

40461 

91449 

43o5i 

90739 

53 

35647 

93431 

37272 

92794 
92784 

92i3o 

40488 

91437 
91435 

42077 

90717 

I 

54 

35674 

93420 

1]IU 

38912 

92119 

4o5i4 

42104 

90704 

55 

35701 

93410 

92773 
92762 

l^ 

^'i?7 

4o54i 

91414 

42i3o 

90603 

5 

56 

35728 

93400 

37353 

40567 

91403 

42i56 

90680 

4 

U 

li'^l^ 

93389 

37380 

92751 

38993 

92085 

40594 

91390 

42183 

90668 

3 

35782 
35810 

lllll 

37407 

92740 

39030 

92073 
92062 

40621 

l\l& 

42209 
42235 

00655 

a 

59 

37434 

93720 
93718 

39046 

40647 

90643 

I 

60 

35837 

93358 

37461 

39073 

9io5o 

40674 

91355 

42262 

90631 

0 

/ 

Codne. 

8iD«. 

Conne. 

Bine. 

Coaine. 

Sine. 

CodM. 

Bine. 

Codne. 

Bine. 

/ 

690 

68O 

670 

«60 

650 
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9 

10 
19 

i3 
14 
i5 

i6 

\l 

>9 

20 
21 
22 
33 
24 
25 
26 

3i 

32 

33 
34 
35 
36 

ll 
39 
40 
41 
42 
43 
44 
45 

46 

5i 
52 
53 
54 
55 
56 

U 


Sum.  Codm. 


i2262 
2288 

i23i5 
2341 
2367 
2394 

i2420 

2446 

12473 


2552 

2578 

2604 
263i 
2657 

2683 

V,2 

2762 
2788 

.2di5 
2841 
2867 
2894 

,2920 
2946 
^2972 

'^ 

43o5i 

43077 
43io4 
43i3o 
43i56 
43182 
43200 
4323d 
43261 
43287 
433i3 
43340 
43366 
43392 
43418 
43445 

43471 
43497 
43523 
43549 
43575 
43602 
43628 
43654 
43680 
43706 
43733 
43759 
43785 
438 1 1 
43837 


9063i 
90618 
90606 
9o5o4 
90582 
90569 
90557 
90546 
90532 
90520 
9o5oi 
9049a 
90483 
90470 
90458 
90446 

90433 
90421 
90408 

^^ 

9^^ 
90346 
90334 
9o32i 
9o3oo 
90296 
90284 
90271 
90259 

90246 
90233 
90221 
90208 

90171 

90i58 
90146 
90133 
90120 
90108 
90005 
90082 
90070 

90057 
90045 
90o32 
90019 


899I 
89968 
89956 
89943 

89918 

89905 
89892 
89879 


260 


CCMUW. 


43837 
43863 
43880 
43910 
4394a 
43968 
43994 
44020 
44046 
44072 
44098 
44124 
44i5i 
44177 
442o3 
44229 

44255 
44281 
44307 
44333 
44359 
44385 
44411 
44437 
44464 
44490 
445i6 
44542 
44568 
44594 
44620 

44646 
44672 
44698 
44734 
44750 
44776 
44802 
44828 
44854 
44880 
44906 
44932 
44958 
44984 
45oio 

45o36 
45062 
45o88 
45ii4 
45i4o 
45i66 
4519/ 
45218 
45243 
45260 
45295 
45321 
45347 
45373 
45399 


iP2? 

89854 
89841 


16 
89803 
89790 

897S 
89752 
80739 

896^2 


8963( 
89623 
89610 

895S4 

895^8 
89545 
89532 
895r 


89493 
89480 
89467 
89454 
89441 
89428 
89415 
89402 

B 

89350 

g9337 
89324 
89311 
89298 


89272 
89259 
8924S 
89232 
89219 
89206 
89193 
89180 
89167 
89153 
89140 
89127 
89114 
89101 


270 


45390 
45425 
45451 
45477 
455o3 
45529 
45554 
45580 
456o6 
45632 
45658 
45684 
45710 
45736 
45762 
45787 

458i3 
45839 
45865 
45891 
45917 
45942 
45968 
45994 
46020 
46046 
46071 

46123 
46149 
46175 

46201 
46226 
46252 
46278 
463o4 
4633o 
46355 
46381 
46407 
46433 
46458 
46484 
465 10 
46536 
46561 

46587 
466i3 
46639 
46664 
46690 
46716 
46742 
46767 
46793 
46819 
46844 
46870 
46896 
46921 
46947 


88875 
88862 
88848 
88835 
88822 


88782 
88768 
88755 
88741 
88728 
88715 
88701 


88674 
88661 
88647 
88634 
88620 


88566 
88553 
88539 
88526 
88512 
88499 


88472 
884^8 
88445 
88431 
88417 
88404 
88390 
88377 
88363 
88349 
88,536 
88322 
883o8 
88295 


28° 


290 


Sine.  Codaa.   Sine.  Coda*. 


46947 
46973 
46999 
47024 
47o5o 
47076 
47 1 01 
47127 
47153 
47178 
47204 

47255 

47281 
47306 
47339 

47358 
47383 
47409 
47434 
47460 
47486 
47511 
47537 
47562 
47588 
47614 

%^ 

47690 
47716 

47741 
47767 

47818 
47844 

47920 
47946 
47971 

47997 
4do22 
48048 
48073 
48099 

48124 
481 5o 
48175 
48201 
48226 
48a52 
48277 
483o3 
48328 
48354 
48370 
484o5 
48430 
48456 
48481 


88295 
88281 
88267 
88254 
88240 
88226 
88213 
88199 
88185 
88172 
88168 
88144 
88i3o 
88117 
88io3 


48481 
485o6 
48532 
48557 
48583 
48608 
48634 
48659 
48684 
48710 
48735 
48761 
48786 
48811 
48837 


88089  48862 

88075 
88069 
88048 
88o34 
88020 
88006 


t^m 


87645 
87631 
§7617 


48913 
48938 
48964 
48989 
49014 
49040 
49065 
49090 
49116 
49141 
49166 
49192 
49217 
49242 

49268 
49293 
49318 
49344 
49369 
49394 
49419 
49445 
49470 
49495 
49521 
49546 
49571 
49596 
49622 

49647 
49672 
49697 
49723 


87603  49748 
87589     -^ 
87575 
87561 


49773 
49798 
49824 
87546  49849 


87532  49874 
87518  49899 
87504  49924 


87490 
87476 
87469 


49950 
49975 

5oooo 


87469 
87448 
87434 
87420 
87406 
87391 

87349 
87335 
87321 
87306 
87292 

t!,t 

87250 

87235 
87221 

87150 
87136 
87121 

?7r 


87050 
87036 

87021 

86921 

8^2 

86878 

86863 
86849 
86834 
86820 

868o5 
86791 

^11 

86748 
86733 
86719 
86704 
86690 
86675 
866^1 
86646 
86632 
86617 
866o3 


60 

u 

55 
54 
53 
59 

5i 
5o 

2 

45 

44 
43 
49 
41 
40 

u 
u 

35 
34 
33 

39 

3i 

3o 

n 

25 
24 
93 
92 
91 
90 


\l 

i5 

14 
i3 
19 
II 
10 


Sine. 


Codce. 


Sin*. 


64* 


68® 


620 


61« 


•00 
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80° 

8I0 

82° 

88° 

84° 

/ 

Sine. 

Coune. 

Sine. 

Codne. 

Sine. 

Co«ne. 

Bine. 

Corine. 

Sine. 

Corine. 

5oooo 

866o3 

5i5o4 

85717 

52992 

84805 

54464 

83867 

'^l 

82004 

82S7 

"aT 

I 

5oo25 

86588 

5i5j9 

85702 
85687 

53017 

84789 

54488 

8385i 

i? 

a 

5oo5o 

8657a 
86559 

5i554 

53o4i 

Si 

545i3 

83835 

55968 

82871 
82855 

3 

50076 

5i579 

85672 
85657 

53o66 

54537 

838i9 

5599a 

u 

4 

5oioi 

86544 

5i6o4 

53091 

54561 

83804 

56616 

82839 

5 

50136 

86530 

51628 

85642 

53ii5 

84738 

54586 

83788 

56040 

82822 

55 

6 

5oi5i 

865i5 

5i653 

856i7 

53140 

84712 

54610 

^^ 

56o64 

82806 

54 

I 

50176 

86501 

51678 

8561  a 

53i64 

84607 

54635 

56o88 

82790 

53 

50301 

86486 

5i7o3 

a 

53189 

84681 

5465o 
54683 

83740 

56II2 

'^t 

52 

9 

5o337 

86471 

51728 

53214 

84666 

83724 

56i36 

5i 

10 

50252 

86467 

51753 

85567 

53a38 

8465o 

54708 

83708 
88692 

56i6o 

82741 

5o 

II 

50277 

86442 

m 

85551 

53263 

84635 

5473a 

56i84 

82724 

% 

12 

5o3oi 

86427 
86413 

85536 

53288 

84619 

54756 

83676 
8366o 

56208 

82708 
82692 

i3 

5o327 

51828 

85521 

53312 

84604 

54781 
54805 

5623a 

% 

14 

5o352 

86398 
86384 

5i852 

855o6 

53337 

84588 

83645 

56256 

82675 
82659 

i5 

5o377 

51877 

85491 

53361 

84573 

54829 

83629 

56280 

45 

i6 

5o4o3 

86369 

5190a 

85476 
85461 

53386 

84557 

54854 

836i3 

563o5 

82643 

44 

\l 

50428 

86354 

51927 

5341 1 

84542 

54878 

&. 

56320 
56353 

82626 

43 

5o453 

86340 

51952 

85446 

53435 

84526 

5490a 

82610 

42 

»9 

50478 

86325 

51977 

85431 

53460 

84511 

54927 

83565 

56377 

82593 

41 

20 

5o5o3 

86310 

52002 

85416 

53484 

84495 
84480 

54951 

^^ 

56401 

82577 

40 

31 

5o528 

86295 
86281 

52026 

85401 

53509 

54975 

56425 

82561 

^ 

33 

5o553 

52o5i 

85385 

53534 

84464 

54999 

835i7 

5644Q 
56473 

82544 

33 

50578 

86266 

52076 

85370 
853*5 

53558 

84448 

55624 

835oi 

82528 

\L 

34 

5o6o3 

8625i 

52IOI 

53583 

84433 

55048 

83485 

56497 

825ii 

25 

50628 

86237 

52126 

85340 

53607 

84417 

55072 

8345? 

56521 

82495 

35 

26 

5o654 

86222 

52i5i 

85325 

53632 

84402 

55097 

56545 

82478 
82402 

34 

;S 

50679 

86207 

52175 

85310 

53656 

84386 

55i2i 

83437 

56569 
56593 

33 

50704 

86192 

5  2  200 

85294 

53681 

84370 
84355 

55u5 

83421 

82446 

32 

29 

50729 

86178 
86163 

52225 

85279 
85264 

53705 

55169 

834o5 

56617 

82429 
82413 

3i 

3o 

50754 

52250 

53730 

84339 

55194 

83389 

56641 

3o 

3i 

50779 

86148 

52275 

85249 

53754 

84324 

55218 

83373 
83356 

56665 

82396 
82380 

S 

3a 

50804 

86133 

52299 

85234 

5^179 
53804 

84308 

55242 

56689 
56713 

33 

50829 

86119 

52324 

85218 

84292 

55266 

83340 

82363 

S 

34 

5o854 

86104 

52349 

85203 

53828 

84277 
84261 

55291 

83324 

56736 

82347 

35 

50879 

86089 

52374 

85 1 88 

53853 

553i5 

833o8 

56760 

82330 

25 

36 

50904 

86074 
86059 

i^^^ 

85173 
85 167 

53877 

84245 

55339 
55363 

83292 

56784 
56So8 

82314 

24 

ll 

50929 

53902 

8423o 

83276 
83260 

f^. 

23 

50954 

86043 

52448 

85142 

53926 

84214 

55388 

56832 

22 

39 

50979 

86o3o 

52473 

85127 

53951 

84108 
84162 

55412 

83244 

56856 

82264 

21 

40 

5ioo4 

86oi5 

52498 

85112 

53975 

55436 

83228 

56880 

82248 

20 

41 

51029 

86000 

52522 

85096 
85o8i 

54000 

84167 

55460 

83212 

56904 

82231 

\l 

42 

5io54 

85985 

52547 

54024 

84i5i 

55484 

83195 

56928 

82214 

43 
44 

51079 
5iio4 

'^^ 

52572 
52597 

85o66 
85o5i 

54049 
54073 

84135 
84120 

55509 
55533 

83179 
83i63 

56952 
56976 

82198 
82I8I 

\l 

45 

51129 

85941 

52621 

85o35 

54097 

84104 

55557 

83147 

57000 

82165 

i5 

46 

5ii54 

85926 

52646 

85020 

54122 

84088 

55581 

83i3i 

57024 

82148 

14 

% 

51179 

85^6 

52671 

85oo5 

54146 

84072 
84057 

556o5 

83ii5 

57047 

82132 

i3 

5 1 204 

52696 

84989 

54171 

5563o 

83oo8 
83o82 

57071 

82II5 

12 

49 

51229 

52720 

84974 
84959 
84943 

54195 

84041 

55654 

570^5 

82008 
82082 

II 

5o 

5i254 

85866 

52745 

54220 

84025 

55678 

83o66 

%\\l 

10 

5i 

5 1 279 

85851 

52770 

54244 

84009 

55702 

83o5o 

82065 

% 

52 

5i3o4 

85836 

52794 
52819 

84928 

54269 
54293 

83994 

55726 

83o34 

57167 

82048 

53 

5i329 

85821 

84013 
84B07 
84882 

83978 

55750 

83017 

57191 

82032 

I 

54 

5i354 

858o6 

52844 

54317 

83962 

55775 

83ooi 

57215 

82015 

55 

5i379 

85792 

52869 

54342 

88946 

fA^ 

82985 

57238 

81982 

5 

^6 

5i4o4 

85762 

52893 

84866 

54366 

83o3o 

^^ 

57262 

4 

u 

51429 

52918 

8485 1 

54391 

83oi5 
83A99 
83HH3 

55847 

57286 

81965 

3 

51454 

85747 

52943 

84836 

544 1 5 

55871 

82936 

57310 

81949 

2 

59 

51479 

85732 

52967 

84820 

54440 

55895 

82920 

57334 

81932 

1 

6o 

5i5o4 

85717 

52992 

84805 

54464 

83867 

55919 

82904 

57358 

81915 

0 

/ 

Corine. 

Bine. 

Cosine. 

Bine. 

Cotine. 

Sine. 

Corine. 

Sine. 

Cotine. 

Sine. 

9 

5»« 

68°    1 

57° 

M° 

66° 
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JL 

/ 

86°    1 

86° 

8I0 

88O    1 

890 

6^ 

Sine. 

Cofine. 

Sine. 

Godne. 

Sine. 

Godne. 

Bine. 

Godne. 

Sine. 

Codne. 

0 

I 

57358 
57381 

81915 

^. 

80902 
80886 

60182 
60206 

79864 
79846 

61666 
61589 

78801 
78783 

62932 
62955 

'X 

2 

57405 

58826 

80867 

60228 

79829 

61612 

78766 

62977 

vx 

3 

t^i^ 

8i865 

58840 
58873 

80860 

60261 

79811 

61635 

78747 

63ooo 

u 

4 

81848 

8o833 

60274 

79793 

61668 

78729 

63022 

77641 

5 

57477 

8i832 

58896 

80816 

60298 

]V,t 

61681 

]U^ 

63045 

77623 

65 

6 

5756i 

8i8i5 

68920 

^S 

6o32i 

61704 

63o68 

77606 

54 

I 

57524 

S'^l? 

68943 

6o344 

79741 

61726 

]^ 

63090 

77686 

53 

57548 

58967 

80765 

6o367 

79723 

61749 

63ii3 

77668 

52 

9 

57572 

81765 

5899a 

80748 

60390 

]V^ 

61772 

78640 

63i35 

77650 

5i 

10 

57596 

81748 

59014 

80730 

60414 

6!J?8 

78622 

63i58 

77531 

bo 

II 

l]t\^ 

di73i 

59037 

80713 
80696 

60437 

79671 

78604 

63i8o 

77613 

1? 

la 

81714 
81698 
81681 

59061 

60460 

79663 

61841 

78686 

63203 

77494 

i3 
U 

5^?^] 

59084 
59108 

nt 

60483 
6o5o6 

79635 
79618 

61864 
61887 

78668 

78550 

63225 
63248 

]]tt 

il 

i5 

57715 

81664 

59131 

80644 

6o529 

79600 

61909 

78532 

63271 

77439 

45 

i6 

57738 

81647 

59154 

80627 

6o553 

79583 

61932 

78514 

63293 

77421 

44 

\l 

57762 

8i63i 

59178 

80610 

60676 

79565 

61955 

78496 

633 16 

77402 

43 

57786 
57810 

81614 

59201 

^M 

60699 

79547 

61978 

]IX 

63338 

77384 

42 

«9 

8i5o7 

69226 

80576 
80668 

60622 

79630 

62001 

63361 

77366 

41 

20 

57833 

8i58o 

59348 

160645 

79612 

62024 

78442 

63383 

77347 

40 

31 

57857 

8i563 

59272 

8o54i 

60668 

79494 

62046 

78424 

63406 

77329 

U 

ja 

57881 

81546 

59296 

8o524 

60691 

79477 
79469 

62069 

78405 

63428 

77310 

23 

57904 

8i53o 

59318 

8o5o7 

60714 

62092 

78387 

63451 

77292 

37 

24 

57928 

8i5i3 

69342 

80489 

60738 

79441 

62m5 

78369 

63473 

]]Ul 

36 

a5 

57952 

81496 

59365 

80472 
80465 

60761 

79424 

62138 

78351 

63496 

35 

a6 

57976 

tilt 

69389 

60784 
60607 

79406 

62160 

78333 

635i8 

77236 

34 

11 

t^ 

69412 

80438 

79388 

62183 

783i5 

63540 

77218 

33 

81445 

59436 

80420 

6o83o 

'-^n 

62206 

78297 

63563 

77109 
77181 

32 

29 

58047 

81428 

69469 

8o4o3 

6o853 

62229 

T,IX 

63585 

3i 

36 

58070 

81412 

69482 

8o386 

60876 

79335 

62261 

636o8 

77162 

3o 

3i 

58094 

81395 

69506 

8o368 

60899 

79318 

62274 

78243 

63630 

77144 

It 

32 

58ii8 

81378 

59529 

8o35i 

60922 

79300 

62297 

78225 

63653 

77125 

33 

58i4i 

8i36i 

59552 

8o334 

60945 

79282 

62320 

78206 

63675 

]V<^ 

ll 

34 

58i65 

8i344 

69576 

8o3i6 

60968 

79264 

62342 

78188 

63698 

35 

58189 

8i327 

59599 

&. 

60991 

79247 

62365 

78170 
78162 

63720 

77070 

25 

36 

58212 

8i3io 

69662 

6ioi5 

79229 

62388 

63742 

77061 

24 

39 

58a36 

81293 

69646 

80264 

6io38 

79211 

6241 1 

78134 

63765 

77033 

23 

58a6o 
58a83 

81276 
81269 

^ 

80247 
8o23o 

61061 
61084 

79193 

62433 
62456 

78116 
78098 

63787 
63810 

77014 
76996 

22 
21 

40 

58307 

81242 

59716 

80212 

61107 

62479 

?^? 

63832 

'1^ 

20 

41 

5833o 

81225 

U]^ 

8oiq5 

6ii3o 

79«4o 

62502 

63854 

:§ 

42 

58354 

81208 

80178 
80160 

6ii53 

79122 

62524 

78043 

63877 

76946 

43 

58378 

81191 

59832 

61176 

79105 

62547 

78025 

63899 

769" 

\i 

i5 

44 
45 

58401 
58425 

81174 
81167 

80143 
80125 

61 199 
61222 

79087 
79069 

62570 

62692 

?^ 

63922 
63944 

% 

46 

58449 

81140 

69866 

80108 

61245 

79061 

62615 

77970 
77962 

63966 

76866 

14 

% 

ll^'^l 

8iia3 

59879 

80091 

61268 

79033 

62638 

63989 

7682^ 

i3 

58496 

81106 

59902 

80073 
80066 

61291 

70016 

62660 

77934 

6401 1 

12 

49 

58519 
58543 

81089 

59926 

613T4 

70998 

62683 

77016 

77897 

64033 

76810 

11 

5o 

8107a 
8io45 

59949 

8oo38 

61337 

78980 

62706 

64066 

76791 

10 

5i 

58567 

69972 

80021 

6i36o 

78962 

62728 

??^? 

64078 

76772 
76764 

I 

52 

58590 

8io38 

59996 

8ooo3 

6i383 

78944 

62761 

64100 

53 

58614 

81021 

60019 

79986 

61406 

78926 

62774 

77843 

64123 

76735 

I 

5 

54 
55 

58637 
58661 

81004 
80987 

60042 

6oo65 

79968 
79961 

61429 
6i45i 

X 

62819 

77824 
77806 

64145 
64167 

?^ 

56 

58684 

S 

60089 

79934 

61474 

]^ll 

62842 

77788 

64190 

?^? 

4 

U 

58708 

60112 

79016 

61497 

62864 

77769 

642  J  2 

3 

??''^i 

80936 

6oi35 

79809 

61 520 

78837 

62887 

77751 

64234 

76642 

2 

59 

58755 

80919 

6oi58 

79801 

61 543 

78819 

62909 

77733 

64266 

76623 

I 

60 

53779 

80902 

60182 

79864 

6i566 

78801 

62932 

77715 

64279 

76604 

0 

p 

G(Min« 

Sine. 

CodM. 

Bine. 

Codne. 

Bine. 

Cottne. 

Bine. 

Codne. 

Bine. 

/ 

640 

68° 

62° 

610 

600 
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1 

40<> 

41° 

42° 

430    1 

44<> 

# 

Sine. 

Cofine. 

Sine. 

Conna. 

Sine. 

Codne. 

Sine. 

Codne. 

Sine. 

Come. 

o 

64279 

76604 

656o6 

75471 

66913 

743 1 4 

68200 

73i35 

69466 

71934 

60 

s 

64301 
64323 

76586 
76567 
7654S 

65628 
65650 

75452 
75433 

66935 
66956 

74295 
74276 
74256 

68221 
68242 

73116 
73096 

^5^ 

71014 
71894 

^ 

3 

64346 

65672 

75414 

66978 

68264 

73076 

69529 

71873 

u 

4 

64368 

76530 

65694 

75395 

66999 

74237 

68285 

73o56 

69549 

71853 

5 

64390 

765n 

65716 

'^t 

67021 

74217 
74196 

683o6 

73o36 

69570 

71833 

55 

6 

64412 

76492 

65738 

67043 

68327 

73016 

69591 

71813 

54 

I 

64435 

1% 

65759 

75337 
75318 

67064 

74178 
74159 

68349 

72996 

69612 

71792 

53 

64457 

65781 
658o3 

67086 

68370 

72976 
72957 

69633 

71772 
71762 

5a 

9 

64479 

76436 

t^ 

67107 

74139 

68391 

69654 

5i 

10 

64501 

76417 
763o^ 
763S0 

65825 

67129 

74120 

68412 

72937 

69675 

71732 

5o 

II 

64524 

65847 

75261 

67i5i 

74100 

68434 

72017 
72897 

69696 

71711 
71691 

% 

19 

64546 

65869 

75241 

67172 

74080 

68455 

69717 

i3 

64568 

76361 

65891 

75222 

67194 

74061 

68476 

V^. 

'^■^ 

]'^ 

% 

14 

64590 

76342 

65913 

75203 

67215 

74041 

68497 
685id 

i5 

64612 

76323 

65935 

75184 

67237 

74022 

72837 

69779 

7i63o 

45 

i6 

64635 

76304 

65956 

75i65 

67258 

74002 

6853o 

72817 

69800 

71610 

44 

'i 

64657 

76286 

65978 

75146 

67280 

73983 

68561 

72797 

69821 

]X 

43 

64679 

76248 

66000 

75126 

67301 

73963 

68582 

72777 
72757 

69842 

4a 

>9 

64701 

66022 

ta 

67323 

73944 

68603 

69862 

71549 

41 

20 

64723 

76229 

66044 

67344 

73924 

68624 

72737 

69883 

?;^ 

40 

21 

64746 

76210 

66066 

75069 

67366 

^3^8^ 

68645 

72717 
72697 

69904 

^ 

22 

64768 

76192 

66088 

75o5o 

67387 

68666 

6^5 

71488 

23 

64790 
64812 

76173 
76154 

66109 

75o3o 

67409 

73865 

68688 

72677 
72657 

69946 

71468 

S 

24 

66i3i 

75011 

67430 

73846 

68709 

69966 

71447 

25 

64834 

76135 

661 53 

74992 

67452 

73826 

68730 

72637 

69987 
70008 

71427 

35 

26 

64856 

761 16 

66175 

74973 
74933 

67473 

73806 

68751 

72617 

]\w> 

34 

'A 

64878 

]^l 

66197 
66218 

67495 

73787 

68772 

72597 

70029 

33 

64901 

74934 

67516 

73767 

68??4 

]f^n 

70049 

7i366 

3a 

29 

64923 

76o4o 

66240 

749 15 
74896 

67538 

73747 

70070 

71345 

3i 

3o 

64945 

66262 

67559 

73726 

68835 

72537 

70091 

71325 

3o 

3i 

64967 

76022 

66284 

ill 

67580 

73708 
73688 

68857 
6887^ 

72517 

7011a 

7i3o5 

S 

32 

64989 

76003 

663o6 

67602 

72497 

7oi32 

71284 

33 

65oiT 

75984 

66327 

67623 

73669 

68899 

72477 
72457 

70153 

71264 

12 

34 

65o33 

75965 

66349 

74818 

67645 

73649 

68920 

70174 

71243 

35 

65o55 

75946 

66371 

74799 
74780 

67666 

73629 

68941 

72437 

70195 

71223 

a5 

36 

65077 

iS 

66393 

67688 

73610 

68962 

724:7 

70215 

71203 

a4 

^? 

65 100 

66414 

74760 

67709 

73590 

68983 

72397 

70236 

71182 

a3 

65X22 

66436 

74741 

67730 

73570 

69004 

V^i 

70257 

71162 

aa 

39 

65i44 

75810 

66458 

74722 

67752 

73551 

69025 

70277 
70298 

71141 

ai 

40 

65i66 

758^1 

66480 

74703 

67773 

73531 

69046 

72337 

71121 

ao 

41 

65i88 

75832 

66501 

74683 

67795 
67816 

73511 

^ 

72317 

70319 

71100 

12 

42 

652IO 

758i3 

66523 

74664 

73491 

72297 

70339 

71080 

43 

65232 

75794 

66545 

74644 

67837 

73472 
734*2 

69109 

72277 
72257 

7o36o 

71059 

17 

44 

65254 

75775 

66566 

74625 

67859 

69130 

7o38i 

71039 

16 

-iS 

65276 

757*6 

66588 

74606 

67880 

73432 

69151 

72236 

70401 

71019 

i5 

46 

65298 

75738 

66610 

74586 

67901 

73413 

69172 

72216 

70422 

70098 

14 

% 

65320 

75719 

66632 

74567 

67923 

73393 

69193 

72196 

70443 

70978 
70967 

i3 

65342 

75700 

66653 

74548 

67944 

73373 
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2-43019 

43205 

31456 

23 

37157 

39156 

55389 

2-42819 
2-42618 

43239 

3I27I 

3io86 

u 

24 

37190 

60892 

39190 

55176 
54952 

41217 

43274 

25 

37223 

68653 

392?3 

4i25i 

2-42418 

433o8 

30902 

35 

26 

37256 

68414 

39257 

54734 
545i6 

41285 

2-42218 

43343 

30718 
3o534 

34 

11 

37289 

68175 
67937 

39290 

4i3i9 
4i353 

2-42019 

43378 

33 

37322 

39324 

lix 

2-41819 

43412 

3o35i 

32 

29 

37355 

67700 

39357 

41387 

2-41620 

43447 

30167 

3i 

3o 

37388 

67462 

39391 

53865 

41421 

2-41421 

43481 

29984 

3o 

3i 

37422 

67225 
6^989 

39425 

53648 

41455 

2-41223 

435i6 

29801 

?? 

32 

37455 

39458 

53432 

41490 

2-41025 

43550 

29619 

33 

37488 

6675? 
665i6 

39492 

53217 

41524 

2-40827 

43585 

29437 

U 

34 

37521 

39526 

53001 

41 558 

2-40629 

43620 

29254 

35 

37554 

66281 

ni^ 

52786 
52571 
52357 

41692 

2-40432 

43654 

m] 

25 

36 

37588 

66046 

41626 

2-40235 

43689 

24 

ll 

37621 

65811 

39626 

41660 

2-40038 

43724 

28710 
28628 

23 

37654 

65576 

39660 

52142 

41694 

2-39841 

43758 

22 

39 

37687 

65342 

39694 

5i7i5 
5i5o2 

41728 

2-39645 

433?8 

28348 

21 

40 

37720 

6^09 
64875 

39727 

41763 

2^3925? 

28167 

20 

41 

37754 

39761 

41865 

43862 

27626 

42 

43 

Itl 

64642 
64410 

fX 

51280 
51076 
50864 

2-3oo58 

2-38862 

i^i 

44 

37853 

6394? 

3986? 

419?? 

2-38668 

43966 

27447 

45 

37887 

39895 

5o652 

2-38473 

44001 

27267 

i5 

46 

37920 

63714 

39930 

5o44o 

41968 

2.38279 
2.38084 

44036 

27088 
26909 

14 

S 

37953 

63483 

39963 

50229 
5ooi8 

42002 

44071 

i3 

38020 

63252 

^1 

42036 

2-37891 

44105 

26730 
26662 

12 

49 

63o2i 

49807 

42070 

2.37697 

44140 

11 

5o 

38o53 

tm\ 

40065 

» 

42io5 

2.37504 

44175 

26374 

10 

5i 

38o86 

40098 

4oi32 

42i3o 
42173 

2-37311 

44210 

26196 

2 

52 

38 1 20 

62332 

s 

48^49 

2.37118 

44244 

26018 

53 

38 1 53 

62103 

40166 

42207 

2.36925 

44279 

25840 

I 

54 

38i86 

61874 

40200 

42242 

2-36733 
2-36541 

44314 

25663 

55 

38220 

61646 

40234 

42276 

44349 

26486 

5 

56 

38253 

61418 

40267 

48340 

423 10 

2-36349 
2-36158 

44384 

25309 

4 

u 

38286 

61190 
60963 

4o3oi 

48i32 

42345 

44418 

25l32 

3 

38320 

40335 

47924 

42370 
4241J 

i-Ji 

44453 

24966 

9 

59 

38353 

60736 

40369 
4o4o3 

47716 

44488 

24780 

I 

66 

38386 

2.6o5o9 

2.47^09 

42447 

44523 

2.24604 

0 

/ 

Cotonf. 

Taogwit. 

Cocang. 

Tangent. 

Coung. 

Tangent 

Cotang. 

Tangent. 

i 

69° 

68® 
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/ 

24° 

26° 

26° 

27° 

/ 

Tangent. 

Cotong. 

Tangent. 

Cotang. 

Tangent. 

Cotang. 

Tangent. 

Cotang. 

0 

44533 

2.24604 

46631 

2-I445I 

S 

2.o5o3o 

50953 

1.96261 

60 

I 

3 

44558 
44593 

2 
2 

24428 
24252 

46666 
46702 

14288 
14125 

2.04870 
2 •04728 
2.04577 
2.04426 
2-04276 

5io26 

I. 961 20 

u 

3 

44627 

2 

24077 

46737 

13063 
i38oi 
i3639 

48881 

5io63 

u 

55 

4 
5 

44662 
44697 

2 
2 

23902 
2355] 

its.1 

Zl 

l\^ 

I:955?7 

6 

447^2 

2 

46843 

i3477 
i33ii 
i3i54 

48980 

49026 
49062 

2.04125 

51173 

j;954.7 

54 

I 

44767 
44802 

2 
2 

23378 
23204 

46879 
46914 

2.03975 
2.03825 

51209 
5i246 

1-95137 

53 

52 

9 

10 

44837 
44872 

2 
2 

23o3o 

22857 

22683 

46950 
46985 

\^l 

u 

2.03675 

2.03526 

51283 
5i3i9 
5i356 

\:m 

5i 
5o 

II 

44907 

2 

47023 

1 267 1 

49170 

2.03376 

1.94718 
1-94579 

s 

12 

44942 

2 

225lO 

47c56 

I25ll 

49206 

2-03227 
2.03078 

5i3o3 
5i43o 

i3 

44977 

2 

22337 

4709a 

12350 

49242 

1.94440 

ii 

i4 

45oi2 

2 

22164 

47128 

12190 

I203o 

49278 

2*02929 

51467 
5i5o3 

1-94301 

i5 

45047 

2 

21992 

47163 

493i5 

2-02780 

1-94162 

45 

i6 

45082 

2 

2I8I9 

zn 

11871 

49351 

2-02631 

5i54o 

1.94023 

44 

'7 

45117 

2 

21647 
21475 

II7II 

1x552 

49387 
49423 

2-02483 

5i577 

1.93885 

43 

id 

45i52 

2 

47270 

2.02335 

5i6i4 

;:» 

42 

>9 

45187 

2 

2i3o4 

47305 

ll302 

ri 

2.02187 

5i65l 

41 

20 

45222 

2 

2Jl33 

47341 

11233 

2-02039 

5i688 

1.93470 

40 

21 

45257 

2 

20961 

47377 

1 1075 

2*01891 

51724 

I -9333 J 

^ 

22 

45292 

2 

20790 

20619 

47412 

10916 

4?568 

2-01743 

2-01596 

51761 

1:$:^ 

23 

45327 

2 

47448 

10758 

lOOOO 

49604 

^;^ 

u 

24 

45362 

2 

20449 
20278 
20108 

47483 

49640 

2*01449 

1.92920 

25 
26 

f^l 

2 
2 

i]Ui 

10442 

10284 

49677 
49713 

2-0l302 

2-01155 

51872 

1-92782 
1-92645 

35 
34 

§2 

45467 

2 

19938 

47590 

10126 

49858 

2.01008 

1-92508 

33 

45502 
45537 
45573 

2 

2 

■2 

47626 
47662 
47698 

09069 
0981 1 

09654 

2.00862 

2-00715 

2-00569 

51983 

52020 

52o57 

I -922^5 
1.92098 

33 

3i 
3o 

3i 

32 

456o8 
45643 

2 
2 

I926I 
18923 

47733 
47805 

09498 

09341 

^ 

2-00423 

2-00277 

2-OOl3l 

ir^i 

\tt^ 

S 

33 

45678 

2 

09184 

49967 

52168 

1-91418 

U 

25 

34 
35 

45713 
45748 

2 
2 

18755 

18587 

47840 
47876 

09028 
08872 

56004 
5oo4o 

\:^. 

52205 
52242 

36 

X 

2 
2 

18419 
i825i 

47912 
47948 

08716 

o856o 

50076 
5oii3 

\-^ 

523]? 

1-91282 
1-91147 

34 

23 

45854 

2 

18084 

Xi 

48o55 
48091 
48121 
48i63 
48108 

o84o5 

50140 
5oi85 

1.99406 

52353 

1.91012 

22 

39 

45889 

2 

17916 

08250 

I. 99261 

52390 

1.90876 

21 

4o 
41 
42 
43 

44 

46o65 

2 
2 
2 
2 
2 

17416 

16917 

07630 
07476 

50222 

50258 
50295 
5o33i 
5o368 

1.90116 

1.98684 

1.98540 

52427 
52464 
52501 
52538 
52575 

I -90741 
1-90607 

I .90203 

20 

45 

461  Of 

2 

48234 

07321 

50404 

1.98396 

526i3 

1-90069 

i5 

46 

46i36 

2 

16751 

16585 

48270 

07167 

5o44i 

1.98253 

52650 

i-S 

14 

S 

46171 

2 

483o6 

07014 

50477 

1-98110 

52687 

i3 

46206 

2 

16420 

48342 

06860 

5o5i4 

1-97066 
1-97823 

52724 

1:8953? 

12 

49 

46242 

2 

16255 

48378 

06706 
06553 

5o55o 

52761 

11 

5o 

46277 

2 

16090 

48414 

5o587 
50623 

1-97680 

ll^e 

1.89400 

10 

5i 

46312 

2 

15925 

48450 

06400 

I. $7538 

1-89266 

? 

52 

46348 

2 

15760 

48486 

06247 

5o66o 

1.97305 
1.97253 

52873 

1.89133 

53 
54 

46383 
46418 

2 
2 

i55o6 
1 543  2 

48521 
48552 
48593 
48629 
48665 

06094 
05942 

50696 
50733 

52910 
52947 

1.89000 

1.88867 

I 

55 
56 

46454 
46480 
46525 

2 
2 

15268 
i5io4 

05485 

^ 

1.96069 
!^9668^ 

52984 

53022 

1.88734 
1.88602 

5 
4 

1 

2 

14940 

50843 

53??4 
53171 

"^^i^ 

3 

46560 
46505 
4663i 

2 
2 
2 

14777 
14614 
I445i 

48701 

05333 
o5i82 
o5o3o 

50Q10 

50953 

1-96544 
1.96402 
1.96261 

1.88337 
1.88206 
1.88073 

3 

I 
0 

1 

/ 

Ootang. 

Tangent. 

Cotang. 

Tang«it. 

Cotang. 

Tangent 

CoSang. 

Tangent. 

66° 

64° 

68° 

62° 
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/ 

28<^ 

29«> 

8OO 

Sl° 

/ 

Ta&gvnt.  C 

«t«if. 

Tangent. 

Cotang. 

Tangent 

Cotang. 

Tangent. 

Cotang. 

0 

53171   1 

88073 

55431 

I -80405 

57735 

1.73205 

60086 

1.66428 

"6^ 

I 

53208  I 

VA 

55469 

1.80381 

57774 

1.73080 

60126 

I.663i8 

u 

2 

53246  I 

55507 
55545 

i.8oi58 

57613 

601 65 

1-66200 

3 

53283  I 

v^^;i 

1.80034 

57851 

6o2o5 

1-66099 

u 

4 

53320  I 

55583 

f. 7991 1 

V^ 

1-72741 

60245 

I'bmi 

5 

53358  I 

87415 

55621 

1.79788 

1.72625 

60284 

55 

6 

I 

533o5  I 
53432  I 

87283 
87152 

55659 
557?Z 

,.';^5 
1.79542 

1.7239? 

6o324 
6o364 

la 

54 
53 

53470  I 

87021 

1-79419 
1.79296 

1.72278 

60403 

1-65554 

52 

9 

53507  I 
53545  I 

86891 
86760 

86630 

55774 
55di2 

58o85 

1.72163 

60443 

1-65445 

5i 

10 

1.79174 

58124 

1.72047 

60483 

1.65337 
1-65228 

5o 

II 

53582  I 

55850 

58162 

I.71032 
I.71817 

6o522 

1? 

19 

53620  I 

IX 

55888 

1.78929 

58201 

6o562 

1.65120 

i3 

53657  I 

55926 

!i?868? 

58240 

l:]'^ 

60602 

1-65011 

2 

i4 

53604  I 
53732  I 

86239 

55964 

58270 
583i8 

60642 

1-64903 

i5 

86109 

56oo3 

1.78563 

1-71473 

60681 

1.64795 

45 

i6 

'^  \ 

i^g 

56o4i 

1.78441 

58357 

1-71358 

60721 

1.64687 

44 

\l 

56079 

j:p 

58396 

1.71244 

60761 
60801 

1.64579 

43 

53844  1 

85720 

85501 
85462 

56117 
56i56 

58435 

1.71120 
i-7ioi5 

1.64471 
1.64363 

43 

19 

53882  I 

I. 77713 
1.77592 

58474 

60841 

41 

20 

53920  I 

56I04 
56232 
56270 

585i3 

I -70901 

60881 

1.64256 

40 

21 

23 

540J2  I 

85333 
85204 

58552 
5850I 

60921 
60960 

1-64148 
1-64041 

^ 

23 

85075 

56309 

5863 1 

61000 

1-63934 
1-63826 

u 

24 

54070  I 

84946 
84818 

56347 
56385 

1-77471 

58670 

1-70446 

61040 

25 

54107  I 
54145  I 

1.77351 

^^ 

1-70332 

61080 

\:^\t 

35 

26 

84689 

56424 

1.77230 

1.70210 

1-70106 

61120 

34 

11 

54183  I 

84561 

56462 

1.77H0 

58787 

61160 

i.635o5 

33 

54220  I 

84433 

56500 

1.76090 

58826 

61200 

1-63398 

32 

29 

54358  I 

843o5 

56539 

1*76009 

58865 

61240 

1-63292 
i.63id5 

3i 

3o 

54296  I 

84177 

56577 

1-76749 

58904 

61280 

3o 

3i 

54333  1 

84049 

56616 

1-76630 

58944 

1.69653 

6i32o 

1-63079 

J2 

32 

54371  I 

83922 

56654 

I -76510 

58983 

I. 69541 

6i36o 

1-62760 
1-62654 

33 
34 

54409  I 
54446  I 

fzW, 

566o3 
56731 

1.76390 

1.76271 

59022 
59061 

1-69428 
1.69316 

61400 
61440 

U 

35 

54484  1 

83540 

56S 

i.76iii 

59101 

1.69203 

61480 

25 

36 

54522  I 

83413 

1-76032 

59140 

1-69091 

6i520 

1-62548 

24 

U 

54560  1 

83286 

56846 

1-75913 

%\% 

1.60079 

6i56i 

1-62442 

23 

l'^  \ 

83i59 
83o33 

56885 

ill 

1 .68006 

61601 

1-62336 

22 

39 

56923 

59258 

1.68754 
1.68643 

6 1641 

I-6223o 

31 

40 

54673  I 

82906 

56962 

m 

61681 

1-62125 

30 

41 

5471 1  I 

82780 
82654 

57000 

1.75437 

I. 68531 

61721 

1-62019 

\t 

42 

54748  1 

57o3o 
57078 

1-75319 

59376 

I. 68419 
i.683o8 

61761 
61801 

;» 

43 

54786  1 
54824  I 

82528 

1.75200 

59415 

\l 

44 

82402 

571 16 

1.75082 

59454 

1-68196 
i-68od5 

61842 

1-61703 
1-61598 

45 

54862  I 

82276 

57155 

1.74964 

59494 

61882 

i5 

46 

54900  I 
54938  I 

82i5o 

82025 

57193 
57233 

1-74846 
1.74728 
1-74610 

59533 
59573 

\t,V^ 

61922 
61962 

i.6i4o3 

i-6i388 

14 
i3 

54975  I 

81899 

57271 

59612 

1-67752 
1-67641 

62003 

1-61283 

13 

49 

55oi3  I 

81774 

^■^ 

1.74492 

59651 

62043 

1-61179 

11 

5o 

55o5i  1 

81649 

1-74375 
1.74257 

%% 

1-67530 

62083 

1-61074 

10 

5i 

55089  I 

8i524 

57386 

1-67419 

62124 

l:^S 

t 
I 

52 

53 

55127  I 
55i65  I 

81399 
81274 
8ii5o 

57435 
57464 

I- 741 40 
1.74022 

n^ 

1-67300 

62164 
62204 

54 

552o3  I 

575o3 

1.73905 

niii 

62245 

55 

55241  I 

81025 

57541 

\-?x 

62285 

5 

56 

55279  I 

80901 

57580 

59928 

62325 

1-60449 
1-60345 

4 

U 

55317  1 
55355  I 

80777 
8o653 

57619 

1.73355 

59967 

1-66647 

1 -6653d 
1-66428 

62366 

3 

1-73438 

60007 
60046 
60086 

62406 

I -60241 

3 

^ 

55393  I 
5543i  I 

8o52o 
8o4o5 

1-73321 
1-73205 

62446 
62487 

1-60137 
I -60033 

0 

1 

Cotang.  T 
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Tangent. 
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820 

88«     1 

840 

850 

/ 

Tangent.  Cotanf  . 

Twifwulc 

«tmi«. 

Tangmit.  C 

otang. 

Taigent.  G 

«tang. 
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63487  I 

6oo33 

64941  I 

53986 
53888 

67461   I 

48266 

7CO21   I 

42816 

"to 

1 
a 

62627  I 
6a56d  I 

^? 

64982  I 
65023  I 

t^it : 

48168 
48070 

70064  I- 
70107  1. 

43726 
43638 

n 

3 

62608  I 

^^ 

65o65  I 

67678  I 

m 

70161   I 

43660 

u 

4 

62649  1 

65io6  I 

53695 

67620  I 

7oi38  1 

42462 

5 

62689  I 

59517 

65i48  I 

534^1 

67663  I 

4779a 
47699 

42874 
42286 

56 

6 

62730  I 

55414 

66189  I 

534UO 

67705  1 

70281  I 

54 

I 

iui'i  \ 

59311 

65231  I 

.53303 

67748  I 

47607 

70325  I 

42198 

53 

59208 

66272  I 

.53205 

t^m  \ 

47514 

70868  1 

421 10 

52 

9 

62862  1 

59105 

66314  I 

.53107 

47422 

70412  I 

42022 

5i 

10 

62892  I 
62933  I 

59002 
58900 

66355  1 

53010 

67875  I 

.47330 

70466  I 

41984 
41847 

5o 

II 

66480  I 

62918 
.52816 

.62622 

67917  I 

.47^38 

70499  1 

^ 
? 

12 

i3 

62973  I 

63oi4  I 

n^ 

^ : 

'47146 

70642  1 
70686  I 

41769 

41672 

41684 

U 

63o55  I 

58593 

6562X  I 

68045  I 

?^i ; 

i5 

63095  I 

58490 

65563  1 

.52626 

68088  I 

41497 

45- 

i6 

63i36  I 

58388 

65604  I 

.52429 

68i3o  1 

-.^ 

70717   I 

41409 

44 

\l 

63177  I 

58286 

66646  I 

.52332 

68173  I 

70J60   1 
70804  I 

41822 

43 

68217  I 
63258  I 

58i84 

66688  I 

.62235 

68216  I 

.46696 

41235 

43 

19 

58o83 

66729  I 

.62139 
.62043 
.61946 
.5i85o 

68268  I 

.46668 

70848   I 

.41148 

41 

ao 
ai 
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TABLE  OF  CONSTANTS. 

Base  ofNapier'sBjBtem  of  logarithms  = c  =  3-7i828i828459 

Mod.  of  common  syat.  of  logarithma  =  . . . .  oom.  log.  «  =  M  =  0*43429448 1903 

Batio  of  oircnmferenoe  to  diameter  of  a  circle  = «r  =  3*  141 592653590 

log.  «  =  0.497149879694 

«*  =  9.869604401089 ^»=  1 .772453350906 

Arc  of  same  length  as  radios  = 1800  -«- «  =  10800' .«- «  =  648000*  -s-  * 

1800  -I- « ss  570.2957795130, log.  =  1 .758122632409 

10800*  +  «  =  3437'.  7467707849, log.  =  3  •  536273882793 

648000"  +  «  =  2o6264''.8o62470964, log.  t=  5.3i4425i33i76 

Tropical  year  =  365d.  5h.  48m.  47s.  .588  ==  365d.  .242217456,  log.  s  2*56258 10 
Sidereal  year  =  365d.  6h.  9m.  los.  .742  =  365d.  .256374332,  log.  ss  2-5635978 
24h.  sol.  t=24h. 3m.  56s. . 555335  sid.  t.=:24h. X i  .00273791,  log.  i  .002=0*001 1874 
I4h.8id.t.=£24h.-(3m.55s.. 90944) sol.  t.=24h«Xo*9972696,log.  0'99'7=9. 9988 126 

British  imperial  gallon  s=  277.274  cubic  inches, log.  =  3*4429091 

Length  of  sec.  pend.,  in  inches,  at  London,  39-13929;  Paris,  39-1285;  New 

York,  39.1285. 
Frsnoh  mdr$  =  3.2808992  English/w^  =  39*3707904  inehei. 
I  «abio  inch  of  water  (bsr.  3o  inches,  Fahr.  therm.  630}  =  a53*458  Troy  grains. 
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14 

0.9986 
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2.9957 
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24 
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7.9884 
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?l 
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3.9956 

3.9942 
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a6 
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33 
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34 
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3.9940 
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35 
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36 
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4.9934 
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6.9894 
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^Z 
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2.9954 

3.9939 
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6.9894 
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38 
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1.9970 

2.0954 

3.9939 

4.9924 
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6.9893 

7.9878 

8.9863 

1.3999 

39 
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1.9969 

2.9954 

3.9939 

4.9924 
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5.9908 

6.9893 
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41 
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5.9907 

6.9893 
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1.3998 

43 

0.9984 

19969 

2.9953 

3.9938 

4.9933 

5.9907 

6.9891 

7.9876 

8.9860 

1.3998 

43 

0.9984 

1.9969 

2.9953 

3.9938 

4.9933 

5.9907 

6.9891 

7.9875 

8.9860 

1.3998 

44 

0.9984 

1.9969 

2.9953 

3.9937 

4.9933 

5.9906 

6.9890 

7.9875 

8.9859 

1.3998 

^§ 

0.9984 

1.9969 

2.9953 

3.9937 

4.9921 

5.9906 

a 

7.9874 

8.9858 

1.39^ 

46 

0.9984 
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2.9953 

3-9937 

4.9931 

5.9905 

7.9874 

8.9858 

1.3998 

47 

0.9984 

1.9968 

2.9952 

3.9936 

4.9931 

5.9905 

6.9889 

7.9873 

8.9857 

1.3998 

48 

0.9984 

1.9968 

2.9952 

3.9936 

4.9920 

5.9904 

6.9888 

7.9873 

8.9856 

1.3998 

49 

0.9984 

1.9968 

2.9952 

3-9936 

4.9930 

59904 

6.9888 

7.9873 

8.9856 

1.3998 

50 

0.9984 

1.9968 

2.9952 

3.9936 

4.9919 

5.9903 

6.9887 

7.9871 

8.9855 

i<»98 

51 

0.9984 

i.qq68 

2.9951 

3.9935 

4.9919 

S.99P3 

1^ 

7.9870 

8.9854 

1.3998 

52 

0.9984 

1.9967 

2.9951 

3.9935 

4.9919 
4.9918 

5.9903 

8.9853 

1.3998 

53 

0.9984 

1.9967 

2.9951 

3.9934 

5.9903 

6.9885 

7^ 

8.9852 

1.39^ 

54 

0.9984 

1.9967 

2.9951 

3*9934 

4.9918 

5.9901 

6.988s 

8.9853 

1.399B 

5? 

0.9983 

1.9967 

2.9950 

3.9934 

4.9917 

S.9901 
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7:9867 

8.9851 
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56 

0.9983 
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2.9950 

3-9933 

4.9917 
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8.9850 
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57 

0.9983 
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2.9950 

3.9933 

4.9916 
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6.9883 

7.9866 

1^ 
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58 

0.9983 

1.9966 

2.9949 
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7.9865 
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59 

0.9983 
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2.9949 

3.9932 

4.9915 

5.9898 
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8.9847 
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2.9949 
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0.5580 
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34 
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0.3737 
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^ 

a  1252 

°-'!Z2 

0.2503 
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0.3755 
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36 

0.0629 

0.12S7 

a  1886 

a25i5 
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0.3772 

0.4401 

0.5030 

0.5658 
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37 

0.0632 

0.1263 

0.1895 
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0.3789 

a443i 

0.5053 

0.5684 

ao887 

38 

0.0634 

a  1269 

a  1903 

a2538 

0.3173 

0.3S06 

0.4441 

0.507s 

0.5710 

ao89i 

39 

0.0637 

0.1275 

0.1912 

0.2549 

a3i87 

0.3824 

0.4461 

0.5098 

0.5736 

ao895 

40 
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ai28o 

0.1931 

0.2561 

0.3201 

0.3841 

a448i 

0.5133 

°-57S 

0.0899 

41 

0.0646 

0.1286 

0.1929 

a3573 

0.3315 
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0.4502 

a5i68 

0.5788 
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43 
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0.2584 
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0.4532 

a58i4 
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43 
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0.4542 
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0.5839 
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44 
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0.1303 
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a36o7 

0.3359 

0.3910 

a52i4 

0.5865 

ao9i6 
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0.1964 

a26i8 

0.3373 

0.3938 

a458a 

0.5337 

0.5891 

ao92o 

46 

0.0657 

0.131S 

ai972 

0.2630 

0.3287 

0.3945 
0.3962 

0.4602 

0.5360 

0.5917 

ao924 

47 

ao66o 

0.1321 

a  1981 

a2642 

a33CM 

a4622 

0.5383 

0.5943 

ao928 

48 

ao663 

a  1326 

0.1990 

a3653 

0.3316 

0.3979 

0.4642 

0.5306 

0.5969 

0.0932 

49 

0.0666 

0.1333 

0.1998 

0.2664 

0.3331 

0.3997 

a4663 

0.533^ 

0.599s 

ao936 

50 

0.0669 

0.1338 

a2oo7 

0.2676 

0.3345 

a4oi4 

a4683 

0.5353 

a6o3i 

ao940 

51 
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0.1344 

a3oi6 

a2688 

0.33S9 

0.4031 

0.4703 

0.5375 

a6o47 

0.0944 

53 

ao675 

0.1349 

a2024 

0.2699 

0.3374 

a4048 

0.4733 

0.5398 

0.O073 

ao948 

53 
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0.1355 

0.3033 

a27io 

a3388 

a4D66 

0.4743 

aS43i 

0.6099 

0.0952 

54 

ao68x 

0.1361 

0.2042 

a2722 

0.34P3 

a4o83 

0.4764 
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0.5467 

a6i25 
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0.1367 
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0.2734 

0.3417 

0.4100 

0.4784 
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0.5513 
0.5536 
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0.0969 

58 
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3.9738 
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6.9543 

7.9476 

8.9411 

1.3964 

08 

0-9934 

I 

2.9802 

3.9736 

4.9671 

5.9605 

6.953? 

7.9473 

8.9407 

1.3964 

09 

0.9934 

I 

9867 

3.9801 

3.9735 

4.9668 

5.9602 

6.9536 

7-9470 

8.9403 

1.3963 

10 

0.9933 

I 

9867 

2.9800 

3.9734 

4.9666 

5.9600 

6.9533 

7.9466 

8.9400 

1.3963 

II 

0.9933 

I 

9866 

3.9799 

3.9731 

4.9664 

5.9597 

6.9530 
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8.9396 

1.3963 
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0.9933 
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8.9393 

1.3963 

»3 

0.993a 

I 
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3.9738 

4.9660 

5.9593 

6.9534 

7.9456 

t-9388 

1.3962 

14 

0.9933 

I 

9863 

3.9795 

3.9736 

4.9658 

5.9589 

6.9521 

7.9453 

^'93^ 

1.3963 

15 

0.9931 

I 

9862 

3.9793 

3.9735 

4.9656 

5.9587 

6.9518 

7.9449 

8.9380 

1.3963 

16 

0.9931 

I 

9861 

3.9793 

3.9733 

4.9654 

5.9584 

6.9515 

7.9446 

8.9376 

1.3962 

]l 

0.9930 

I 

9861 

2.9791 

3.9731 

4.9651 

5.958a 

6.9512 

7.9443 
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1.3961 

0.9930 

I 

9860 
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3.9719 

4-9649 

5.9579 
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»9 
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3.9718 
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5.9574 

6.9503 

7.9433 

8.9361 
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31 

0.9939 

I 
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2.9786 

3.9714 

4.9643 

5.9571 

6.9500 

7.9428 

8.9357 

1.3960 

22 
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I 

9856 

2.9784 

3.9713 

4.9641 

6.9497 

7.9435 

8.93.W 

1.3960 

23 

a9928 

I 

985s 

2.9783 

3.9711 

4.9638 

5.9566 

6.9494 

7.9431 

8.9349 

1-3959 

34 

0.9937 

I 

9854 

2.978a 

3.9709 

4.9636 
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7.9418 

8.9345 
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^ 
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I 
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3.9780 
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4.9534 

5.9561 

7.9414 

8.9341 
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0.9926 

I 

9853 

3.9779 
3.9778 

3.9705 

4.9^ 

5.9558 

6.9484 

7.9410 

8.9337 

S 

0.9926 

I 

9853 

3.97P3 

4.9639 

5.9555 

6.9481 

7.9407 

8.9333 

1.3958 

0.9935 

I 
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2.9776 

3.970" 

4.9637 

5.9553 

6.9478 

7.9403 

8.9339 

1.39^ 

39 

0.9925 

I 
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3.9775 

3.9700 

4.9635 

5.9550 

6.9475 

7.9400 

8.9335 

1.3958 

30 

0.9935 

I 

9849 

2.9774 

3.9698 

4-9633 

5.9547 

6.9473 

7.9396 

8.9321 

1.3957 

3» 

0.9934 

I 

9848 

2.977a 

3.9696 

4-9630 

5.9544 

6.9468 

7.9393 

8.9317 

1.3957 

33 

0.9924 

I 

9847 

3.9771 

3.9694 

4.9618 

5-9543 

6.9465 

7.9389 

8.9313 

1.3957 

33 

0.9933 

I 

.9846 

l^ 

3.9693 

4.9616 

5-9539 

6.9463 

7.9385 

8.9308 

1.3956 

34 

0.9933 

1 

9845 

-B 

4.9613 

5.9536 

6.9459 

7.9381 

8.9304 

1.3956 

35 
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I 

9844 

2.9767 

4.9611 
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6.9456 
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36 
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I 
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2.9765 
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7-9374 
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1-3955 

37 
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I 
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2.9764 

3.9685 
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5.9538 

6.9449 
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1.3955 

38 
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3.9683 
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1.3954 
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I 
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1.3954 

4» 
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I 

^^ 

3.9758 

3.9678 

4.9597 

5.9517 

6.9436 

7-9355 

8.9375 

1-3954 

4a 

0.9919 

I 

3.9757 

3.9676 

4.9595 

5.9514 

6.9433 

7-9353 
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1.3953 

43 

0.9918 

I 

9837 

3.9755 

39674 

4.9593 

5.9511 

6.942? 

7-9348 

8.9366 

1.3953 

44 

a99i8 

I 

9836 

3.9754 

3.967a 

S.9508 

6.9426 

7.9344 

l'^ 

1.3953 

45 

a99i8 

I 

9835 

3.9753 

3.9670 

4.9588 

5.9505 

6.9423 

7.9340 

8.9358 

1.3953 

46 

0.9917 

I 

9834 

3.9751 

3.9668 

4.9585 

S-9503 

6.941? 

7.9336 

8.9353 

1.3953 

47 

0.9917 

I 

9833 

3.9750 

3.9666 

4.9583 

5.9499 
5.9496 

6.9416 

7.9333 

8.9349 

1.3953 

48 

0.9916 

I 

9833 

2.9748 

3.9664 

4.9580 

6.9412 

7.9339 

8.9345 

1.3951 

49 

0.9916 

I 

9831 

3.9747 

3.9662 

4.9578 

5.9494 

6.940? 

7.9335 

8.9340 

1.3951 

50 

0.9915 

I 

9830 

3.9745 

3.9660 

4.9576 

5.9491 

6.9406 

7.9331 

8.9336 

1.3951 

51 

0^9915 

I 

9829 

3.9744 

3.9658 

4-9573 

5.9488 

6.9402 

7.9317 

8.9231 

1.3950 

52 

0.9914 

I 

9828 

3.9743 

3.9656 

4.9571 

5.948s 

6.9399 

7.9313 

8.9227 

1.3950 

53 

0.9914 

I 

9827 

2.9741 

3.9654 

4.9568 

5.948a 

6.9395 

7.9309 

5-9*^2 

1.3950 

54 

0.9913 

I 

9826 

3.9739 

3.9653 

4.9566 

5.9479 

!-^% 

7.9305 

8.9218 

1.3949 

55 

0.99^^3 

I 

9835 

3.9738 

3.9651 

4.9563 

5.9476 

6.9388 

79301 

8.9214 

1.3949 

56 

a99i2 

I 

9824 

2.9736 

3.9649 

4.9561 

5.9473 

6.938s 

7.9297 

8.9309 

1.3949 

57 

a99i2 

I 

9833 

3.9735 

3.9647 

4.9558 

5.9470 

6.9381 

7-9393 

8.9205 

1.3948 

58 

0.99" 

I 

.9822 

3.9733 

3.9645 

4.9556 

5.9467 

6.9378 

7-9389 

8.9100 

1.3948 

59 

a99ii 

I 

.9821 

2.9732 

3.9643 

4.9553 

5.9464 

6.937s 

7-9385 

a9i96 

1.3948 

60 
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2.9730 

3.9641 

4-9551 

5.9461 

6.9371    7.9381 

8.9191 

1.3947 
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06 
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0.4390 
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a5730 
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0.1005 

°z 

0.0718 

0,1436 

0.3154 

0.3873 
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0.5035 

» 
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08 
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a  1443 
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0.1447 
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0.4343 

a-S789 
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a3953 
0.3964 
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0.6643 
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0.4445 
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0.0744 

a  1488 
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i^ 
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11 

0.0747 
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0.4531 
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0.3374 
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a4566 
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0.5337 

a6o88 
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0.3819 

0.4583 
0.4600 
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0.6875 

0.1074 
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0.3300 

0.3067 

0.3834 

0.6134 
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0.0770 
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0.3078 

0.4618 
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a6i57 

0.6936 

0.1083 

26 

0.0773 

0.1545 

a33i7 

0.3090 

0.4635 

0.5407 

0.6180 

0.6953 

a  1086 

37 

0.0775 

0.1551 

a3336 

0.3101 

0.3877 

a4653 

0.5437 

a6aq3 
0.6226 
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38 
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0.1556 

0.2335 

0.3113 
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0.4669 

0.5447 
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0.3963 

0.4755 
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axiis 

34 
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0.1591 

a  3386 

a3i83 

0.3977 

0.4773 

0.7159 

aiii9 

^ 

aS^ 

0.1597 

0.3395 

0.3193 

0.3991 

0.4790 

0.5588 

a6386 

0.7185 

a  1133 

36 

a  1602 

a3403 

0.3304 
0.3316 

a4007 

a48o7 

a56o8 

a6409 
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a  1137 

37 

ao8Q4 
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a34i3 
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a4834 

a5638 

a6433 

a7336 
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0.1131 

38 
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0.3338 

0.4P34 
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0.1135 
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a34a9 
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0.4049 
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a7a88 
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a  1635 

0.3438 

a335o 

a4o63 

a4876 

a5688 

a6soi 

0.7313 

0.1143 

41 

0.0815 

a  1631 

a3446 

a3a63 

0.4077 

0.4893 

0.5708 

l^ 

0.7339 

0.1147 

43 

0.0818 

a  1637 

0.3455 
0.3464 

o.?8s 

a4093 

a49io 

a5738 

0.7365 

aiisi 

43 

ao83z 

0,1642 

a4io6 

0.4937 

» 

a657o 

0.7391 

0.1155 

44 

ao834 

a  1648 

a3473 

a4iao 

0.4945 

0.6593 

0.7417 

0.1159 
0J163 

45 

0.0837 

0.1654 

a348i 

0.3308 

0.4135 

a496i 

0.5788 

a66i5 

0.7443 

46 

ao830 

a  1660 

a3489 

0.3319 

0.4149 

0.4979 

0.5809 

a66a8 

0.7468 

a  1 167 

47 

ao833 

a  1665 

0.3498 

0.3331 

a4i63 

0.4996 

0.5839 

a6663 

0.7494 

aii7i 

48 

ao836 

a  1671 

a3S07 

0.3343 

a4i78 

0.5013 

0.5849 

0.6684 

a753o 

aii76 

49 

ao838 

0.1677 

0.3515 

0.3354 

0^92 

0.5030 

0.5869 

a6707 

0.7546 

0.1180 

50 

ao84i 

°-'^§ 

a3534 

0.3365 

0.4SK6 

a5048 

0.5889 

0.6730 

0.7573 

0.1184 

51 

ao844 

a  1688 

0.3533 

0.3376 

0.5065 

0.5909 

0.6776 

0.7S97 

aii88 

53 

ao847 

0.1694 

a354i 

0.3388 

0.4335 

a5o83 

0.5939 

0.7623 

0.1192 

53 

ao85o 

0.1700 

0.3549 

0.3399 

0^ 

0.5099 

0.5949 
0.5969 

0.6798 
0.6823 

0.7648 

0.1196 

54 

t^^ 

0.1705 

0.3558 

a34ii 

a5ii6 

0.7674 

0.1300 

^ 

0.1711 

a3567 

0.3433 

a4378 

0.5134 

0.5989 

0.684s 
a6867 

0.7700 

ai304 

ao858 

0.1717 

0.357s 

0.3434 

0.4393 

0.5150 

a6oo9 

0^736 

0.1308 

57 

ao86i 

ai7a3 

a3584 

0.3445 

0.4306 

0.5168 

a6o39 

0.6890 

0.7753 

ai3i3 

58 

ao864 

0.1738 

0.2593 

0.34S7 

0.4331 

0.5185 

0.6049 

« 

0.7778 

a  1316 

59 

ao867 

0.1734 

a26oi 

0.3468 

0.4335 

0.5303 

0.6069 

0.7803 

ai33o 

60 

85 
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DISTANCES. 

a* 

1 
oo 

1 

% 

8 

4 

5 

6 

7 

8 

• 
8.9191 

» 

a99io 

1.9830 

a.9730 

3.9641 

4.9551 

5.9461 

6.9371 

7.9381 

1.3947 

Ol 

0.9910 

1.9818 

3.9739 

3-9639 

4.9548 

5.9458 

6.9367 

7.9377 

8.9187 

1.3947 

02 

0.9909 

3.9737 

3.9636 

4.9546 

5.9455 

6.9^ 

7.9373 

8.9183 

1.3946 

03 

0.9909 

1.9817 

3.9736 

3-9634 

4.9543 

5.9452 

6.9360 

7.9269 

8.9177 

1.3946 

°4 

a99o8 

1.9816 

3.9734 

3.9632 

4.9541 

5-9449 

6.9357 

7.9365 

8.9173 

1.3946 

05 

a99o6 

1-9815 

3.9733 

3-9630 

4.9538 

5.9446 

6.9.\W 

7.9361 

&9168 

1.3945 

06 

0.9907 

1.9814 

2.9721 

3.9628 

4-9535 

5.9443 

6.9349 

7.9257 

8.9164 

1.3945 

S 

0.9907 

1.9813 

3.9730 

3.9626 

4-9533 

5.9439 

6.9346 

7.9252 

8.9159 

1.3944 

0.9906 

1.9813 

3.9718 

3.9624 

4.9530 

5.9436 

6.9342 

7.9348 

8.9154 

1.3944 

09 

o.i/ju6 

1.9811 

2.9717 

3-9622 

4.9528 

5.9433 

6.9339 

7.9244 

8.9150 

1.3944 

10 

0.9905 

1.9810 

a.9715 

3.9630 

4.9525 

5.9430 

6.9335 

7.9240 

8.9145 

1.3943 

II 

0.9904 

;:?^ 

2.9713 

3.9618 

4.952a 

5.9437 

6.9331 

7.9336 

&914D 

1.3943 

13 

0.9904 

3.9713 

3.9616 

4.9520 

5.9434 

6.9328 

7-9232 

8.9136 

1.3943 

'3 

0.99M3 

1.9807 

3.9710 

3-9614 

4.9517 

5-9431 

6.9324 

7.9227 

8.9131 

1.3943 

H 

0.9903 

1.9806 

3.9709 

3.9612 

4-9515 

5-9417 

6.9320 

7.9223 

8.9126 

1-3941 

15 

0.990a 

1.9805 

3.9707 

3.9610 

4.9512 

5-9414 

6.9317 

7.9219 

8.9121 

1-3941 

16 

a99oa 

1.9804 

3.9706 

3.9607 

4.9509 

5-9411 

6.9313 

7.9215 

8.9117 

1-3941 

17 

a990i 

1.9803 

3.9704 

3.9605 

4-9507 

5.9408 

6.9309 

7.9211 

8.91 13 

13940 

18 

0.9901 

1.9803 

3.9703 

3.9603 

4-9504 

5.9405 

6.9306 

7.9206 

8.9107 

13940 

19 

a990o 

I.980I 

3.9701 
3.9699 

3-9601 

4-9501 

5.9402 

6.9302 

7.92ua 

8.9102 

1.3940 

ao 

a990u 

1.9799 

3.9599 

4.9499 

5.9398 

6.9398 

7.9198 

8.9098 

1-3939 

ai 

0.9899 

1.9798 

3.9698 

3-9597 

4.9496 

5.9395 

6.9394 

7-9193 

1^ 

1-3939 

aa 

0.9899 

1.9797 

3.9696 

3-9595 

4.9493 

5.9392 

6.9290 

7.9189 

1-3938 

33 

0.9898 

1.9796 

3.9694 

3-9592 

4-9488 

5.9389 

6.9287 

7.9185 

8.9083 

1-3938 

34 

0.9898 

1-9795 

3.9693 

3.9590 

5.9385 

6.9383 

7.9180 

8.9078 

1-3938 

25 

0.9897 

1-9794 

3.9588 

4.9485 

5.9382 

6.9279 

7.9176 

!*^2 

1-3937 

26 

a9896 

1.9793 

3.9609 

3.9586 

4.9482 

5.9379 

6.9275 

7.9173 

8.90^ 

1-3937 

ay 

0.9896 

1.9793 

3.9688 

3-9584 

4.9480 

5-9375 

6.9271 

7.9167 

8.9063 

1-3936 

a8 

0.9895 

1.9791 

3.9686 

3.9581 

4.9477 

5.9372 

t?f 

7.9163 

8.9058 

1.3936 

39 

0.9895 

1-9790 
1.9789 

2.9684 

3-9579 

4.9474 

5.9369 

6.9264 

7.9159 

8.9053 

1-3936 

30 

0.9894 

2.9683 

3.9577 

4.9471 

5.9366 

6.9260 

7.9154 

^9048 

1-3935 

31 

0.9894 

1.9787 

3.9681 

3-9575 

4.946? 

5.9362 

6.9256 

7.9150 

!-9°*3 

1.3935 

32 

0.9893 

1.9786 

3.9679 

3-9573 

4.9466 

5.9359 

6.9252 

7.9145 

8.9038 

1.3934 

33 

0.9893 

1.9783 

3.9678 

3.9570 

4.9463 

5.9355 

6.9348 

7.9141 

8.9P33 

1.3934 

34 

0.9893 

1.9784 

2.9676 

3.9568 

4.9460 

5-9352 

6.9244 

7.9136 

8.90(28 

1.3934 

35 

0.9891 

1-9783 

3.9674 

3.9566 

4.9457 

5.9349 

6.9340 

7.9133 

&9018 

1.3933 

36 

0.9891 

1.9782 

2.9673 

3.9564 

4.9454 

5-9345 

6.9336 

7.9127 

1.3933 

37 

0.9890 

1.9781 

3.9561 

4-9452 

5-9342 

6.9233 

7-9123 
7.9118 

8.9013 

1.3933 

38 

a^ 

1.9780 

2:966^ 

3-9559 

4-9449 

5-9339 

6.9238 

8.9008 

13933 

39 

1.9778 

3-9557 

4.9446 

5-9335 

6.9334 

7-9114 

8.9003 

1.3933 

40 

0.9889 

1-9777 

319666 

3-9555 

4.9443 

5.9332 

6.9330 

7-9109 

&8998 

1.3931 

41 

a9888 

1.9776 

2.9664 

3.9552 

4.9440 

5.9328 

6.9216 

7.9104 

8.8993 

1-3931 

43 

a9887 

1.9775 

3.9663 

3.9550 

4.9437 

S-9325 

6.9313 

7.9100 

8.8987 

13930 

43 

a9887 

1.9774 

3.9661 

3.9548 

4.9435 

5.9321 

6.9208 

7.9095 

8.89S2 

1-3930 

44 

a^ 

1.9773 

2.9659 

3-9545 

4.9432 

5.9318 

6.9204 

7.9091 

!-5977 

1-3930 

45 

a9886 

1.9772 

2.9657 

3-9543 

4.9429 

5.931s 

6.9200 

7.9086 

!-S973 

1-3939 

46 

a9885 

1.9770 

3.9656 

3.9541 

4.9426 

5.9311 

6.9196 

7.9081 

8.8967 

1-3929 

47 

0.9885 

1.9769 

2.9654 

39538 

49423 

5.9308 

6.9193 

7.9077 

2-5953 

1-3928 

48 

a9884 

1.9768 

3.9652 

3.9536 

4.9420 

5.9304 

6.9188 

7.9072 

8.8956 

1.3928. 

49 

a9883 

1.9767 

3.9650 

3-9534 

4.9417 

5.9300 

6.9184 

7.9067 

2-t?5! 

1-3938 

50 

0.9883 

1.9766 

2.9649 

3-9531 

4.9414 

5.9297 

6.9180 

7.9063 

8.8946 

1.3937 

51 

a9883 

L9765 

3.9647 

3.9529 

4.9411 

5-9294 

6.9176 

7.9058 

8.8940 

1.3937 

52 

a9883 

1-9763 

2.9645 

3-9527 

4.9408 

5-9290 

6.9173 

7-9053 

8.8935 

1.3926 

53 

a988i 

1.9763 

2.9643 

3.9524 

4.9405 

5-9286 

6.9167 

7.9048 

2-!930 

1.3926 

54 

a988o 

1.9761 

2.9641 

3-9522 

4.9402 

5.9283 

6.9163 

7.9044 

l'^ 

1.3926 

a988o 

1.9760 

3.9640 

3.9519 

4-9399 

5.9279 

6.9159 

7.9039 

8.8919 

1-3935 

56 

0^9879 

1-9759 

2.9638 

3.9517 

4-9396 

5.9276 

6.9155 

7.9034 

8.8913 

1.3935 

57 

0-9879 

1.9757 

2.9636 

3-9515 

4.9393 

5.9273 

6.9151 

7-9039 

i'^ 

1.3934 

58 

a9878 

1-9756 

2.9634 

3-9512 

4.9390 

5.9268 

6.9147 

7.9025 

f-fg^ 

1.3934 

59 

0.9877 

1.9755 

2.9632 

3-9510 

4.9387 

5.9265 

6.9143 

7.9U30 

f-^ 

1.3934 

60 

0.9877 

1.9754 

2.9631 

3-9508 

4.9384 

5-9261 

6.9138 

7.9015 

8.889a 

1.3933 
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6"                                                        HEIGHTS. 

99 

1 

» 

8 

4 

5 

6 

7 

8 

9 

b 

00 

0.0867 

0.1734 

0.2601 

0.3468 

0.4335 

0.5303 

a6o69 

0.6936 

0.7803 

0.1220 

0.0870 

ai74o 

a  2610 

0.3480 

a53i9 

0.6089 

0.6959 

0.7839 

0.1324 

01 

0.0876 

0.1745 

0.2618 

0.3491 

0.5236 

0.6109 

0.6982 

0.7854 

0.1328 

02 

0.1751 

0.2627 

0.3502 

o.*4378 

0.5254 

a6i29 

0.7005 

0.7880 

0.1232 

03 

0.0878 

O.I7S7 

0.2635 

0.3514 

0.4392 

*^527J 

0.6149 

0.7028 

0.7906 

0.1236 

04 

0.0881 

0.1763 

0.2644 

0.3535 

0.4407 

0.5388 

0.6169 

0.7050 

o.79g 

ai240 

°l 

0.0884 

ai768 

0.2653 

0.3537 

0.4431 

0.5305 

0.6189 

0.7074 

0.1244 

06 

0.0887 

0.1774 

0.2661 

0.4435 

a  5333 

0.6209 

0.7096 

0.7983 

0.1248 

°z 

0.0890 

0.1780 

0.2670 

0.3560 

0.4450 
0.4464 

0.5539 

0.6329 

0.7119 

0.8009 

0.1253 

08 

0.0893 

a  1786 

0.2678 

0.3571 

0.5357 

t^ 

0.7142 

a8o35 

0.1257 

09 

ao896 

0.1791 

a2687 

0.3583 

0.4478 

0.5374 

a7i65 

0.8060 

0.1261 

10 

ao898 

0.1797 

0.2695 

0.3594 

a4492 

0.5391 

a6289 

a  7188 

0,8086 

0.1265 

11 

0.0901 

°-'!°3 

0.2704 

0.3605 

0.4507 

a54o8 

a6309 

0.7311 

0.8112 

a  1269 

12 

0.0904 

0.1808 

0.3713 

0.3617 

0.4531 

0.5425 

0.6329 

0.7234 

0/8138 
0.8163 

0.1273 

13 

ao907 

0.1814 

0.2721 

0.3628 

0.4535 

0.5442 

« 

0.7256 

0.1277 

14 

0.0910 

o.i8ao 

0.2730 

0.3640 

0.4550 

O.S459 

0.7279 

0.8189 

0.1281 

15 

0.0913 

0.1826 

a2738 

0.3651 

0.4564 

O.S477 

0.6389 

0.7302 

a83i5 

0.1285 

16 

0.0916 

0.1831 

0.2747 

0.3662 

0.4578 

0.5494 

0.6409 

0.7325 

0.8340 
0.8266 

0.1289 

17 

ao9i8 

0.1837 

0.2755 
a2764 

0.3674 

0.4592 
0.4607 

0.5511 

0.6429 

0.7348 

0.1293 

18 

0.0921 

ai843 

0.3685 

0.5528 

0.6449 

0.7371 

0.8292 

a  1297 

19 

ao924 

0.1848 

0.2773 

0.3697 

a462i 

0.5545 

0.6469 

0.7394 

0.8318 

0.1301 

20 

ao927 

0.1854 

0.2781 

0.3708 

0.4635 

0.5563 

a6489 

0.7416 

0.8343 

0.1305 

21 

0.0930 

0.1860 

0.2790 

0.3720 

0.4649 

0.5579 

0.6509 

0.7439 
0.7462 

0.8369 

0.1309 

22 

0.0933 

0.1865 

0.2798 

0.3731 

0.5596 

0.6529 

0.8394 

0.1313 

23 

0.0936 

0.1871 

0.2807 

0.3743 

OU1678 

a56i4 

oi^ 

0.7485 

0.8420 

0.1317 

24 

0.0938 

0.1877 

0.2815 

0.3754 

0.4692 

0.5631 

0.7507 

0.8446 

0.1321 

25 

ao94i 

°-'!S§ 

0.2824 

0.3765 

0.4706 

a6s89 

0.7530 

a8472 

a  1326 

26 

0.0944 

0.1888 

0.2833 

0.3777 
0.3788 

0.4721 

0.5665 

0.6609 

0.7553 

0.8498 

0.1330 

27 

0.0947 

0.1894 

0.2841 

0.4735 

0.5683 

0.6^ 

0.7576 

0.8523 

0.1334 

28 

0.0950 

0.1900 

°-^SO 

0.3800 

0.4749 
0.4764 

0.5699 

^6669 

0.7599 

0.8549 

0.1338 

39 

0.0953 

0.1905 

0.2858 

a38ii 

0.5716 

0.7622 

0.8574 

0.1343 

30 

0.0956 

0.1911 

a2867 

0.3832 

a4778 

0.5734 

0.6689 

0.7645 

0.8600 

0.1346 

31 

0.0958 

ai9i7 

0.2875 

0.3834 

0.4793 

0.5751 

0.6709 

0.7667 

0.8626 

0.1350 

32 

0.0961 

0.1933 
a  1928 

0.2884 

d.3845 

0.4806 

0.5768 

a672y 

0.7690 

0.8652 

0.1354 
0.1358 

33 

0.0964 

a2892 

0.3856 

a4830 

0.5785 

S^ 

0.7713 
0.7736 

0.8677 

34 

0.0967 

0.1934 

0.2901 

0.3868 

0.4835 

a58o3 

0.8703 

0.1362 

0.0970 

0,1940 

0.2909 

0.3879 

0.5819 

0.6789 

0.7759 

0.8728 

0.1366 

36 

0.0973 
0.0976 

0.1945 

a29i8 

0.3891 

0.48^8 

0.5836 

0.6809 

0.7782 

0.8754 

0.1370 

37 

a  1951 

0.2927 

0.3902 

0.5853 

0.6829 

0.7804 

0.8780 

0.1374 

38 

0.0978 

0.1957 

a3935 

0.3914 

0.4892 

a587o 

a6849 

0.7827 

0.8806 

0.1378 

39 

0.0981 

0.1962 

0.2944 

0.3925 

0.4906 

0.5887 

0.6869 

0.7850 

0.8831 

0.1382 

40 

ao984 

a  1968 

0.2952 

0.3936 

0.4920 

0.5905 

0.6889 

a7873 

0.8857 

0.1389 

41 

0.0987 

0.1974 

0.2961 

0.3948 

0.4935 

a592i 

0.6908 

0.7895 

0.8882 

0.1390 

43 

0.0990 

0.1979 

0.2969 

0.3959 

o!^ 

0.5938 

a6928 

a  7918 

a8907 

0.1395 

43 

0.0993 

0.1985 

0.2978 

0.3970 

0.5956 

l^ 

0.7941 
0.7963 

0.8933 

0.1399 

44 

53.0995 

0.1991 

0.3986 

0.3982 

0.4977 

0.5973 

ai4P3 

45 

0.0998 

0.1997 

0.2995 

0.3993 

a499i 

0.5990 

a6988 

0.7986 
0.8009 

o!8985 

0.1407 

46 

a  1001 

0.2002 

0.3003 

0.4004 

0.5006 

0.6007 

0.7008 

0.9010 

0.141 1 

47 

0.1004 

a20o8 

0.3012 

0.4016 

a5020 

a6o24 

a7028 

a8o32 

a9036 

0.1415 

48 

0.1007 

0.2014 

a3U20 

a40S7 

0.5034 

0.6041 

0.7048 

0.8054 

a9o6i 

0.1419 

49 

0.1010 

a20i9 

0.3029 

0.4039 

0.5049 

a6o58 

a7o68 

0.8078 

0.9087 

0.1423 

50 

0.1013 

0.2025 

0.3P38 

a405o 
0.4062 

0.5063 

0.6075 

a7o88 

a8ioo 

a9ii3 

0.1427 

51 

0.1015 
0.1018 

0.2031 

0.3046 

0.5077 

a6o92 

0.7108 

0.8123 
0.8146 

0.9139 
0.9164 

0.1431 

52 

0.2036 

0.3055 

0.4073 

0.5091 

0.6109 

a  7127 

0.1435 

53 

0.103I 

0.2043 

0.3063 

0.4084 

a5io5 

a6i26 

0.7147 
0.7167 

0.8168 

0.9189 

0.1439 

54 

0.1024 

a  2048 

a3072 
0.3080 

a4096 

0.5119 

0.6143 

0.8191 

0.9215 

0.1443 

55 

a  1027 

0.2053 

0.4107 

0.5134 

a6i6o 

a  7187 

0.8214 

IV^ 

0.1447 

56 

a  1030 

0.2059 

0.3089 

a4ii8 

0.5148 

0.6177 

0.7307 

a8237 

0.1451 

H 
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0.2065 

0.3097 

0.4130 

0.5162 

0.6194 

0.7237 

l^ 

a9292 

0.1455 

58 
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0.2071 

0.3106 

0.4141 

0.5176 

0.6212 

0.7247 
0.7267 

0.9318 

0.1459 

59 
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a2076 

0.3114 

0.4153 

0.5191 

0.6229 

a8305 

0.9343 

a  1463 

60 
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03 

0.9875 
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7.8981 

8.8853 
8.8848 

1.3930 

0.9873 
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3.9488 
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09 

0.9871 

1.9743 

3.9614 

3.9486 

4.9357 

S.9338 

6.9100 

7.8971 

8.8843 

1.3919 

10 

0.9871 

1.9743 

3.9613 

3.9483 

4.9354 

S.9335 

6.9095 

7.8966 

8.8837 

1.3919 

II 

a9870 

1.9740 

3.9610 

3.9481 

4.9351 

5.9331 

a 

7.8961 

8.8831 

1.3919 

13 

0.9870 

1.9739 
1.9738 

3.9609 

3.9478 

4.9348 

5.9317 

7.8956 

8.8836 

1.3918 
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3.9607 

3-9476 

4.9344 

5.9313 

6.9C^ 
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1.3918 

14 

1.9737 

3.9605 

3.9473 

4.9341 

5.9310 

6.9078 

7.8946 

8.8814 

1.3917 

11 

a9868 

1-9735 

3.96P3 

3.9471 

4.9338 

5.9306 

6.9073 

7.8941 

8.8809 
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"^ 

1.9734 

3.9601 

3.9468 

4.9335 

5.9303 

6.9069 

7.8936 

8.8803 

1.3917 

17 

1.9733 

3.9599 

3.9465 

4.9333 
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6.9065 

7.8931 

8.8797 

1.3916 
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1.9733 

3.9597 
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5.9195 
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8.8793 
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3.9458 

4.9333 
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3.9593 

3-9455 
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S.9183 

6.9047 
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8.8775 
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33 
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1.9736 

3.9590 

3.9453 

4.9316 

5.9179 

6.904a 

7.8906 

8.8769 

1.3914 

33 

0.9863 

1.9735 

3,9588 

3.9450 

4.9313 

S.9175 

6.9038 

7.8895 

f-S?^ 

1.3914 

34 

0.9863 

1.9734 

3.9586 

3.944» 

4.9310 

5.9171 

6.9033 

8.8757 

1.3913 

^ 

0.9861 

1.9733 

3.9584 

3.9445 

4.9306 

5.9168 

6.9oa9 

7.8890 

8.8751 

1.3913 

0.9861 

1.9731 

3.9583 

3-9443 

4.9303 

5.9164 

6.9034 

7.8885 

8.8745 

1.3913 

37 

0.9860 

1.9730 

3.9580 

3.9440 

4.9300 

5.9160 

6.9030 

7.8880 

8.8740 

1.3913 

38 

0.9859 

1.9719 

3.9578 

3.9437 

4.9397 

5.9156 

6.90x5 

7-^ 

8.8734 

1.3913 

39 
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1.9717 
1.9716 

3.9576 

3.9435 

4.9393 

5.9153 

6.90x1 

7.8869 

8.87a8 

1.3911 

30 

3.9574 

3.9433 

4.9390 

5.9148 

6.9006 

7.8864 

8.8723 

1.3911 

31 

a^S7 

1.9715 

3.9573 

3.9439 

4.9387 

S.9144 

6.9003 
6.8997 

7.8859 
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1.3910 

33 

o:<^56 

1.9713 

3.9570 

3.9437 

4.9384 

5.9140 
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8.8710 

1.3910 

33 

1.9713 

3.9568 

3.9434 

4.9380 

5.9136 

%^ 
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1.3910 

34 

0.9855 

1.9711 

3.9566 

3.943a 

4.9377 

5.9133 

7.8833 

1.3909 

^ 

0.9855 
0.9854 

1.9709 
1.9708 

3.9564 
3,9563 

3.9419 
3.9416 

4.9374 
4.9370 

5.9138 
5.9134 

'A 

8.8693 
8.8687 
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37 

0.9853 

1.9707 

3.9560 

3.9414 

4.9367 

5.9130 

6.8974 

7.8837 

8.8681 

1.3908 

38 

0.9853 

1.9705 

3.9558 

3.9411 

4.9364 

5.9116 

6.8969 

7.88a3 

8.8675 

1.3907 
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0.9853 

1.9704 

3.9556 

3.9408 

4.9360 

5.9113 

6.8964 

7.8817 

8.8669 

1.3907 

40 

0.9851 
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3.9554 

3.9406 

4.9357 

5.9108 

6.8960 

7.8811 

8.8663 

41 

0.9851 

1.9701 

3.9553 

3.9403 
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5.9104 

6.895s 

7.8806 
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43 

0.9850 
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1.9699 

3.9550 

3.9400 

4.9350 

5.9100 

6.8950 

7.8800 

8.8650 

1.390s 

43 

0.9849 

3.9548 

3.9398 

4.9347 

5.9096 

6.8946 

7.8795 

s-^ 

1.3905 

44 

''^ 

1.9^ 

3.9546 
3.9544 

3-9395 
3.9393 

4.9344 
4.9340 
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6.8941 
6.8^6 

a 

8.8638 

8.a^ 

1.3904 
13904 

0.9847 

1.9695 

3.9543 

3.9389 

4.9337 

5.9084 

6.8931 

7.8779 

8.8636 

1.3903 

% 

0.9847 
0.9846 

1.9693 

3.9540 

3.9387 

4.9333 

5.9080 

6.8937 

a^ 

8.8630 

1-3903 

1.9693 

3.9538 
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4.9330 

5.9076 

6.8933 

8.8614 

13903 
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0.9845 

1.9691 

3.9536 

3.9381 
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5.9073 

6.8917 

7.876a 

8.8608 

1.3903 
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0.9845 

1.9689 

3.9534 

3.9379 

4.9333 

S.9068 

6.8913 

7.8757 

8.8603 

1.3901 

51 

0.9844 

1.9688 

3.9533 

3.9376 

4.9330 

5.9064 

6.8908 

7.8753 

8.8595 

1.3901 

53 

0.9843 
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3.9530 

3.9373 

4.9316 

5.9059 

6.8^^ 

7.8746 

V^ 

1.3900 

53 

0.9843 

1.9685 

3.9538 

3.9370 

4.9313 

5.905s 

7.8740 

8.8583 

1.3900 

54 

0.9843 

1.9684 

3.9536 

3.9367 

4.9309 

S.9051 

6.8893 
6.8888 

7.8735 

8.8577 

1.;^ 

0.9841 

1.9683 

3.9533 

3.9365 

4.9306. 

5.9047 

7.8739 

8.8570 

'■S 

0.9840 

1.968X 

3.9531 
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4.930a 

5.9043 
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8.8564 

57 

0.9840 

1.9680 

3.9519 
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4.9199 

5.9039 

8.8558 
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58 
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1.9678 

3.9517 

3.9356 

4.9195 

5.9034 
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7.8713 

8.8553 

1.3897 

g 

1.9677 

3.951s 

3.9354 

^9193 
4.9188 

5.9030 

6.8869 

7.8707 

8.8545 

1.3897 

a9838 

1.9675 

3.9513 

3.9351 

5.9036 

6.8864 

7.8703 

8.8539 

1.3896 
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8 

9 

b 

f 

0.1038 

a2076 

o.3"4 

0.4153 

0.5191 

0.6229 

0.7267 

0.8305 

0.9343 

0.1463 

00 

0.1041 

a2o82 

a3i23 

0.4164 

0.5205 

0^3 

0.7287 

a8327 

0.9368 

0.1467 

01 

0.1044 

0.2088 

0.3131 

0.4175 

0.5219 

0.7307 

0.8350 

0.9394 

0.1471 

02 

a  1047 

a2093 

0.3140 

a4i86 

0.5233 

a628o 

a7326 

0.8373 

0.9419 

0.1476 
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a  1049. 

o.ao99 

a3i48 

a4i98 

0.5247 
0.5262 

0.6297 

0.7366 

0.8396 

0.9445 

0.1480 

04 

a  1053 

a  2105 

0.3157 

0.4209 

0.6314 

0.8418 

0.9471 

0.1484 

05 
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0.2110 

0.3165 

0.4220 

0.5276 

0.6331 

0.7386 

a844i 

0.9496 

a  1488 

06 

0.1058 

a  31 16 

0.3x74 

0.4232 

0.5290 

0.7406 

0.8464 

a9522 

0.1493 

07 

0.1061 

0.2122 

0.3182 

0.4343 

0.5304 

a7426 

0.8486 

0.9547 

a  1496 

08 

a  1064 

0.2127 

a3i9i 

0.4255 

a53i8 

a6382 

0.7446 

0.8509 

0.9573 

0.1500 

09 

a  1067 

a3i33 

0.3200 

0.4266 

o.,5333 

0.6399 

0.7466 

a8532 

0.9S99 

0.1504 

10 

0.1069 

0.2139 

0.3208 

0.4277 

0.5347 

a64i6 

0.7485 

0.8554 

0.9624 

a  1508 

11 

a  1072 

a2i44 

0.3217 

0.4389 

0.5361 

0.6433 

0.7505 

0.8577 

0.9650 

0.1512 

13 

aio7S 

0.2150 

0.3225 

0.4300 

0.5375 

0.6450 

0.7525 

0.8600 

0.9675 

a  1516 

13 

0.1078 

0.2156 
a2i6i 

0.3233 

0.4311 

0.5389 

0.6467 

0.7545 

0.8622 

0.9700 

a  1520 

14 

0.1081 

a3242 

0.4323 

0.5403 

a6484 

0.7565 

t^ 

o.9'/26 

0.1524 
a  1538 

15 

0.1084 

0.2167 

0.3251 

0.4334 
0.4346 

0.5418 

a65oi 

0.7585 

0.9752 

16 

0.1086 

0.2173 

0.3259 

0.5432 

0.6518 

0.7605 

a869i 

0.9778 

0.1532 

17 

0.1089 

a2i78 

0.3368 

0.4357 

0.5446 

0.6535 

0.7624 

0.8714 
0.8736 

a98o3 

0.1536 

18 

0.1092 

0.2184 

0.3276 

0.4368 

0.5460 

0.6552 

0.7644 

a9828 

ai54o 

19 

aio95 

0.2190 

0.3285 

0.4380 

0.5474 

0-6569 

0.7664 

0.8759 

0.9854 

0.1544 

30 

0.1098 

a2i95 

0.3293 

0.4391 

a54S8 

0.6586 

0.7684 

a8782 

0.9879 

0.1548 

31 

0.1101 

a2201 

a3302 

0.4402 

0.5503 

0.6603 

0.7704 

0.8804 

0.9905 

0.1552 

33 

a  1103 

a2207 

0.3310 

a44i4 

0.5517 

0.6620 

0.7724 

a8827 

0.9931 

0.1556 

«3 

0.1106 

a2213 

0.3319 

0.4425 

0.5531 

0.6637 

0.7743 

0.8850 

0.9956 

a  1561 

24 

aiio9 

a22i8 

0.3327 

0.4436 

0.5545 

a6654 

0.7763 

0.8872 

0.9981 

0.1565 

II 

aiii2 

0.2224 

0.3336 

0.4448 

0.5559 

^^l 

0.7783 

a8889 

1.0007 

a  1569 

0.1115 

0.2229 

0.3344 

0.4459 

0.5573 

0.6688 

0.7803 

0.8918 

1.0032 

0.1573 

^Z 

0.1118 

0.2235 

0.3353 

0.4470 

0.5588 

0.6705 

0.7823 

S 

1.0058 

0.1577 

28 

a  1120 

0.2241 

0.3361 

a448i 

0.5602 

a6722 

0.7842 
a786s 

1.0083 

a»58i 

29 

a  1123 

a2246 

0.3370 

0.4493 

a56i6 

0.6739 

1.0109 

0.1585 

30 

aii26 

a2252 

0.3378 

0.4504 

a563o 

a6756 

0.7882 

0.9008 

1.0134 

0.1589 

31 

0.1129 

a  2258 

0.3386 

0.4515 

0.5644 

0.6773 

a7902 

0.9031 

1.0159 

0.1593 

32 

0.1132 

0.2263 

0.3395 

0.4527 

0.5659 

0.6790 

0.7922 

0.9054 

1.0185 

0.1597 

33 

0.1134 

OL2269 

0.34P3 

0.4538 

0.5673 

0.6807 

0.7941 
a  7961 

a9076 

1.0210 

0.1601 

34 

0.1137 

a2275 

0.3412 

0.4549 

0.5687 

0.6824 

0.9098 

1.0236 
1.0262 

0.1605 

35 

0.1140 

a228o 

0.3421 

a4S6i 

a570i 

0.6841 

a8o8i 

0.9121 

0.1609 

36 

0.1143 

0.2286 

0.3429 

0.4572 
0.4583 

0.5715 

0.6858 

0.8001 

0.9166 

1.0287 

0.1613 

^l 

0.1146 

0.2292 

0.3437 

0.5729 

a6875 

a8o2i 

1.0312 

0.1617 

38 

0.1149 

a2297 

0.3446 

0.4594 

0.5743 

0.6892 

a8o40 

0.9189 

1.0337 
1.0363 

a  1621 

39 

0.1151 

a2303 

0.3454 

0.4606 

0.5757 

0.6909 

0.8060 

a92i2 

a  1625 
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0.1154 

a2309 

0.3463 

a46i7 

0.5771 

a6926 

0.80P0 

0.9234 

1.0389 

0.1629 

41 

0.1157 

0.2314 

0.3471 

0.4628 

0.5786 

0.6943 

0.8100 

0.9257 

1.0414 

a  1633 

42 

0.1160 

a2320 

0.3480 

0.4640 

a58oo 

a696o 

a8ii9 

0.9279 

1.0439 

a  1637 

43 

a  1163 

0.2326 

0.3488 

a465i 

a58i4 

0.6977 

a8i39 

0.9302 

1.0465 

0.1641 

44 

0.1166 

0.2331 

0.3497 

0.4662 

a5828 

0.6994 

a8i59 

0.9325 

1.0490 

0.1645 

^ 

0.1168 

0.2337 

0.3505 

0.4674 

0.5842 

0.7010 

a8i79 

0.9347 

1.0516 

0.1650 

0.1171 

0.2342 

0.3514 

a4696 

0.5856 

a7027 

0.8199 

0.9370 

1.0541 

a  1654 

47 

0.1174 

a2348 

0.3522 

0.5870 

0.7045 
0.7061 

0.8219 

0.9393 

1.0567 

0.1658 

48 

aii77 

0.2354 

0.3531 

0.4708 

0.5884 

0.8238 

0.9415 

1.0592 

a  1662 

49 

0.1180 

0.3359 

0.3539 

0.4719 

0.5899 

0,7078 

a8258 

0.9438 

1.0617 

0.1666 

50 

a  1183 

a2365 

0.3548 

0.4730 

0.5913 

0.7095 

0.8278 

0.9460 

1.0643 
1.0669 

0.1670 

51 

0.1185 

a237i 

0.3556 

0.4742 

0.5927 

0.7112 

0.8298 

0.9483 

a  1674 

52 

0.1188 

a2376 

0.3565 

0.4753 

0.5941 

0.7129 

0.8317 

a9506 

1.0694 

0.1678 

53 

0.1191 

0.2382 

0.3573 

0.4764 

0.5955 

0.7146 

0.8337 

0.9528 

1.0719 

a  1682 

54 

0.1194 

a2388 

0.3581 

0.4775 

0.5969 

0.7163 

0.8357 

0.9550 

1.0744 

0.1686 

55 

a  1197 

0.2393 

0.3590 

a4786 

0.5983 

a7i8o 

0.8376 

0.9573 

1.0769 

0.1690 

56 

0.1199 

0.2399 
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1.3786 

04 

0.9681 

1.9362 

2.9043 

3.8724 

4.8404 

5.8085 

6.7766 

7.7447 

8.7138 

1.3785 

05 

0.9680 

1.9360 

2.9040 

3.8720 

4.8399 

5.8079 

6.7759 

7.7439 

8.7119 

1.3784 

06 

0.9679 

1.9358 

2.9037 

3.8716 

4.8394 

5.8073 

6.7753 

7.7431 

8. 71 10 

1.37^ 

07 

0.9678 

1.9356 

3.9034 

3.8712 

4.8389 

5.8067 

6.7745 

7.7423 

8.7101 

1.3783 

08 

0.9677 

1*9354 

3.9031 

3.8707 

4.8384 

5.8061 

6.7738 

7.7415 

8.7093 

1.378a 

09 

0.9676 

1.9352 

3.9038 

3.8703 

4.8379 

5.8055 

6.7731 

7.7407 

8.7083 

1.3781 

10 

0.9675 

19350 

3.9085 

3.8699 

4.8374 

5.8049 

6.7734 

7.7399 

8.7074 

1.3780 

II 

0.9674 

1.9348 

3.9033 

3.8695 

4.8369 

5.8043 

6.7717 

7.7391 

8.7065 

1.3780 

12 

0.9673 

1.9346 

3.9019 

3.8691 

4.8364 

5.8037 

6.7710 

7.7383 

8.7056 

1.3779 

13 

a9672 

1.9344 

3.9015 

3.8687 

4.8359 

5.8031 

6.7703 

7.7375 

8.7046 

1.3778 

14 

a967i 

1.9342 

3.9013 

3.8683 

4.8354 

5.8025 

6.7696 

7.7366 

8.7P37 

1.3777 
1.3776 

15 

1.9340 

2.9009 

3.8679 

4.8349 

5.8019 

6.7689 

7.7358 

8.7038 

16 

a9668 

1.9338 

3.9006 

3.8675 

4.8344 

5.8011 

6.7681 

7.7350 

8.7019 

1.3776 

17 

1.9336 

3.9003 

3.8671 

4.8339 

5.8007 

6.7674 

7.7342 

8.7010 

1.3775 

18 

0.9O67 

1.9333 

2.9000 
3.8997 

3.8667 

4.8334 

5.8000 

6.7667 

7.7334 

8.7001 

1-3774 

»9 

a9666 

1.9331 

3.8663 

4.8329 

5.7994 

6.7660 

7.7326 

8.6991 

1.3773 

ao 

0.9665 

1.9329 

2.8994 

3.8659 

4.8334 

S.7988 

6.7653 

7.7318 

8.698a 

1.3773 

31 

0.9664 

1.9327 

a 

3.8655 

4.8318 

5.7983 

6.7646 

7.7309 

8.6973 

1-3773 

22 

0.9663 

1.9325 

3.8651 

4.8313 

5.7976 

6.7^ 

7.7301 

8.6964 

1.3771 

33 

1.9323 

2.8985 

3.8646 

4.8308 

5.7970 

6.7631 

8.6954 

1.3770 

34 

0.9661 

1.9321 

2.8983 

3.8643 

4.8303 

5.7963 

6.7634 

7.7385 

1^ 

1.3769 

25 

0.9660 

1.9319 

3.8979 

3.8638 

4.8398 

5.7957 

6.7617 

7.7376 

1.3769 

26 

0.9659 

1.9317 

3.8976 

3.8634 

4.8393 

57951 

6.7610 

7.7268 

8.6927 

1.3768 

37 

0.9657 

1.9315 

3.8973 

3.8630 

4.8387 

5-7945 

6.7603 

7.7260 

8.6917 

» 

38 

0.9656 

1.9313 

2.8969 

3.86a6 

4.8383 

5.7939 

6.759s 

7.7252 

1'^ 

39 

0.9655 

1.9311 

2.8966 

3.8632 

4.8277 

5.7932 

6.7588 

7.7243 

1.376s 

30 

0.9654 

1.9309 

2.8963 

3.8617 

4.8373 

5.7926 

6.7581 

7.7235 

8.6889 

1.3765 

31 

0.9653 

1.9307 

3.8960 

3.8613 

4.8367 

5.7920 

tit^ 

7.7337 
7.7318 

8.6880 

1.3764 

32 

0.9652 

1.9305 

3.8957 

3.8609 

4.8361 

5.7914 

8.6870 

1.3763 

33 

0.9651 

1.9303 

2.8954 

3.8605 

4.8356 

5.7907 

6.7559 

7.7210 

8.6861 

1.3763 

34 

0.9650 

1.9300 

2.8951 

3.8601 

4.8351 

5.7901 

6.7551 

7.7201 

8.685a 

1.3761 

35 

o;9648 

1.9298 

2.8947 

3-8597 

4.8346 

5.7895 

6.7544 

7.7193 

8.6843 

1.3761 

36 

1.9296 

2.8944 

4.8240 

5.7888 

6.7537 

7.7185 
7.7176 

8.6833 

1.3760 

37 

0.9647 

1.9294 

2.8941 

3.8588 

4.8235 

5.7882 

6.7529 

8.6833 

1.3759 

38 

0.9646 

1.9292 

3.8938 

3.8584 

4.8230 

5.7876 

6.7523 

7.7168 

8.6814 

1.3759 

39 

0.9645 

i.yayo 

2.8935 

3.8580 

4.8225 

5.7870 

6.7515 

7.7159 

8.6804 

1.3758 

40 

0.9644 

1.9288 

2.8932 

3.8576 

4.8319 

5.7863 

6.7507 

7.7151 

8.6795 

1.3757 

41 

0.9643 

1.9286 

2.8928 

3.8571 

4.8314 

5.7857 

6.7500 

7.7143 

8,6785 

1.37^ 

42 

0.9642 

1.9284 

2.8925 

3.8567 

4.8209 

5.7851 

6.7492 

7.7134 
7.7126 

8.6776 

1.3755 

43 

0.9641 

1. 9281 

2.8922 

3.8563 

4.8303 

5.7844 

6.7485 

8.6766 

1.3755 

44 

0.9640 

1.9279 

2.8919 

3.8558 

4.8198 

5.7838 

6.7477 

7.7117 

8.6757 

1.3754 

45 

0.9639 

1.9277 

2.8916 

3.8554 

4.8193 

5.7831 

6,7470 

7.7108 

8.6747 

1.3753 

46 

0.9638 

1.9275 

2.8912 

3.8550 

4.8187 

5.7825 

6.7462 

7.7100 

8.6737 

1.3753 

47 

0.9636 

1.9273 

2.8909 

3.8546 

4.8182 

5.7819 

6.7455 

7.7091 
7.7083 

8.6738 

1.3752 

48 

0.9635 

1.9271 

2.8906 

3.8541 

4.8177 

5.7812 

6.7448 

8.6718 

1.3751 

49 

0.9634 

1.9269 

2.8903 

3.8537 

4.8172 

5.7806 

6.7440 

7.7074 

8.6709 

1.3750 

50 

0.9633 

1.9266 

3.8900 

3.8533 

4.8166 

s-rw 

6.7433 

7.7066 

8.6699 

1.3749 

51 

0.9632 

1.9264 

3.8896 

3.8529 

4.8161 

5.7793 

6.7425 

7.7057 

8.6689 

i.374« 

52 

0.9631 

1.9262 

2.8893 

3.8524 

4.8155 

5.7786 

6.7417 

7.7049 

8.6680 

1.3748 

53 

0.9630 

1.9260 

2.8890 

3.8520 

4.8150 

5.7780 

6.7410 

7.7040 

8.6670 

1.3747 

54 

0.9629 

1.9258 

2.8887 

3.8516 

4.8145 

5.7773 

6.7403 

77031 

8.6660 

i<3746 

55 

a9628 

1.9256 

2.8883 

3.8511 

4.8139 

5.7767 

6.7395 

7.7033 

8.6650 

1.3745 

56 

0.9627 

1.9254 

2.8880 

3.8507 

4.8134 

5.7761 

6.7387 

7.7014 

8.6641 

1.3744 

57 

0.9626 

1.9251 

2.8877 

3.8503 

4.8128 

5.7754 

6.7380 

7.7005 

8.6631 

1.3W4 

58 

0.9625 

1.9249 

2.8874 

3.8498 

4.8133 

5.7748 

6.7372 

» 

8.6621 

1.3743 

0.9624 

1.9247 

2.8871 

3.8494 

4.8118 

5.7741 

6.7365 

8.6613 

1.374a 

60 

0.9622 

1.9245 

2.8867 

3.8490 

4.8113 

5.7735 

6.7357 

7.6979 

8.6602 

1.374a 
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1 

9 

8 

4 

5 

6 

7 

8 

9 

b 

/ 
00 

a  1708 

0.3415 

a5i23 

0.6831 

0.8539 

1.0246 
1.0262 

1.1954 

''^ 

1.5369 

a243i 

0.1710 

0.3421 

0.5131 

a6842 

°-!55? 

1.1973 

1.3683 

1.5394 

0.2435 

01 

0.1713 
0.1716 

a3426 

a5i40 

t.^ 

^•?S66 

1.0279 

1.1992 

1.3705 

1.5419 

0.2439 

03 

0.3432 

0.5148 

0.8580 

1.0295 

1.3011 

1.3727 

1.5443 

0.2443 

03 

a  1719 

0.3437 

0.5156 

0.6875 

0.8593 

1.Q312 

1.2Q30 

1.3749 

1.5468 

0.2447 

04 

0.1721 

0.3443 
0.3448 

a5i64 

0.6886 

0.8607 

1.G328 

1.3050 

1.3771 

1-5493 

0.2451 

05 

ai724 

0.5173 

0.6896 

a8620 

1.0345 

1.3069 

1.3793 

1.5517 

0.2455 

06 

a  1727 

0.3454 

0.5180 

a6907 

0.8634 

1.0361 

1.3088 

IJ^ 

15541 

0.2459 

07 

0.1730 

0.34S9 

0.5189 

0.6918 

al^ 

1.0377 

1.3107 

1.5566 

0.2463 

08 

ai732 

0.3464 

0.5197 

0.6929 

1.0393 

1.3136 

1.3858 

1.5590 

a2467 

09 

0.173s 

0.3470 

0.5205 

0.6940 

0.8675 

1.0410 

1.3145 

1.3880 

1.5615 

0.2471 

10 

0.1738 

0.3475 

0.5213 

0.6951 

0.8688 

1.0436 

1.3164 

1.39M 

1.5^ 

0.3475 

11 

0.1740 

0.3481 

0.5221 

0.6962 

0.8702 

1.0443 

1.3183 

1.3923 

0.3479 
0.3483 

12 

0.1743 
a  1746 

0.3486 

0.5229 
0.5238 

0.6973 

a87i6 

1.04S9 

1.3303 

1.3967 

1.5688 

13 

0.3492 

0.6984 

a8739 

1.0475 

1.3331 

1.5713 

0.2487 

14 

0.1749 

0.3497 

a5246 

0.6994 

0.8743 

1.049a 

1.3340 

1.3989 

1.5737 

0.2491 

15 

0.1751 

0.3503 

0.5254 

0.7005 
0.7016 

0.8757 

1.0508 

1.2359 
1.3378 

1.4010 

1.5762 

0.3495 

16 

0.1754 

0.3508 

0.5262 

0.8770 

1.0524 

1.403a 

1.5786 

a2499 

'2 

0.1757 

0.3513 

0.5270 

0.7027 

0.8784 

1.0540 

1.2297 

1.4054 
1.4076 

1.5810 

0.2503 

18 

0.1759 
ai76a 

0.3519 

a5278 

0.7038 

0.8797 

1.0557 

1.2316 

i.llg 

0.2507 

19 

0.3524 

0.5287 

0.7049 

a88ii 

1.0573 

1.2335 

1^098 

a25ii 

20 

11-^ 

0.3530 

0.5295 

0.7060 

°-!!^ 

l^ 

1.2354 

1.4119 

1.5884 

0.3515 

21 

o.,\«vV 

0.5303 

0.7070 

0.8838 

1.2373 

1.4141 
1.4162 

1.5908 

0.3519 

23 

0.1770 

0.3541 

0.5311 

0.7081 

0.8853 
0.^5 

1.0622 

1.2392 

1.5933 

0.2523 

23 

0.1773 
ai776 

0.3546 

0.5319 

0.7092 

1.0^ 

1.2411 

1.4184 

i.'s^ 

0.2537 

24 

0.3552 

0.5327 

0.7193 

0.8879 

1.0655 

1.3430 

1.4306 

0.3531 

?l 

0.1778 

0.5335 

0.7114 

a8892 

1.0671 
1.0687 

1:1^ 

1.4338 

1.6006 

0.2535 

36 

ai78i 

0.3562 

0.5344 

0.7125 

0.8906 

1.4350 

i.6p3i 

0.2539 

27 

0.1784 

0.3568 

0.5352 

0.7136 

0.8920 

1.0703 

1.2487 

1.4271 

1.6055 

0.2543 

28 

ai787 

0.3573 

0.5360 

0.7146 

0.8933 

1.0720 

1.3506 

1.4293 

1.6079 

0.2547 

29 

ai789 

0.3579 

0.5368 

0.7157 

0.8947 

1.0736 

1.2525 

1.4314 

1.6104 

a255i 

30 

0.1792 

0.3584 

0.5376 

a  7168 

0.8960 

1.0752 

1.2544 

1.4336 

1.6138 

0.2555 

31 

0.179s 

0.3590 

0.5384 

0.7179 

a 

1.0769 

1.3563 

1.4358 

1.6153 

0.2559 

3a 

0.1797 

0.3595 
a3eoo 

0.539a 

a  7190 

1.0785 

1.3583 

1.4380 

1.6177 

0.25^ 

33 

0.1800 

0.5401 

0.7201 

0.9001 

1.0801 

1.3601 

1.4403 

a2567 

34 

0.1803 
a  1806 

a36o6 

0.5409 

a  7212 

0.9014 

1.0817 

1.3620 

1.4423 

1.6226 

0.2571 

0.3611 

0.5417 

0.7222 

0.9028 

1.0834 

iM 

1::^ 

1.6250 

0.2575 

a  1808 

0.3617 

0.5425 

0.7233 

0.9041 

1.0850 

1.6275 

0.2579 

37 

0.1811 

a3623 

0.5433 

0.7244 

0.9055 

1.0866 

1.2677 

IUH88 

1.6299 

0.2583 

38 

0.18 Id 
a  1816 

0.3627 

0.5441 

a^i66 

0.9069 

1.0882 

1.3696 

1.4510 

1.6333 

0.2587 

39 

0.3633 

0.5449 

a9o82 

1*0898 

1.2715 

1.4531 

1.6348 

0.3591 

40 

0.1819 

0.3^ 

O.S457 

0.7376 

0.9096 

1.0915 

1.2734 

I.4SS3 

1.6372 

0.3595 

41 

0.1822 

0.3644 

0.5465 

0.7287 

0.9109 

1.0931 

1.2753 

1.6396 

0.2599 

4a 

0.1825 

0.3649 

0.5474 
0.5482 

0.7398 

0.9123 
0.9136 

1.0947 
ix»963 

1.2772 

1.6431 

0.3603 

43 

0.1827 

0.3654 

0.7309 

1.4618 

1.6469 

0.2607 

44 

a  1830 

0.3660 

0.5490 

a7320 

0.9150 
a9i63 

1.0979 

1.3809 

1.4639 

0.2611 

^ 

0.1833 

0.3665 

0.5498 

0.7330 

1.0996 

1.3838 

1.4661 

i!65i8 

0.2615 

46 

0.1835 

0.3671 

0.5506 

0.7341 

0.9177 

1.1013 

1.2847 

1.4683 

0.2619 

^2 

0.1838 

0.3676 

0.5514 

0.7353 

0.9190 

1.1028 

1.3866 

1.4704 

1^6^ 

0.2623 

48 

0.1841 

0.3681 

0.5522 

0.7363 

0.9204 

1.1044 
1. 1061 

1.3885 

1.4736 

0.2627 

49 

0.1843 

0.3687 

0.5530 

0.7374 

0.9217 

1.3904 

1.4748 

1.6591 

0.2631 

50 

0.1846 

0.3692 

0.5538 

0.7384 

0.9231 

1.1077 

1.3933 

1.4769 

1.6615 

0.3^ 

51 

ai849 

0.3698 

0.5546 

0.7395 

0.9244 

1.1093 

1.294a 
1.2961 

1.4790 

1.6639 

0.3639 

52 

0.1852 

0.3703 

0.7406 

0.9258 

1.1109 

1.4813 

1*6664 

0.3643 

53 

0.1854 

0.3708 

0.5563 

0.7417 

0.9271 

I.II35 

1.2979 

1.4834 

1.6688 

a3647 

54 

ai857 

0.3714 

0.5571 

a7428 

0.9285 

1.1141 

1.2998 

1.485s 

1.6712 

a265i 

51 

0.1860 

0.3719 

0.7438 

0.9298 

1.1158 

1.3017 

1.4877 

1.6736 

o.^S5 

56 

ai862 

0.3725 

0.5587 

0.7449 

a93i3 

1.1174 

1.3036 

1.4898 

1.6761 

0.2603 

57 

0.186s 

0.3730 

0.5S95 

a746o 

0.9325 

I.II90 

1.3055 

i.49ao 

1.6785 

58 

0.1868 

0.3735 

0.5603 

0.7471 

0.9339 

1.1206 

1.3074 

1.4942 
1.4963 

1.6809 

0.3667 

f9 

0.1870 

0.3741 

0.5611 

0.7482 

0.9352 

1.1222 

1.3093 

1.6834 

0.2671 

60 
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» 

8 

4 

5 

6 

7 

8 

9 

a 

0.9622 

1.9245 

2.8867 

3.8490 

4.8112 

5.7735 

6.7357 

7.6979 

8.6602 

1-3742 

OI 

0.9621 

1.9243 

2.8864 

3.8485 

4.8107 

5.7728 

6.7349 

7.6971 

8.6592 

1.3741 

02 

0.9620 

1.9240 

2.8861 

3.8481 

4.8101 

5.7721 

6.7342 

7.6963 

8.6582 

13740 

03 

0.9619 

1.9238 

2.8857 

3.8477 

4.8096 

5.7715 

6.7334 

7.6953 

8.6572 

1-3739 

04 

a96i8 

1.923^ 

2.8854 

3.8472 

4.8090 

5.7708 

6.7326 

7.6944 

8.6562 

1.3738 

05 

0.9617 

1-9234 

2.8851 

3.8468 

4.8085 

5.7702 

6.7319 

7.6936 

8.6553 

1.3738 

06 

0.9616 

1.9232 

2.8848 

384^ 

4.8079 

5.7695 

6.7311 

7.6927 

8.6543 

1.3737 

07 

0.9615 

1.9230 

2.8844 

3.8459 

4.8074 

5.7689 

6.7303 

7.6918 

8.6533 

1-373^ 

08 

0.9614 

1.9227 

2.8841 

3.8455 

4.8068 

5.7682 

6.7296 

7.6909 

8.6523 

1.3735 

09 

0.9613 

1.9225 

2.8838 

3.8450 

4.8063 

S.7675 

6.7388 

7.6901 

8.6513 

1-3734 

10 

0.961 1 

1.9223 

2.8834 

3.8446 

4.8057 

5.7669 

6.7280 

7.6892 

8.6503 

1.3734 

XI 

0.9610 

1.9221 

2.8831 

3.8441 

4.8052 

5.7662 

6.7273 

7.6883 

8.6493 

1.3733 

12 

0.9609 

1.9218 

2.8828 

3.8437 

4.8046 

5.7655 

6.7265 

7.6874 

8.6483 

1.3732 

13 

0.0608 

1.9216 

2.8824 

3.8433 

4.8041 

5.7649 

6.7257 

8.6473 

1.3731 

M 

o.9txj/ 

1.9214 

2.8821 

3.8428 

4.8035 

5.7642 

6.7249 

ffi 

8.6463 

1.373P 

15 

0.9606 

1.9212 

2.8818 

3.8424 

4.8030 

5.7635 

6.7241 

7.6847 

8.6453 

13730 

16 

0.9605 

1.9210 

2.8814 

3.8419 

4.8024 

5.7629 

6.7234 

7.6838 

8.6443 

1.3729 

17 

0.9604 

1.9207 

2.8811 

3.841S 

4.8018 

5.7622 

6.7226 

7.6830 

8.6433 

1.3728 

18 

0.9603 

1.9205 

2.8«o8 

3.8410 

4.8013 

5.7615 

6,7218 

7.6821 

8.6433 

i.3T^7 

19 

0.9601 

1.9203 

2.8804 

3.8406 

4.8007 

5.7609 

6.7210 

7.6813 

8.6413 

1.3726 

20 

0.9600 

1.9201 

2.8801 

3.8401 

4.8002 

5.7602 

6.7302 

7.68P3 

8.6403 

1.3726 

21 

0.9599 

1.9198 

2.8798 

3.8397 

4.7996 

5.7595 

6.7195 

7.6794 

8.6393 

1.372s 

22 

0.9598 

1.9196 

2.8794 

3.8392 

4.7990 

5.7589 

6.7187 

76776 

8.6383 

1.3724 

23 

0.9597 

1.9194 

2.8791 

3.8388 

4.7985 

5.7582 

6.7179 

8.6373 

1.3723 

24 

0.9596 

1.9192 

2.8788 

3.8383 

4.7979 

5.7575 

6.7171 

7.6767 

8.6363 

1.3733 

25 

0.9595 

1.9189 

2.8784 

3.8379 

4.7974 

5.7568 

6.7163 

7.6758 

8.6353 

1.3732 

26 

0.9594 

1.9187 

2.8781 

3.8374 

4.7968 

5.7562 

6.7155 

7.6749 

8.6342 

1.3721 

27 

0.9592 

1.9185 

2.8777 

3.8370 

4.7962 

5.7555 

6.7147 

7.6740 

8.6333 

1.3730 

28 

0.9591 

1.9183 

2.8774 

3-8365 

4.7957 

5.7548 

6.7139 

7.6731 

8.6333 

1.3719 

29 

0.9590 

1.9180 

2.8771 

3-8361 

4.7951 

5.7541 

6.7131 

7.6733 

8.6313 

1.3718 

30 

0.9589 

1.9178 

2.8767 

3.8356 

4.7945 

5.7534 

6.7134 

7.6713 

&6302 

1.3718 

31 

0.9588 

1.9176 

2.8764 

3.8352 

4.7940 

5.7528 

6.71 16 

7.6704 

8.6391 

1.3717 

32 

0.9587 

1.9174 

2.8760 

3.8347 

4-7934 

5.7521 

6.7108 

7.669^ 

8.6281 

1.3716 

Xi 

0.9586 

1.9171 

2.8757 

3.8343 

4.7928 

5.7514 

6.7100 

7.668s 

8.6271 

1.3715 

34 

0.9585 

1.9169 

2.8754 

3.8338 

4.7923 

5.7507 

6.7093 

7.6676 

8.6261 

1.3714 

35 

0.9583 

1.9167 

2.8750 

3.8333 

4.7917 

5.7500 

6.7084 

7.6667 

8.6250 

1.3714 

36 

0.9582 

1.9164 

2.8747 

3.8329 

4.7911 

5.7493 

6.7076 

7.6658 

8.6240 

1.3713 

37 

0.9581 

1.9162 

2.8743 

3.8324 

4-7905 

5.7487 

6.7068 

7.6649 

8.6230 

1.3712 

38 

0.9580 

1.9160 

2.8740 

3.8320 

4.7900 

5.7480 

6.7060 

7.6640 

8.6219 

1.3711 

39 

0.9579 

1.9158 

2.8736 

3.8315 

4.7894 

5.7473 

6.7053 

7.6630 

8.6309 

1.3710 

40 

0.9578 

1.9155 

2.8733 

3.83" 

4.7888 

5.7466 

6.7044 

7.6621 

8.6199 

1.3710 

41 

0.9577 

1.9153 

.2.8730 

3.8306 

4.7883 

5.7459 

6.7036 

7.6613 

8.6189 

1.3709 

42 

0.9575 

1.9151 

2.8726 

3-8301 

4.7877 

5.7452 

6.7027 

7.6603 

8.6178 

1.3708 

43 

0.9574 

1.9148 

2.8723 

3.8297 

4.7871 

5.7445 

6.7019 

7.6593 

8.6168 

1.3707 

44 

0.9573 

1.9146 

2.8719 

3.8292 

4.7865 

5.7438 

6.7011 

7.6584 

8.6157 

1.3706 

45 

0.9572 

1.9144 

2.8716 

3.8287 

4.7859 

5.7431 

6.7003 

7.657s 

8.6147 

1.3706 

46 

0.9571 

1.9141 

2.8712 

3.8283 

4.7854 

5.7424 

6.6995 

7.6566 

8.6136 

1.370s 

47 

0.9570 

1.9139 

2.8709 

3.8278 

4.7848 

5.7417 

6.6987 

7.6556 

8.6136 

1.3704 

48 

0.9568 

1.9137 

2.8705 

3.8274 

4.7842 

5.7410 

6.6979 

7.6547 

8.6116 

1.3703 

49 

0.9567 

1.9134 

2.8702 

3.8269 

4.7836 

5.7403 

6.6971 

7.6538 

8.6105 

1.3702 

SO 

0.9566 

1.9132 

2.86(>S 

3.8264 

4.7830 

5.7396 

6.6963 

7.6529 

8.609s 

1.3702 

51 

0.9565 

1.9130 

2.8695 

3.8260 

4.7824 

5.7389 

6.6954 

7.6519 

8.60R4 

1.3701 

52 

0.9564 

1.9127 

2.8691 

3-8255 

4.7819 

5.7382 

6.6946 

7.6510 

8.6073 

1.3700 

53 

0.9563 

1.9125 

2.8688 

3.8250 

4-7813 

5.7375 

6.6938 

7.6500 

8.6063 

1.3699 

54 

0.9561 

1.9123 

2.8684 

3.8245 

4.7807 

5.7368 

6-6930 

7.6491 

8.6053 

13698 

55 

0.9560 

1.9120 

2.8681 

3.8241 

4.7801 

5.7361 

6.6921 

7.6482 

8.6043 

1.36Q8 

56 

0.9559 

1.9118 

2.8677 

3.8236 

4.7795 

5.7354 

6.6913 

7.6473 

8.6031 

1.3697 

57 

0.9558 

1.9116 

2.8674 

3.8231 

4.7789 

5.7347 

6.6905 

7.6463 

8.6021 

1.3696 

58 

0.9557 

1.9113 

3.8227 

4.7783 

5.7340 

6.6897 

7.6453 

8.6010 

1.3695 

59 

0.9556 

1.9111 

2.8667 

3.8222 

4.7778 

5.7333 

6.6889 

7.6444 

8.6000 

1.3694 

60 

0.9554 

1.9109 

2.8663 

3.8217 

4.7772 

5.7326 

6.6880 

7.6435 

8.5989 

1.3694 
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1 

S 

8 

4 

5 

6 

7 

8 

9 

b 

00 

0.1870 

0.3741 

0.5611 

0.7482 

0.9352 

1.1222 

13093 

1.4963 

1.6834 

0.2671 

t.]^ 

0.3746 

0.5619 

0.7492 

0.9366 

1.1239 

1.3112 

1.498s 
1.5000 

1.6858 

0.2675 

01 

0.3753 

0.5627 

0.7503 

0.9379 

1.1255 

13131 

1.6882 

0.2679 

02 

a  1878 
0.1881 

0.3757 

0.5635 

0.7514 

0.9392 

1.1271 

I'^U 

1.5028 

1.6906 

0.2683 

03 

0.3762 

0.5644 

0.7525 
0.7536 

0.9406 

1.1287 

i.SoSo 

1.6931 

0.2687 

04 

0.1884 

0.3768 

^56^ 

0.9420 

1.1303 

1.3187 

1.5071 

1.6955 

0.2691 

OS 

0.1887 

0.3773 
0.3778 

0.7546 

1.1319 

1.3206 

15093 

1.6979 

0.2695 

06 

a  1889 

0.5668 

0.7557 

0.9446 

1.1335 

1.3224 

1.5114 

1.7003 

0.2699 

07 

0.189a 

0.3784 

0.5676 

0.7568 

0.9460 

1.1351 

1.3243 

1.5135 

1.7027 

0.2703 

08 

0.1895 

0.3789 

0.5684 

0.7578 

0.9473 

1.1368 

1.3262 

1.5157 

1.7051 

0.2707 

09 

a  1897 

0.3795 

0.5692 

0.7589 

0.9487 

1.1384 

1.3281 

1.5178 

1.7076 

0.2711 

10 

0.1900 

0.3800 

0.5700 

a76oo 

0.9500 

1.1400 

1.3300 

1.5200 

1.7100 

0.2715 

11 

0.1903 

0.3305 

0.5708 

0.7611 

0.9513 

1.1416 

1.3319 

1.5222 

1.7124 

0.2719 

12 

0.1905 

0.3811 

0.5716 

0.7622 

0.9527 

1.1432 

1.3338 

1.5243 

1.7149 

0.2723 

13 

a  1908 

0.3816 

0.5724 

0.7632 

0.9540 

1.1448 
1.1464 

1.3357 

1.5265 

1.7173 

a2727 

14 

a  191 1 

a382i 

0.5732 

0.7643 

0.9554 
0.9567 

1-3375 

1.5286 

1.7197 

0.2731 

>5 

0.1913 

a3827 

0.5740 

0.7654 

1.1480 

1.3394 

1.5307 

1.7221 

0.2735 

16 

0.1916 

°'^^ 

0.5748 

0.7664 

0.9580 

1.1497 

1.3413 

1.5329 

1.7245 

0.2739 

17 

0.1919 

0.3838 

0.5756 

*^z5zi 

0.9594 

1.1513 

1.3432 

1.5350 

1.7269 

0.2743 

18 

a  1901 

a^ 

0.5764 

0.7686 

0.9607 

1.1529 

1.3450 

1.5372 

1.7293 

0.2747 

19 

a  1924 

0.5773 

0.7697 

0.9621 

1.1545 

1.3469 

1.5394 

1.7317 

0.2751 

20 

0.1927 

0.3854 

0.5781 

0.7707 

0.9634 

1.1561 

1.3488 

1.5415 

1.7341 

0.2755 

21 

a  1930 

a38S9 

0.5789 

0.7718 

0.9648 

1.1577 

13507 

1.5436 

1.7366 

0.2759 

22 

0.1932 

0.3864 

0.5797 

0.7729 

0.9661 

1.1593 

1.3525 

1.5458 

1.7390 

a2763 

23 

0.1935 

a387o 

0.5805 

0.7740 

0.9674 

1.1609 

13563 

1.5479 

1.7414 
1.7438 

0.2767 

24 

0.1938 

°-^l^ 

0.5813 

0.7750 

0.96S8 

1.1625 

1.5500 

a277i 

% 

0.1940 

0.3880 

0.5821 

0.7761 

0.9701 

1.1641 

1.3581 

1.5522 

1.7462 

0.2775 

0.1943 

0.3886 

0.5829 

0.7772 

0.9714 

1.1657 

1.3600 

1.5543 
1.5565 

1.7486 

0.2779 

27 

0.1946 

0.3891 

0.5837 

0.7782 

0.9728 

1.1674 

1.3619 

1.7510 

0.2783 

28 

0.1948 

0.3896 

0.5845 

0.7793 

0.9741 

1.1689 

1.3637 

1.7534 

a2787 

29 

0.1951 

0.3902 

0.5853 

0.7804 

0.9755 

1.1705 

1.3656 

1.560; 

1.7558 

0.2791 

30 

0.1954 

0.3907 

0.5861 

a  7814 

0.9768 

1.1722 

1.3675 

1.5629 

1.7582 

0.279s 

31 

a  1956 

0.3913 

0.5869 

0.7825 

0.9781 

1.1738 

1.3694 

1.5650 

1.7607 

0.2799 

32 

0.1959 

a39i8 

0.5877 

0.7836 

0.9795 

1.1753 

1.3712 

1.5671 

1.7630 

0.2803 

33 

0.1962 

0.3923 

0.5885 

0.7846 

0.9808 

1.1770 

1.3731 

1.5693 

1.7654 

a28o7 

34 

0.1964 

0.3929 

0.5893 

0.7857 

0.9821 

1.1786 

1.3750 

1.5714 

1.7679 

0.2811 

^ 

0.1967 

0.3934 

0.5901 

0.7868 

0.9835 

1.1802 

1.3769 

1.5736 

1.7703 

0.2815 

36 

0.1970 

0.3939 

0.5909 

a  7878 

0.9848 

1.1818 

1.3787 

1.5757 

1.7727 

0.2819 

il 

0.1972 

0.3945 

0.5917 

0.7889 

0.9861 

1.1834 

1.3806 

1.5778 

1.7751 

a2823 

0.1975 

0.3950 

0.5925 

0.7900 

0.9875 

1.1850 

1.3825 

1.5800 

1.7775 

a  2827 

39 

0.1978 

0.3955 

0.5933 

0.7910 

a9888 

1. 1866 

1.3843 

1.5821 

1.7798 

0.2831 

40 

a  1980 

0.3961 

0.5941 

a792i 

0.9901 

1. 1882 

1.3862 

J:^ 

1.7823 

0.2835 

41 

s;| 

0.3966 

0.5949 

0.7932 

0.9915 

1.1898 

1.3881 

1.7847 

0.2839 

42 

0.3971 

0.5957 
0.5965 

0.7942 

0.9928 

1.1914 

1.3899 

1.5885 

1.7871 

0.2843 

43 

0.1988 

0.3977 

0.7953 

0.9941 

1.1930 

1.3918 

1.5906 

1.7895 

0.2847 

44 

0.1991 

0.3982 

0.5973 

0.7964 

1.1946 
1.1962 

1.3937 

1.5928 

1.7919 

0.2851 

^§ 

0,1994 
0.1996 

0.3987 

0.5981 

0.7974 

0.9968 

1.395s 

1.5949 

;;^ 

0.2855 

46 

0.3993 

0.5989 

0.7985 

0.9981 

1. 1978 

1.3974 

1.5970 

*Z 

0.1999 

0.3998 

O.S997 

0.7996 

0.9994 

1.1993 

1.3992 

1.5991 

1.7990 

0.2863 

48 

0.200a 

0.4003 

0.6005 

0.8006 

1.0008 

1.2010 

1.4011 

1.6013 

1.8014 

0.2867 

49 

0.4009 

a6oi3 

0.8017 

1.0021 

1.4030 

1.6034 

1.8038 

0.2871 

50 

a2oo7 

a40i4 

a6oai 

0.8028 

1.0P34 

1.2041 

1.4048 
1.4067 

1.6055 

1.8062 

a2875 

51 

0.2010 

a40i9 

0.6029 

0.8038 

i*^ 

1.2057 

1.6077 
1.6098 

1.8086 

0.2879 

52 

0.2012 

0.4024 

0.6037 

0.8049 

1.2073 

1.4085 

1.8110 

a2883 

53 

0.2015 

0.4030 

0.6045 

0.8060 

3 

1.2089 

1.4104 

1.6119 

1.8134 

a  2887 

54 

0.2018 

0.4035 

0.6053 

°-S°Z° 

1.2105 

1.4123 

1.6141 
1.610a 

1.8158 

a  2891 

a2020 

0.4040 

0.6061 

0.8081 

1.0101 

1.2121 

1^141 
1.4160 

1.8182 

0.2895 

56 

0.2023 
0.2026 

0.4046 

0.6069 

0.8092 

1.0114 

1.2137 

1.6183 

1.8206 

0.2899 

57 

0.4051 

0.6077 

0.8102 

1.0128 

1.2153 

1.4179 

1.6204 
1.6226 

1.8230 

0.2903 

58 

0.2028 

0.4056 

0.6085 

0.8113 

1. 0141 

1.2169 

1.4197 

1.8254 

0.2907 

I59 

0.2031 

0.4062 

0.6092 

0.8123 

1.0154 

1.2185 

1.4216 

1.6247 

1.8278 1 

0.2911  i;6o 
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DISTANCES. 

12' 

/ 

1 

» 

8 

4 

5 

6 

7 

8 

9 

a 

oo 

0.9554 

1.9109 

2.8663 

3.8317 

4.7772 

5-7326 

6.6880 

7.6435 

8.5989 

1.3694 

OI 

0.9553 

1. 9106 

3.8659 

3.8213 

4.7766 

5.7319 

6.6873 

7.6425 

8.5978 

1.3693 

02 

0.9552 

1.9104 

3.8656 

3.8308 

4.7760 

5.7312 

6.6864 

7.6416 

8.5968 

1.3693 

03 

0.9551 

1.9102 

3.8653 

3.8303 

4.7754 

5- 7305 

6.6855 

7.6406 

8.5957 

1.3692 

04 

0.9550 

i.yuy9 

2.8649 

3.8198 

4.7748 

5.7297 

6.6847 

7.6397 

8.5946 

J.3691 

05 

0.9548 

1.9097 

2.8645 

3.8194 

4.7742 

5.7290 

6.6839 

7.6387 

8.5936 

06 

0.9547 

1.9094 

3.8643 

3-8189 

4.7736 

5.7283 

6.6830 

7.6378 

8.5925 

1.3689 

07 

0.9546 

i.yuy3 

3.8638 

3.8184 

4.7730 

5.7276 

6.6833 

7.6368 

8.5914 

1.3688 

oS 

0.9545 

1.9090 

2.8634 

3-8179 

4.7724 

5.7269 

6.6814 

7.6359 

|5903 

1.3687 

09 

0.9544 

1.9087 

2.8631 

3-8175 

4.7718 

5.7363 

6.6805 

7.6349 

'•^ 

10 

0.9542 

1.9085 

3.8637 

3.8170 

4.7712 

5.7255 

6.6797 

7.6340 

8.5883 

1.3686 

II 

0.9541 

1.9082 

3.8634 

3.8165 

4.77J6 

5.7247 

6.6789 

7.6330 

8.5871 

1.3685 

12 

0.9540 

1.9080 

2.8620 

3.8160 

4.7700 

5.7240 

6.6780 

7.6320 

8.5860 

1.3684 

13 

0.9539 

1.9078 

2.8616 

3-8155 

4.7694 

5.7233 
5.7226 

6.6773 

7.6311 

8.5849 

1.3683 

M 

0.9538 

1.9075 

3.8613 

3-8150 

4.7688 

6.6763 

7.6JOI 

8.5839 

1.3683 

15 

0.9536 

1.9073 

3.8609 

3-8146 

4.7683 

5.7219 

6.6755 

7.6291 

8.5838 

1.3M1 
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5.6723 
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8.5071 
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3.7804 
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3.7799 
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8.5047 

1.3618 

25 

0.94^ 
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3.7793 

4-7242 
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1.3618 
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1.8894 

3.8341 

3.7788 
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6.6139 
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8.5023 

1.3617 
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3.7783 

4.7239 
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8.5013 

1.3616 
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1.8889 

2.8333 

3.7778 

4-7233 

S.6667 

6.6111 

7.5555 
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1.3615 
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1.8886 

2.8339 

3.7772 

4.7316 
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6.6103 
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8.4988 

1.3614 
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1.8884 

2.8335 

3.7767 

4.7209 

5.6651 

6.6093 

7.5534 

8.4976 

1-3613 
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0.9440 

1.8881 

2.8331 

3.7763 

4.7203 

5.6643 

6.6083 

7.5524 

8.4964 

1.361a 

33 

0.9439 

1.8878 

3.8317 

3.7757 

4.7196 

5.6635 

6.6074 

7.5513 

8.4952 

1.3611 

33 

0.9438 

1.8876 

2.8313 

3.7751 

4.7189 

5.6637 

6.6065 

7.5503 

8.4940 

1.3610 

34 

0.9436 

1.8873 

3.8309 

3.7746 

4.7183 

5.6619 

6.6055 

7.5492 
7.5481 

8.4928 

L^ 

0.9435 

1.8870 

3.8306 

3.7741 

4.7176 

5.6611 

6.6046 

8.4917 

36 

0.9434 

1.8868 

3.8303 

3.7735 

4.7169 

5.6603 
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7.5471 

8.4905 
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37 

0.9433 

1.8865 

3.8298 

3.7730 
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5.6595 

7.5460 

8.4893 
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1.8862 
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3.7725 

4.7156 

5.6587 

6.6018 

7-5449 

8.4881 
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39 

0.9430 

1.8860 

2.8290 

3.7719 

4.7149 

5.6579 

6.6009 

7.5439 

8.4869 

1.3604 

40 

0.9439 

1.8857 

2.8286 

3.7714 

4.7143 

5.6571 
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7.5428 

8.4857 

1.3603 

41 

0.9437 

1.8854 

2.8383 

3.7709 

4.713^ 

5.6563 

6.5990 

7.5418 

8.484s 

1.3603 
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1.8853 

3.8378 

3.7703 

4.7129 

5.6555 

6.5981 

8.4833 
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43 

0.9425 
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3.7698 

4.7123 

5.6547 

6.5972 

7.5396 

8.4831 

1.3601 

44 
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2.8270 

3.7693 

4.7116 

5.6539 

6.5963 

7.5385 

8.4809 

1.3600 

45 

0.9432 

1.8S44 

2.8265 

3.7687 

4-7109 

5.6531 

6.5953 

7-5375 

8.4796 
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46 

0.9430 

1.8841 

2.8261 

3.7682 

4.7102 

5.6523 

6.5943 

7.5364 

8.4784 

47 

0.9419 

1.8838 

2.8257 

3.7677 

4.7096 

5.6515 

6.5934 
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8.4772 

1-3597 
1.3596 
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1.8836 

2.8253 

3.7671 

4.7089 

5.6507 

6.5925 

7.5342 

8.4760 

49 

0.9416 

1.8833 

2.8249 

3.7666 

4.7083 

5.6499 

6.5915 

7.5332 

8.4748 

I.3S95 

50 

0.9415 

1.8830 

2.8245 

3.7660 

4.7076 

5.6491 

6.5906 

7.5321 

8u>736 

1.3594 

51 

0.9414 

1.8828 

2.8241 

3.7655 

4.7069 

5.6483 

6.5896 

7.5310 

8.4724 

1.3593 

52 

0.9413 

1.8825 

3.8237 

3.7650 

4.7062 

5.6474 

6.5887 

7.5299 

8.4712 

1.3592 

53 

0.9411 

1.8823 

3.8233 

3.7644 

4.7055 

5.6466 

6.5877 

7.5288 

8.4699 

1.3591 

54 

0.9410 

1.8819 

2.8229 

3.7639 

4.7048 

5.6458 

6.5868 

8.4687 

55 

0.9408 

1.8817 

2.8225 

3.7633 

4.7042 

5.6450 

6.5858 
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8.4675 
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1.8814 

2.8221 

3.7628 

4-7035 

5.6442 

6.5849 
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1.3588 

57 
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2.8217 

3.7623 

4.7038 

5.6434 

6.5839 
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0.9404 
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2.8213 

3.7617 

4.7031 

5.6436 

6,5830 
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8.4638 
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0.9403 
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4.7015 
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6.5820 
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8.4636 
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5.6409 
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7.5212 

8.4614 

1.3584 
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a3i9i 

» 
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0.8766 

1.0957 

1.3148 
1.3164 

1.5340 

1.7531 

1.9733 

0.3153 
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0.3194 

a6582 

0.8776 

1.0970 

1.5358 

1-7553 

1.9746 

0.3157 
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a3i97 

0.4393 

0.6590 

0.8786 

1.0983 
1.0996 

1.3180 

1.5376 

1.7573 

1.9769 

a3i6i 

03 

0.3199 

0.4398 

a6598 

0.8797 

1.3195 

1-5394 

1.7594 
1.7614 

i.9816 

a3i65 

04 

0.3303 

0.4404 

0.6605 

0.8807 

1.1009 

1.3311 

1.5413 

a3i69 

05 

0.3304 

0.4409 

0.6613 

0.8818 
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1.3336 

1-5431 

1.7635 

1.9840 

0.3173 
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0.3307 

0.4414 
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0.8828 

1.1035 

1.3343 

1.5449 

1.7656 

1.9863 
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07 
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0.4419 

0.6629 

a8838 

1.1048 

1.3358 

1.5467 
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1.9886 

0.3181 
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1.3389 

1.5486 
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1.1087 
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1.5533 
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0.6660 
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1.3331 

1.5541 

1.9981 
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0.444s 
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1.3336 

1.5559 

1.7783 
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1-5577 
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a4456 
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1-5595 

1.7833 

3.0051 
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0.8943 

1.1178 

1.3414 

1.5650 

1.7886 

3.0I31 

a322i 

18 
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0.6723 
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1.5704 
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a3232 
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a449a 
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1.1330 

1.3476 

1.5733 

1.7968 

3.0314 

a3236 
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0.3349 

0.4497 

0.6746 

0.8994 

1.1343 

1.3493 

1.5740 

1.7989 
1.8010 

3.0237 

0.3240 

33 

0.335Z 

0.4502 

0.6754 

0.9005 

1.1356 

1.3507 

1.5758 

2.0261 

0.3344 

34 

0.33SA 
0.3350 

0.4508 

a676i 

0.9015 

1.1369 

1.5777 

1.8030 

2.0284 

0.3248 

35 

0.4513 

0.6769 

0.9036 

1.1383 

1.3538 

1-5795 
1-5813 

1.8051 

2.0308 

0.3353 

36 

•0.3359 

0.4518 

0.6777 

a9036 

1.1295 
1. 1308 

1.3554 

1.8073 

2.0331 

0.3356 
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0.3363 

0.4533 

a6785 

0.9046 

1.3570 

1.5831 

1.8093 

3.0354 

a326o 

0.3364 

0.4528 

S^ 

0.9057 

1.1331 

1.3585 

i^ 

1. 81 14 

2.0378 

a3264 

39 

a3367 

0.4S34 

0.9067 

'.1334 

1.3601 

1.8134 

2.0401 

0.3268 

30 

0.3369 

0.4S39 

a68o8 

0.9078 

1.1347 

1.3616 

1.5886 

1.8155 

2.0434 

a3272 

31 

0.3373 

0.4544 

a68i6 

0.9088 

1.1360 

1.3631 

1.5904 

1.8175 

3.0447 

0.3276 

33 

a3375 

0.4549 

0.6834 

0.9098 

1.1373 

a 

1.5933 

1.8196 

2.0471 

0.3280 

33 

0.3377 

0.4554 

0.6831 

0.9108 

1.1385 

1.5940 

1.8317 
1.8238 

2.0494 

S^ 

34 

a338o 

0.45S9 

a6839 

a9ii9 

1.1398 

1.3678 

1.5958 

2.0517 

35 

0.2283 

0.4565 

0.6847 

0.9129 

1.1411 

1.3694 

1.5976 

1.8258 

3.0541 
3.0564 

a3392 

36 

0.2285 

0.4570 

0.6855 

0.9140 

1.1434 

1.3709 

1-5994 

1.8279 

a3396 

37 

0.2287 

0.4S75 

0.6863 

0.9150 
a9i6o 

1-1437 

1.3735 

1.6013 

1.8300 

3.0587 

0.3300 

38 

a229o 

0.4580 

0.6870 

1.1450 

1.3740 

1.6030 

1.8320 

3.0610 

0.3304 

39 

a2393 

0.4585 

0.6878 

0.9170 

1.1463 

1.3756 

Z.6048 

1.8341 

3.0633 

0.3308 

40 

0.2295 

0.4590 

0.6886 

0.9181 

1.1476 

1:3727 

1.6066 

1.8361 

3.0657 

a33i3 

41 

0.2298 

0.4596 

0.6993 

0.9191 

1.1489 

1.608s 

1.8383 

3.0680 

0.3316 

43 

0.2300 

0.4601 

0.6901 

0.9202 

1.1502 

1.3803 

1.6103 

1.8403 

3.0703 
3.0736 

a333o 

43 

0.3303 
0.33C36 

0.4606 

a6909 

a92i2 

1.1515 

1.3817 

1.6131 

1.8433 

0.3334 

44 

0.4611 

0.6917 

0.9322 

1.1538 

1.3833 

1.6139 

1.8444 

3.0750 

a3328 

^ 

0.2308 

0.4616 

0.6924 

0.9333 

1.1541 

a 

1.6157 

1.8465 

3.0773 
3.0796 

0.3331 

0.2311 

0.4621 

0.6932 

0.9243 
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1.6175 

1.8486 
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47 

a23i3 
0.2316 

0.4626 

0.6940 

0.9353 

1.3879 

1.6193 

1.8506 

3.0819 

0.3339 
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0.4632 

0.6947 

0.9263 

1.1579 

1.3895 

1.6211 

1.8537 

3.084a 

0.3343 
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0.2318 

0.4637 

0.6955 

0.9274 

1.1593 

1.3910 

Z.6229 

1.8547 

3.0866 

0.3347 

50 

0.2321 

0.4642 

0.6963 

0.9284 

1.160s 

1.3936 

1.6247 

1.8568 

3.0889 

0.3351 

51 

0.233J 
a3336 

0.4647 

0.6971 

0.9394 

1.1618 

1.3941 

1.6265 

1.8588 

2.0912 
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53 

0.4652 

0.6978 

0.9304 

1.1630 

1.3957 

1.6283 

1.8609 

2.0935 

0.3359 

53 
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0.4657 

0.6986 

0.9315 
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1-3973 
1.3987 

1.6301 

1.8630 

3.0958 

0.3363 

54 

0.3331 

0.4662 

0.6994 

0.9335 

1.6319 

1.8650 

3.0981 

0.3367 

it 

0.3334 
0.3336 

0.4668 

0.7001 

0.9335 

1.1669 

1.4003 

1.6337 

1.8670 
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0.3371 

a4673 

0.7009 

0.9346 

1.1682 

1.4018 

1.635s 

1.8691 

a.  1038 

0.3375 

H 

0.3339 

0.4678 

0.7017 

0.9356 

1.1695 

1.4033 

1.6373 

1.8711 

3.1050 

0.3379 

S8 

a334a 
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0.7025 

0.9366 

1.1708 

1.4049 
1.406s 

1.6391 

1.8733 

3.1074 

0.3383 

IS 

0.3344 

0.7032 

0.9376 

1.1720 
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1.8753 

3.1097 

0.3387 
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0.9399 
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8.4589 

1.358a 

03 

0.9397 

1.8795 
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6.5744 

7.5136 

8.4538 
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1.8781 
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3.7562 
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4.6946 

5.6344 

6.5734 

7.5135 

8.4515 

1.3576 
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0.9389 

1.8778 

2.8168 

3.7557 

5.6335 

6.5735 

7.5114 

8.4503 

1-3575 
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0.0388 

1.8776 
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3.7551 

4-6939 
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6.5715 

7.5103 

8.4491 

1.3574 
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3.7546 
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8.4478 

1.3573 
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4.6918 

5.6302 
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2.8143 
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7.SO36 

8.4416 
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0.9378 

1.8756 

2.8134 

3.7513 

^^ 
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7.5035 

8.4403 

1.3567 
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0.9377 

1.8754 

2.8130 

3.7507 

4.6884 

5.6261 

t^ 

7.5014 

8^1391 

1.3566 

19 

0.9375 

1.8751 

2,8126 

3.7501 

4.6877 

5.625a 

7.5003 

8.4378 
8.4366 

1.3565 
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0.9374 

1.8748 

2.8122 

3.7496 

4.6870 

5.6344 

6.5618 

7.4993 

1.3564 
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0.9373 

1.8745 

2.8118 

3.7490 

4.68^ 

5.6335 

6.5608 

7.4981 

8.4353 

1.35^ 

22 

0.9371 

1.8742 

2.8114 

3.7485 

4.6856 

5.6337 

6.5598 

7.4960 
7.4958 

8.4341 

1.3^ 

23 

0.9370 

1.8740 

2.8109 

3-7479 

4.^49 

5.6219 

6.5588 

8.4338 

1.3561 

24 
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1.8737 

2.8105 
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4.6842 

5.6210 

6.5579 

7.4947 

8.4315 

1.3560 
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1.8734 

2.8101 
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6.5569 

7.4936 

8.4303 

1.3559 

26 

0.9366 

1.8731 

a.  8097 

3.7462 

4.6828 

5.6193 

6.5559 

7.4935 

8.4390 

1.3558 

27 

0.9364 

1.8728 

a.8093 

3.7457 

4.6821 

5.6185 

6.^49 

74913 

8.4378 

1.3557 

28 

0.9363 

1.8726 

2.8088 

3.7451 

4.6814 

5.6177 

6.5539 

8.4365 

1.3556 

29 

0.9361 

1.8723 

2.8084 

3.7445 

4.6807 

5.6168 

6.5530 

7.4891 

8.4352 

i.ass.s 

30 

0.9360 

1.8720 

2.8080 

3.7440 

4.6800 

5.6160 

6.5530 

7.4880 

8.4240 

1.3554 

31 

0.9359 

1.8717 

2.8076 

3-7434 

4.6793 

5.6151 

6.5510 

7.4868 

8.4337 

I.35.S3 

32 

0.9357 

1.8714 

2.8071 

3.7429 

4.6786 

5.6143 

6.5500 

7.4B57 

8.4214 

1.3553 

33 

0.9356 

1.8711 

2.8067 

3.7423 

4.6779 

& 

6.5490 

7.4846 

8.4an2 

1.3551 

34 

0.9354 

1.8709 

2.8063 

3.7417 

4.6772 

6.5480 

7.4834 

8.4189 

1.3550 

35 

0.9353 

1.8706 

2.8059 

3-7412 

4.6764 

5.61 17 

6.5470 

7.4833 

8.4176 

1.3549 

36 

0.9351 

1.8703 

2.8054 

3.7406 

4.6757 

5.6109 

6.5460 

7.4B13 

8.4163 

1.3548 

37 

0.9350 

1.8700 

2.8050 

3.7400 

4.6750 

5.6100 

6.5450 

7.4801 

8.4151 

1.3547 

38 

0.9349 

1.8697 

2.8046 

3.7395 

4-6743 

5.6092 

6.5441 

7.4789 

8.4138 

1.3546 

39 

0.9347 

1.8694 

2.8042 

3-7389 

4.6736 

5.6083 

6.5431 

7.4778 

8,412s 

1.3545 

40 

0.9346 

1.8692 

2.8037 

3.7383 

4.6729 

5.6075 

6.5421 

7.4767 

a4ii2 

1.3544 

41 

0.9344 

1.8689 

2.8033 

3.7378 

4.672a 

5.6066 

6.5411 

7.4755 

8.4100 

1.3543 

42 

0.9343 

1.8686 

2.8029 

3.7372 

4.6715 

5.6058 

6.5401 

7.4744 

8.4087 

1.3543 

43 

0.9342 

1.8683 

2.8025 

3.7366 

4.6708 

5.6049 

6^5381 

7.4733 

8.4074 

1.3541 

44 

0.9340 

1.8680 

2.8020 

3.7360 

4.6701 

5.6041 

7.4721 

8.4061 

1.3540 

45 

0.9339 

1.8677 

2.8016 

3.7355 

4.6693 

5.6032 

6.5371 

8.4048 

1.3539 
1.3538 

46 

0.9337 

1.8674 

2.8012 

3.7349 

4.6686 

5.6023 

6.5361 

7.4698 

8.4035 

47 

0.9336 

1.8672 

2.8007 

3-7343 

4.6679 

5.6015 

6.5351 

8.4022 

1.3537 

48 

0.9334 

1.8669 

2.8003 

3.7338 

4.6672 

5.6006 

6.5341 

7.4675 

8.4009 

1.3536 

49 

0.9333 

1.8666 

2.7999 

3-7332 

4.6665 

5.5998 

6.5331 

7.4664 

8.3997 

i.35.\S 

50 

0.9332 

1.8663 

2.7995 

3-7326 

4.6658 

5.5989 

6.5321 

7.4653 

8.3984 

1.3534 

51 

0.9330 

1.8660 

2.7990 

3.7320 

4.6650 

5.5980 

6.5311 

7.4641 

8.3971 

L^S.!^ 

52 

0.9329 

1.8657 

2.7986 

3.7315 

4.6643 

5.5972 

6.5300 

7!^ 

8.3958 

1.3531 

53 

0.9327 

1.8654 

2.7982 

3.7309 

4.6636 

5.5963 

6.5290 

8.3945 

1.3530 

54 

0.9326 

1.8651 

3.7977 

3.7303 

4,6629 

5.5954 
5.5946 

6.5280 

7.4606 

8.3933 

1.3539 

55 

0.9324 

1.8649 

2.7973 

3.7297 

4.6621 

6.5270 

7.4594 

8.;»i9 

1.3538 

56 

0.9323 

1.8646 

2.7969 

3-7291 

4.6614 

5.5937 

6.5260 

7.4583 

1.3527 

57 

0.9321 

1.8643 

2.7964 

3.7286 

4.6607 

6.5250 

7.4571 
7.4560 

8.3893 

1.3536 

58 

0.9320 

1.8640 

2.7960 

3.7280 

4.6600 

5.5920 

6.5240 

8.3880 

1.3525 

59 

0.9319 

1.8637 

2.7956 

3.7274 

4.6593 

5.5911 

6.5230 

7.4548 

8.3867 

1.3524 

60 

0.9317 

1.8634 

2.7951 

3.7268 

4.6585 

5.5902 

6.5219 

7.4537 

8.3854 

1.3523 
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1 

9 

8 

4 

5 

6 

7 

8 

9 

h 

/ 
00 

0.2344 

0.4688 

0.7033 

0.9376 

X.1720 

1.4065 

1.6400 

1.8753 

2.1097 

0.3387 

0.2347 

S^ 

0.7040 

0.9386 

1.1733 

1.4080 

1.6426 

1.8773 

2.1120 

0.3391 

01 

0.2349 

0.7048 

0.9397 

1.1746 

1.4095 

a 

'•o2^ 

r.;is 

0.3395 

02 

0.23S3 

0.4704 

0.7055 

0.9407 

1.1759 

1.4111 

1.8814 

0.3399 

03 

0.23S4 

0.4709 

a7o63 

0.9417 

1.1772 

1.4126 

1.6480 

'•if 34 

2.1189 

0.3403 

04 

0.2357 

0.4714 

a707i 

a9428 

1.1785 

1.4141 

1.64^ 

'•S5S 

2.1212 

0.3407 

^ 

0.2359 

0.4719 

0.7078 

0.9438 

1.1797 
1.1810 

1.4156 

1.6516 

1.8875 

2.1235 

0.3411 

06 

0.2362 

0.4724 

a7o86 

a9448 

'•*'S 

1.6534 

1.8896 

2.1258 
2.1281 

0.3414 

°z 

0.2365 

0.4729 

0.7094 

0.9458 

1.1823 
1.1836 

1.4188 

1.6552 

1.8917 

0.3418 

08 

a2367 

0.4734 

a  7101 

0.9468 

1.4203 

1.6570 

'•^Z 

2.1304 

0.3422 

09 

a237G 

0.4739 

0.7109 

0.9479 

1.1848 

I.42I8 

1.6588 

1.8958 

2.1327 

0.3426 

10 

a2372 

0.4744 

0.7117 

0.9489 

1.1861 

1.4233 

1.6606 

'•!97f 

2.1350 

0.3430 

11 

0.2375 

0.4750 

0.7124 

0.9499 

1.1887 

1.4249 
1.4264 

1.6624 

1.8998 

2.1373 

0.3434 

12 

0.2377I 

0.4755 

a7i32 

0.9509 

1.6641 

1.9018 

2.1396 

0.3438 

13 

0.2380* 

0.4760 

a  7140 

a952o 

1.1899 

1.4279 

1.6659 

19039 

2.1419 

0.3442 

14 

a2382 

0.4765 

0.7147 

0.9530 

1.1912 

1.4295 

1.6677 

1.9060 

2.1442 

0.3446 

15 

0.2385 

0.4770 

0.7155 

0.9540 

1.1925 

1.4310 

1.6695 

1.9080 

2.1465 

0.3450 

16 

0.2388 

0.4775 

a7i63 

0.9550 

1.1938 

1.4326 

1.6713 

1.9101 

2.1488 

'2 

0*2390 

0.4780 

0.7170 

0.9560 

1.4341 

1.6731 

1.9121 

2.1511 

0.3458 

18 

a2393 

0.478s 

0.7178 

0.9571 

1^^ 

1.4356 

a 

1.9142 

2.1534 

0.3462 

19 

0.239S 

0.4790 

0.7186 

a958i 

1.4371 

1.9162 

2.1557 

0.3466 

20 

0.2398 

0.4796 

0.7193 

0.9591 

I.I989 

1.4387 

1.678s 

1.9182 

2.1580 

0.3470 

21 

a24oo 

a48oi 

0.7201 

0.9601 

1.2002 

luf4Q2 

1.6802 

1.9202 

2.1603 
2.1626 

0.3474 

22 

a2403 

0.4806 

a7209 

0.9611 

1.2014 

1.4417 

1.6820 

1.9223 

0.3478 

23 

0.2405 

a48ii 

a  7216 

0.9622 

1.2027 

1.4432 

1.6838 

1.9243 
1.9264 

2.1648 

0.3482 

124 

0.2408 

0.4816 

a7224 

0.9632 

1.2040 

1*4478 

1.6856 

2.1671 

0.3485 

II 

a24ii 

0.4821 

0.7232 

0.9642 

1.2053 

1.^74 

1.9284 

2.1694 

0.3489 

a24i3 
0.2416 

0.4826 

0.7239 

0.9652 

li^i 

1.6891 

1.9304 

2.1717 

0.3493 

^l 

0.4831 

0.7247 

0.9662 

1.4494 

1.6909 

1.9325 

2.17^ 
2.1763 
2.1786 

0.3497 

28 

0.2418 

0.4836 

0.7254 

0.9672 

1.2091 

1.4509 

1.6927 

» 

0.3501 

29 

0.2421 

0.4841 

0.7262 

0.9683 

1.2103 

1.4524 

1.6945 

0.3505 

30 

0.2423 

0.4846 

0.7270 

0.9693 

1.2116 

I.4S39 

1.6962 

1.9386 

2.1809 

0.3509 

31 

0.2425 

a485i 

0.7277 

0.9703 

1.2129 

1.4554 

1.6980 

1.9406 

2.1831 

0.3513 

32 

t^ 

0.7285 

0.9713 

1.2141 

1.4570 

1.6998 

1.9426 

2.1855 

0.3517 

133 

0.2431 

a7292 

0.9723 

\:VM 

1.4585 

1.7016 

1.9446 

2.1877 

0.3521 

,34 

0.2433 
0.2436 

0.4867 

0.7299 

0.9733 

1.7033 

1.9466 

2.1900 

0.3525 

35 

a4872 

0.7307 

0.9743 

1.2179 

1.4615 

1.7051 

1.9487 

2.1923 

0.3529 

36 

0.2438 

0.4877 

0.7315 

0.9754 

1.2192 

1.4630 

1.70O9 

1.9507 

2.1946 
2.1969 

0.3533 

37 

0.2441 

0.7323 

0.9764 

1.2205 

1.4646 

1.7087 

1.9528 

0.3537 

38 

0.2443 

0.4847 

0.7330 

0.9774 

1. 221 7 

1.4661 

1.7104 

\:^ 

2.1991 

0.3541 

39 

0.4893 

0.7338 

0.9784 

X.2230 

1.4676 

1.7122 

2.2014 

0.3545 

40 

0.2449 

0.4897 

0.7346 

0.9794 

1.2243 

1.4691 

1.7140 

1.9588 

2.2037 

0.3549 

41 

0.2451 

0.4902 

0.7353 

0.9804 

1.2255 

1.4706 

1.7157 

1.9608 

2.2059 

0.3553 

42 

0.2454 
a2456 

0.4907 

0.7361 

a98i4 

1.2268 

1.4722 

1.7175 

1.9629 

2.2082 

0.3556 

43 

a49i2 

0.7368 

0.9824 

1.2281 

1.4737 

1.7193 

1.9649 

2.2105 

0.3560 

44 

0.2459 

0.4917 

0.7376 

0.9835 

1.2306 

1.4752 

1.7211 

1.9670 

2.2128 

0.3564 

1^1 

a246z 

a4922 

0.7384 

0.9845 

1.4767 

1.7228 

1.9690 

2.2151 

0.3568 

46 

t^ 

0.4927 
0.4932 

0.7391 
0*739? 

a 

1.2319 
1.2331 

1.4782 
1.4797 

1.7246 
1.7263 

1.9710 
1.9730 

2.2173 
2.2196 

0.3572 
0.3576 

47 
48 

0.2469 

0.4938 

0.7406 

0.9875 

1.2344 

1.4813 

1.7281 

1.9750 

2.2219 

0.3580 

49 

0.2471 

0.4943 

0.7414 

0.9885 

1.2357 

1.4828 

1.7299 

1.9770 

2.2242 

0.3584 

50 

0.2474 
a2476 

0.4948 

a  7421 

0.9895 

1.2369 

1.4843 

1.7317 

1.9790 

2.2264 

0.3588 

51 

0.7429 

0.9905 

1.2382 

1.4858 

1.7334 

1.9810 

2.2287  0.3592 

52 

0.2479 

0.4958 

0.7436 

0.991S 

1.2394 

1.4873 

1.7352 

1.9831 

2.2310  0.3596 

i^ 

0.2481 

0.7444 

0.9926 

1.2407 

1.4888 

1.7370 

1.9851 

2.2333  0.3600 

I54 

0.2484 

0.4968 

0.7452 

0.9936 

1.2420 

1.4903 

1.7387 

1.9871 

2.2355    a36o4 

155 

0.2486 

0.4973 

0.74S9 

0.9946 

1.2432 

1.4918 

1.7405 

1.9891 

2.2378  ,  a36o8 

156 

a2489 

0.7467 

0.9956 

1.244s 

1.4933 

1.7422 

1.9911 

2.2400 

°?2'J 

iS7 

0.2491 

^4988 

0.7474 

0.9966 

1.2457 

1.4949 
1.4964 

1.7440 

1.9932 

2.2423 

0.3616 

.58 

0.2494 

0.7482 

0.9976 

1.2470 

1.7458 

1.9952 

2.2446  1 

0.3620 

'1? 

0.2497 

0.4993 

0.7490 

a9986 

1.2483 

1.4979 

1.7476 

1.9972 

2.2469! 

0.3623 

jfl 
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DISTANCES. 

16" 

/ 
oo 

1 

» 

3 

4 

5 

6 

7 

9 

9 

ft 

0.9337 

1.8455 

3.7683 

3.6909 

4.6137 

5.5364 

6.4591 

7.3818 

8.3046 

1.3458 

OI 

a9336 

1-8453 

3.7677 

3.6903 

4.6139 

5.5355 

6.4580 

7-3806 

8.3032 

1.3457 

02 

a9334 

1.8448 

2.7673 

3.6897 

4.6131 

5.5345 

6.4569 

7.3794 

8.3018 

1.3456 

03 

0.9233 

1.8445 

3.7668 

3.6891 

4.61 13 

5.5336 

6.4559 

7.3781 

8.3004 

1.3455 

04 

0.9331 

1.8443 

2.7663 

3.6884 

4.6006 

S.5327 

6.4548 

7.3769 

8.3990 

1.3454 

05 

0.9330 

1.8439 

3.7659 

3.6878 

4.6098 

5.5317 

6.4537 

7.3757 

8.3976 

1.3453 

06 

0.9318 

1.8436 

3.7654 

3.6872 

4.6090 

5.5308 

6.4536 

7.3744 

8.3963 

1.3451 

07 

0.9216 

1.8433 

3.7649 

3.6866 

4.6083 

5.5299 

6.4515 

7.3733 

8.3948 

1.3450 

08 

0.9315 

1.8430 

3.7645 

3.6860 

4.6075 

5.5290 

6.4505 

7.3719 

8.3934 

1.3449 

09 

0.9313 

1.8437 

3.7640 

3.6854 

4.6067 

5.5280 

6.4494 

7-3707 

8.39SI 

1.3448 

10 

1.8434 

3.7636 

3.6847 

4.6059 

S.5371 

6.4483 

7.3695 

8.3907 

1.3447 

II 

a93io 

1. 8431 

3.7631 

3.6841 

4.6051 

5.526a 

6.4472 

7.3683 

8.3893 

1.3446 

12 

0.9309 

1.8417 

3.7636 

3.6835 

4.6044 

5.5252 

6.4461 

7.3670 

8  3878 

1.3445 

13 

0.9307 

1.8414 

3.7631 

3.6829 

4.6036 

5. 5243 

6.4450 

7.3657 

8.3864 

1.3444 

14 

0.9306 

1.8411 

3.7617 

3.6822 

4.6038 

5.5234 

6.4439 

7.3645 

8J850 

1.3442 

15 

0.9204 

1.8408 

3.7613 

3.6816 

4.6020 

5.5224 

6.4428 

7.3632 

8.3836 

1.3441 

16 

0.9303 

1.8405 

3.7607 

3.6810 

4.6013 

5.5215 

6.4417 

7.3620 

8.3833 

1.3440 

17 

a930i 

1.8402 

3.7603 

3-68C4 

4.6005 

5.5205 

6.4406 

7.3607 

8.3808 

1.3439 

18 

0.9199 

1.8399 

3.7598 

3.6797 

5.5196 

6.4395 

8.3794 

1.3438 

19 

0.9198 

1.8396 

3.7593 

3.6791 

4.5989 

5.5187 

6.4385 

7.3583 

8.3780 

1.3437 

30 

a9i96 

1.8393 

3-7589 

3.6785 

4.5981 

5-5177 

6.4374 

7.3570 

8.3766 

1.3436 

31 

0.9195 

1.8389. 

3.7584 

3.6779 

4.5973 

5.5168 

6.4363 

7.3557 

f-'^sj 

1.3435 

33 

0.9193 

1.8386 

3.7579 

3.6772 

4.5965 

5.5158 

6.4352 

7.3545 

8.3738 

1.3433 

33 

0.9193 

1.8383 

3.7575 

^•^ 

4.5958 

5.5149 

6.4341 

7.3532 

8.3734 

1.3432 

34 

0.9190 

1.8380 

3.7570 

3.6760 

4.5950 

5.5140 

6.4330 

7.3519 

8.3709 

1.3431 

35 

0.9188, 

1.8377 

2.7565 

3.6753 

4.5942 

5.5130 

6.4319 

73507 

8.3695 

1.3430 

36 

0.9187* 

1.8374 

2.7560 

3.6747 

4.5934 

5.5121 

6.4307 

7.3494 

R.3681 

1.3429 

37 

0.9185 

1.8370 

3.7556 

3.6741 

4.5926 

5.5111 

6.4296 

7-3483 

8.3667 

1.3428 

38 

0.9184 

1.8367 

3.7551 

3.6735 

4.5918 

5.5102 

6.4385 

7.3469 

8.2653 

1.3427 

39 

0.9182 

1.8364 

3.7546 

3.6728 

4.5910 

5.5093 

6.4374 

7.3456 

8.3639 

1.3425 

30 
31 

0.9180 
0.9179 

1.8^1 
1.8358 

3.7541 
3.7537 

3.6723 
3.6716 

4.5902 

5.5083 
55073 

6.4263 
6^*353 

7.3444 
7.3431 

8.^634 

1.3424 
1.3423 

8.3610 

32 

0.9177 

1.8355 

3.7532 

3.6709 

4.5887 

5.5064 

6.4341 

7.3418 

8.3596 

1.3423 

33 

0.9176 

1.8351 

3.7527 

3.6703 

4.5879 

5.5054 

6.4330 

7-3406 

8.3581 

1.3420 

34 

0.9174 

1.8348 

3.7532 

3.6696 

4.5871 

5.5045 

6.4319 

7.3393 

8.3567 

1.3419 

35 

0.9173 

1.8345 

2.7518 

3.6690 

4.5863 

5.5035 

6.4308 

7.3380 

8.2553 

1.3418 

36 

0.9171 

1.8343 

3.7513 

3.6684 

4.5855 

5.5026 

6.4197 

7.3368 

8.2539 

1.3417 

37 

0.9169 

1.8339 

3.7508 

3-6677 

4.5847 

5.5016 

6.4186 

7.3355 

8.2524 

1.3416 

38 

0.9168 

1.83.36 

2.7503 

3.6671 

4.5839 

5.5007 

6.4174 

7.3343 

8.3510 

1.3415 

39 

0.9166 

1.8332 

2.7499 

3.6665 

4.5831 

5-4997 

6.4163 

7.3329 

8.3496 

1.3413 

40 

0.9165 

1.8329 

3.7494 

3.6658 

4.5823 

5.4988 

6.4152 

7.3317 

8.3481 

1.3412 

41 

0.9163 

1.8336 

3.7489 

3.6653 

4.5815 

5.4978 

6.4141 

7.3304 

8.3467 

1.3411 

43 

0.9161 

1.8323 

3.7484 

3.6646 

4.5807 

5.4968 

6.4130 

7.3291 

8.2452 

1.3410 

43 

0.9160 

1.8330 

3.7479 

3.6^ 

4.5799 

5-4959 

6.4118 

7.3278 

8.3438 

1.3409 

44 

0.9158 

1.8316 

3.7475 

3.6633 

4.5791 

5.4949 

6.4107 

7.3265 

8.3434 

1.3407 

45 

0.9157 

1.8313 

3.7470 

3.6626 

4.5783 

5.4939 

6.4096 

7.3253 

8.3409 

1.3406 

46 

0.9155 

1.8310 

2.7465 

3.6620 

4.5775 

5.4930 

6.4085 

7.3240 

8.2395 

1.3405 

47 

0.9153 

1-8307 

3.7460 

3.6613 

4.5767 

5.4920 

0.4074 

7.3227 

f-*^ 

1.3404 

48 

0.9152 

1.8304 

2.7455 

3.6607 

4.5759 

5.4911 

6.4063 

7.3214 

8.3366 

1.3403 

49 

0.9150 

1.8300 

2.7450 

3.6601 

4.5751 

5.4901 

6.4051 

7-^^i 

8.3351 

1.3402 

50 

0.9149 

1.8397 

3.7446 

3.6594 

4.5743 

5.4891 

6.4040 

7.3188 

8-2337 

1.3400 

51 

0.9147 

L8394 

2.7441 

3.6588 

4.5735 

5.4882 

6.4039 

7.3176 

8.3333 

1.3399 

52 

0.9145 

1.8291 

3.7436 

3.6581 

4.5727 

5.4872 

6.4017 

7.3163 

8.3308 

1.3398 

53 

0.914* 

1.8287 

2.7431 

3.6575 

4.5719 

5.4862 

6.4006 

7.3150 

8.3393 

1.3397 

54 

0.9142 

1.8284 

3.7426 

3.6568 

4.5710 

5.4853 

6.3995 

7.3137 

8.3379 

1.3395 

55 

0.9140 

1.828 1 

2.7421 

3.6562 

4.5702 

5.4843 

6.3983 

7.3^'24 

8.3364 

1.3394 

56 

0.9139 

1.8278 

3.7417 

3.6555 

4.5694 

5.4833 

6.3972 

7.3111 

8.3350 

1-3393 

57 

0.9137 

1.8274 

3.7413 

3.6549 

4.5686 

5.4823 

6.3961 

8.3335 

1.3392 

58 

0.9136 

1.8271 

3.7407 

3.6542 

4.5678 

5.4814 

6.3949 

7.3085 

8.3331 

1.3390 

59 

0.9134 

1.8268 

2.7402 

3.6536 

4.5670 

5.4804 

6.3938 

7.3072 

8.3306 

1.3389 

60 

0.9132 

'.8265 

2.7397 

3.6530 

4.5662 

5.4794 

6.3927 

7.3059 

8.3193 

1.3388 

Digitized  by  VjOOQIC 


16'                                                    HEIGHTS. 
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1 

% 

3 

4 

5 

ft 

7 

8 

9 

b 

1 

0.2646 

0.5292 

0.7938 

1.0584 

1.3230 

1.5875 

1.8521 

2.1167 

2.3813 

°^ 

00 

0.2648 

0.5297 

0.7945 

1.0594 

1.3242 

1.5890 

1.8539 

2.1187 

2.3836 

01 

0.2651 

0.5302 

0.7952 

1.0603 

\^ 

1.5905 

1.8556 

2.1306 

3.3857 

0.3867 

02 

0.3653 

0.5307 

0.7960 

1.0613 

1.5920 

1.8573 

3.1326 

3.3880 

a387i 

P3 

0.3656 

0.531 1 

0.7967 

1.0633 

1.3279 

1.5934 

1.8590 

2.13d6 
3.1306 

3.3903 

0.3875 

04 

a2658 

0.5316 

0.7975 

1.0633 

1.3291 

1.5949 

1.8607 

2.3924 

S^2 

?l 

a266i 

0.5321 

0.7982 

1.0642 

1.3303 

1.5964 

1.8624 

3.1385 

2.3946 

06 

0.2663 

0.5326 

0.7989 

1.0652 

1.3316 

1.5979 

1.8643 

2.1305 

2.3968 

0.3886 

% 

0.2666 

0.5331 

o.'/997 

1.0662 

1.3328 

1.5994 

1.8659 

2.132s 

2.3990 

a3890 

a2668 

0.5336 

0.8004 

1.0672 

1.3340 

Z.6008 

1.8676 

2.1344 

3.4013 

0.3894 

09 

0.2670 

0.5341 

0.801 1 

1.0682 

1.3352 

1*6023 

1.8693 

2.1364 

2.4034 

0.3898 

10 

0.3673 

0.5346 

0.8019 

1.0692 

1.336s 

1.6037 

1.8710 

2.1383 

3.4056 

0.3902 

11 

0.267s 

0.5351 

0.8026 

1.0702 

1-3377 

1.6052 

1.8738 

2.I4P3 

3.4078 

0.3906 

12 

0.2678 

0.5356 

a8o33 

1.0711 

1.3389 

1.6067 

\^^ 

2.1433 

3.4100 

a39io 

13 

0.2680 

0.5361 

0.8041 

1.0721 

1.3401 

Z.6082 

3.1443 
3.1462 

3.4123 

0.3914 

14 

0.2683 

0.5365 

0.8048 

1.0731 

1.3414 
1.3426 

1.6096 

1.8779 

2.4145 
2.4167 

0.3917 

^5 

0.2685 

0.5370 

a8os6 

1.0741 

1.6111 

1.8796 

3.Z483 

0.3921 

16 

0.2688 

0.5375 

0.8063 

1.0750 

1.3438 

1.6126 

1.8813 

3.1501 

2.4189 

0.3925 

^7 

aa69o 

0.5380 

0.8070 

1.0760 

1.3450 

1.6141 

1.8831 

3.1531 

2.4211 

0.3929 

18 

0.2693 

0.5385 

0.8078 

1.0770 

1.3463 

1.6155 

1.8848 

3.1540 

2.4233 

0.3933 

19 

0.3695 

0.5390 

0.8085 

1.0780 

1.3475 

1.6170 

1.8865 

2.1560 

2.4255 

0.3937 

20 

0.2697 

O.S395 

0.8093 

JX 

1.3487 

1.6184 

1.8882 

2.1579 

2.4277 

0.3941 

21 

0,2700 

0.5400 

0.8100 

1.3499 

1.6199 

1.8899 

2.1599 

2.4299 

0.3945 

22 

0.2702 

0.5405 

0.8107 

1.0809 

1.3512 

1.6214 

1.8916 

2.1618 

2.4321 

0.3949 

23 

0.2705 

0.5409 

a8ii4 

1.0819 

1.3524 

1.6228 

1.8933 

2.1638 

2.4343 

0.39S3 

24 

a2707 

0.5414 

0.8122 

1.0829 

1.3536 

1.6243 

1.8950 

2.1658 

2.4365 

0.3957 

"i 

0.2710 

0.5419 

a8i29 

1.0838 

1.3548 

1.6258 

1.8967 

2.1677 

2.4387 

a396o 

a27i2 

0.5424 

0.8136 

1.0848 

1.3560 

1.6273 

1.8985 

2.1697 

2.4409 

''•5^ 

27 

0.2715 

0.5429 

0.8144 

'•^1? 

1.3573 

1.6287 

1.9002 

2. 1 710 

2.4431 

0.3968 

38 

0.2717 

0.5434 

0.8151 

1.0868 

1.3585 

1.6302 

1.9019 

2.1736 

2.4453 

0.3972 

29 

a27i9 

0.5439 

0.8158 

1.0878 

1.3597 

1.6316 

1.9036 

2.1755 

2.4475 

0.3976 

30 

0.2733 

0.5444 

0.8165 

1.0887 

1.3609 

1.6331 

1.9053 

2.1775 

2.4496 

0.3980 

31 

a3734 

0.5448 

0.8173 

1.0897 

1.3621 

1.6345 

1.9070 

2.1794 
3.1814 

2.4518 

^•3984 

32 

0.3727 

0.5453 

o.8i8o 

1.0907 

\^e 

1.6361 

1.9087 

2.4540 
2.4562 

0.3988 

33 

0.2729 

0.5458 

0.8187 

1.0916 

1.6375 

1.9104 

2.1833 

0.3992 

34 

0.2733 

0.5463 

a  8195 

1.0926 

1.3658 

1.6390 

1.9121 

2.1853 

2.4584 
2.4606 

0.3996 

35 

0.2734 
0.2736 

a5468 

0.8202 

1.0936 

1.3670 

1.6404 

1.9138 

3.1873 

0.3999 

36 

0.5473 

0.8209 

1.0946 

1.3682 

1.6418 

1.9155 

3.1891 

2.4628 

0.4003 

H 

0.3739 

0.5478 

0.8216 

1.0955 

1.3694 
1.3706 

1.6433 

1.9173 

3.1911 

2.4650 

0.4007 

38 

0.2741 

0.5483 

0.8224 

1.0965 

1:^ 

1.9189 

3.1930 

2.4672 

0.4011 

39 

0.2744 

0.5487 

0.8231 

1.0975 

1.3719 

1.9306 

3.1950 

2.4693 

0.4015 

40 

0.2746 

0.5492 

0.8238 

1.0984 

1.3731 

1.6477 

1.9223 

^^969 

2.4715 

0.4019 

41 

0.2749 

0.5497 

0.8246 

1.0994 

1-3743 

1.6491 

1.9240 

2.1988 

2.4737 

0.4023 

42 

0.2751 

0.5502 

0.8253 

1. 1004 

1-3755 

1.6506 

1.9257 

3.2008 

2.4759 

0.4027 

43 

0.2753 

0.5507 

0.8260 

1. 1014 

1.3767 

1.6520 

1.9274 

3.2037 

2.4781 

a403i 

44 

0.2756 

0.5512 

0.8267 

1. 1023 

1-3779 

1.6535 

1.9291 

3.3046 
3.3066 

2.4802 

0.4035 

^1 

0.2758 

0.5516 

0.8275 

1. 1033 

1.3791 

1.6549 

1.9308 

'M 

0.4039 

46 

0.2761 

0.5521 

0.8282 

1. 1043 

1.3803 

1-6564 

1.9325 

3.2085 

0.4042 

^2 

i:^ 

0.5526 

0.8289 

1. 1052 

1.3815 

1.6579 

1.9342 

2.2105 

0.4046 

48 

0.5531 

0.8297 

1. 1062 

1-3828 

1.6593 

1.9359 

2.2124 

2^4890 

0.4050 

49 

0.2768 

0.5536 

0.8304 

1. 1072 

1.3840 

1.6607 

1.9375 

3.3143 

2.4911 

0.4054 

50 

0.2770 

0.5541 

0.831 1 

1.1081 

1.3852 

1.6622 

1.9392 

3.3163 

2.4933 

a4058 

51 

0.2773 

0.5546 

0.8318 

1. 1091 

1.6637 

1.9409 

3.3183 

2.4955 

0.4062 

52 

0.2775 

0.5550 

a8326 

I.TIOI 

1.3876 

1.6651 

1.9436 

3.3303 

2.4977 

0.4066 

53 

0.2778 

0.5555 

0.8333 

I.IIIO 

1.3888 

1.6666 

1.9443 

3.3331 

3.4998 

0.4070 

54 

0.2780 

a556o 

0.8340 

I.II20 

1.3900 

1.6680 

1.9460 

3.3340 

3.5020 

0.4074 

56 

0.2782 

0.5565 

0.8347 

I.II30 

1.3912 

1.6695 

1.9477 

3.33S9 

3.5043 

0.4078 

a278s 

0.5570 

0.8354 

1. 1139 

1.3924 

1.6709 

1.9494 

3.3278 

2.5063 

0.4081 

57 

0.2787 

0.5574 

0.8362 

1. 1149 

1.3936 

1.6723 

1.9510 

3.3398 

2.5085 

0.4085 

58 

0.2790 

O.S579 

0.8369 

1. 1 158 

1.3948 

1.6738 

1.9527 

3.3317 

2.5107 

0.4089 

59 

0-2792 

0.5584 

a8376 

I.II68 

1.3960 

1.6752 

1.9544 

2.3337 

2.5129 

a4093 

60 
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IM                                                  DISTANCES. 

ir 

oo 

1 

ft 

8 

4 

5 

6 

7 

8 

9 

ft 

a9i3a 

1.8365 

2.7397 

3.6530 

4.5663 

5.4794 
5.4785 

6.3927 

7-3059 

8.2193 

1.3388 

OI 

0.9131 

1.8363 

2.7392 

3.6523 

4.5654 

6.3915 

7.3046 

8.2177 

1.3387 

03 

a9i39 

1.8358 

2.7387 

3.6517 

4.5646 

5.4775 

7.3033 

8.3163 

1.3:^5 

03 

a9i37 

1.8255 

2.7383 

3.6510 

4.5637 

5.4765 

6.3893 

7.3020 

8.3147 

1.3384 

04 

a9i36 

1.8353 

2.7378 

3.6503 

4.5629 

5.4755 

6.3881 

7.3007 

8.2133 

1.3383 

OS 

a9i34 

1.8348 

2.7373 

3-6497 

4.^1 

5.4745 
5.4736 

6.3870 

7.2994 

8.3118 

1.3382 

06 

0.9133 

1.8245 

2.7368 

3.6490 

4.5613 

6.3858 

7.3981 

8.3103 

1.3381 

07 

a9i3i 

1.8343 

2.7363 

3.6484 

4.5605 

5.4726 

6.3847 

7.2968 

8.3089 

1.3379 

08 

0.9119 

1.8339 

2.7358 

3.6477 

4.5597 

5.4716 

6.3835 

7.2955 

8.2074 

1.3378 

09 

0.9118 

1.8335 

2.7353 

3.6471 

4.5589 

5.4706 

6.3824 

7.2943 

8.2059 

1.3377 

10 

a9ii6 

1.8333 

a.7348 

3.6464 

4.5580 

5.4696 

6.3813 

7.2929 

8.2045 

1.3376 

II 

0.91 14 

1.8339 

2.7343 

3.6458 

4.5572 

5.4687 

6.3801 

7.2915 

8.3030 

1.3375 

13 

0.9113 

1.8336 

2.7338 

3.6451 

tisJ 

5.4677 

6.3789 

8.3015 

1.3373 

13 

a9iii 

1.8333 

a.7333 
3.7328 

-P 

5.4667 

6.3778 

7.3889 

8.3000 

1.3372 

14 

a9io9 

i.8ai9 

4.5547 

5.4657 

6.3766 

7.3876 

8.1985 

1.3371 

15 

a9io8 

1.8316 

2.7324 

3.6431 

4.5539 

5.4647 

6.3755 

7.3863 

8.1971 

^3370 

16 

0.9106 

1.8313 

2.73«9 

3.6425 

4.5531 

5.4637 

6.3743 

7.2850 

8.1956 

1.3368 

17 

0.9105 

1.8309 

2.73M 

3.6418 

4.5523 

5.4627 

6.3732 

7.2836 

8.1941 

1.3367 

18 

0.9103 

1.8306 

2.7309 

3.6412 

4.5515 

5.4617 

6.3720 

7.2833 

8.1936 

1.3366 

19 

0.9101 

1.8303 

2.7304 

3.6405 

4.5506 

5.4608 

6.3709 

7.3810 

8.1911 
8.1897 

1.336s 

30 

a9ioo 

I.8I99 

2.7299 

3.6398 

4.5498 

5.4598 

6.3697 

7.2797 

1.3364 

31 

0.9098 

1.8x96 

3.^ 

3.6392 

4.5490 

5.4588 

6.3686 

7.2784 

8.1883 

1.3362 

33 

a9096 

I.8I93 

3.6385 

4.5482 

5.4578 

6.3674 

7.2770 

8.1867 

1.3361 

23 

0.9095 

I.8I89 

2.7284 

3.6379 

4.5473 

5.4568 

6.3663 

7.2757 

8.1853 

1-3360 

24 

0.9093 

I.8I86 

3.7379 

3.6372 

4.5465 

5.4558 

6.3651 

7.2744 

8.1837 

25 

0.9091 

I.8I83 

3.7374 

3.636s 

4.5457 

5.4548 

6.3639 

7.2731 

8.1833 

36 

l^ 

I.8I79 

3.7369 

3.6359 

4.5448 

5.4538 

6.3638 

7.2717 

8.1807 

1.3357 

37 

X.8I76 

3.7364 

3.6352 

4.5440 

5.4528 

6.3616 

7.2704 

8.1792 

1.3355 

38 

0.9086 

1.8173 

2.7259 

3.6345 

4.5432 

5.4518 

6.3604 

7.3691 

8.1777 

1.3354 

29 

a9o85 

I.8I69 

2.7254 

3.6339 

4.5423 

5.4508 

6.3593 

7.3678 

8.176a 

1.3353 

30 

0.9083 

1.8166 

2.7249 

3.6332 

4.5415 

S.4498 

6.3581 

7.2664 

8.1747 

1.3352 

3« 

0.9081 

I.8I63 

2.7244 

3.6325 

4.5407 

5.4488 

6.3570 

7.2651 

8.1732 

1.3350 

32 

a9o8o 

1.8159 

2.7239 

3.6319 

4.5398 

5.4478 

6.3558 

7.2637 

8.1717 

1.3349 
1.3348 

33 

a9078 

I.8I56 

2.7234 

3.6312 

4.5390 

S.4468 

6.3546 

7.2634 

8.1703 

34 

a9076 

1.8153 

3.7339 

3.6305 

4.5382 

5.4458 

6.3534 

7.3611 

8.1687 

1.3347 

35 

0.9075 

1.8149 

3.7334 

3.6299 

4.5373 

5.4448 

6.3523 

7.2597 

8.1672 

1.3346 

36 

0.9073 

1.8146 

3.7319 

ffl 

4.5365 

5.4438 

6.3511 
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